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Figure 3.5: left: 3 of the 13 ro-
tational axes that leave a cube
unchanged; right:the centers of a
cube’s faces form a regular octahe-
dron.
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Figure 3.6: left: icosahedron; right: g 5 ’

dodecahedron

Icosahedron Group Y

?(nams23)? 76 final point group of the first kind is the Icosahedron Group Y, which comprises all rotations
that leave a regular icosahedron unchanged. An icosahedron is a body with 20 equilateral
triangles as faces, as shown in Figure 3.6 (left). The 120 elements of Y consist of:

i) 15 two-fold axes d2; (i =1,...,15) through the centers of opposite edges.
ii) 10 three-fold axes d3; (i = 1,...,10) through opposite vertex corners and faces.
iii) 6 five-fold axes d5; (i = 1,...,6) through the centers of opposite faces.

The group Y is isomorphic to the symmetry group of a dodecahedron, as depicted in Figure 3.6
(right). However, the icosahedron group does not occur in solids, as we will demonstrate in
the next section, so we will not elaborate on it further here.

3.3 Point Groups in Solids

(sKt57) Before we discuss the point groups of the 2nd kind, we want to prove an important theorem:

In crystalline solids, n-fold rotations can be symmetry transformations only if n = 2, 3,4, or 6.
Proof:

Figure 3.7: Example of a Bravais lat-
tice in 2 dimensions. The Bravais lat-
tice is deiﬁned by the vectors b;. The b,
vectors R; define a basis at each Bra-
vais lattice site. °
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Figure 3.8: Solid line: the func- 07 |
tion (3.5); dashed lines: the points 1 ‘
where the function takes integer val- 0 oL 02 03 04 05
ues. bE

do indeed occur in some lattices. The point groups of the first kind that satisfy (3.6) are listed
as follows:
C1,C5,C3,C4, Do, Cq, D3, Dy, Dg, T, O . (3.7)

It was previously shown in Section 3.1 that any improper rotation can be expressed as a
product of a proper rotation and the inversion. Since the inversion is always a symmetry of a
Bravais lattice, the angles (3.6) are also the only possible ones that can occur in the rotational
part of improper rotational symmetries in solids.

3.4 The Point Groups of the Second Kind

(anshS7) 1f (7 i an improper point group, then its sub-group Gy consisting of proper rotations is a

normal sub-group of G with index 2. This means that there exist two cosets, Gy and Ly,
where Ly contains all the improper rotations.
Proof:
Demonstrating that Gg and Lg have equal numbers of elements would be sufficient to establish
their index as j = g/go = 2. Since F is always an element of Gy, the latter cannot be empty.
Let O be an element of Ly. T hen, we have

(0-Go,0-Ly} P @,

—— ——

=Lo =Go

because the elements O -Gy and O - Ly have determinants —1 and +1 respectively. This proves
the above statement. /

It should be noted that the inversion itself may not be a member of Ly. For instance, in
a tetrahedron, there are mirror planes in addition to the rotational axes, but the inversion is
not a symmetry operation. In the following sections, we will examine improper point groups
that either include or exclude the inversion.

3.4.1 Improper Point Groups without the Inversion

(anx109) A¢ e will demonstrate now, improper point groups that do not include the inversion are

isomorphic to one of the proper point groups already introduced in Section 3.2, making them
mathematically identical. In Section 3.5, however, we will provide physical justifications why
it is still meaningful to introduce these groups and to distinguish them from their proper
counterparts.

Proof:

We decompose the improper point group (as above),

G ={Go, Lo} ,
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Order Abstract Point groups | Point groups of Point groups of the
point group | of the 1. kind | the 2. kind with I | 2. kind without I
1 Ch Cy (1)
2 Cy Cs [2] Ci (1] Cs [m]
4 Cy Cy [4] Sy [4]
4 Dy Dy [222] Con [2] Cay [2mm)]
6 Cs Ce (6] Se [3] Csp, [6]
6 Ds Ds [32] Csy [3m)]
8 Dy D, [422] Cyy [Amm] |, Doy [42m)
8 Cy x Co Can [%]
8 Dy x Cy Don (7]
12 Dg Dg [622] Dsq [32] Cey [6mm] , Dsp [6m2]
12 T T [23]
12 | Cs x Co Cen [
16 | Dyx G Dan [ 2]
24 O O [432] Ty [43m)
24 Dg x Cy Dep [£22]
24 T x Cy T, [23]
48 O x Cy Oy, [%3%]
Table 3.2: The 32 inequivalent point groups in solids
order
48
24
16
12
8
6
4

Figure 3.9: The sub-group relationships of the 32 point groups in solids.



3.6. THE SEVEN CRYSTAL SYSTEMS

Figure 3.13: Cubic unit cell and the
three lines (in green and dashed) on
which the additional atom is brought.

1) square,

ii) rectangle,

iii) equilateral triangle,

~— — ~— —

iv) isosceles triangle,

in the plane perpendicular to it?

R N

5. Create molecules which have the (maximum) symmetry groups

i) Dy,
ii) Dyp.

There is obviously an infinite number of solutions here.

43

6. Which of the 32 point groups can be found in every effectively two-dimensional system

in solids?

7. Suppose an atom is situated at the center of a cubic box, such that its symmetry group
is Op. How does the symmetry group change when the cube is stretched symmetrically

along one of its diagonals?
(9764)

8. Show that two equivalent point groups are isomorphic.

9. Is the product group Cy x Cy isomorphic to Cg?
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Given this result, we can proceed with the second step of the proof assuming that D
forms a unitary matrix group.

ii) Let Kd/ be a non-trivial subspace of D which is spanned by the orthonormal basis l;l, ceey l;dr,
while the space orthogonal to V¥ is spanned by Gyi1,...,Cq. If we represent the matri-
ces D; in this basis, we find the matrix element

& Di-bp=2-b=0 (VI,I).
~——

=b Ezdl

In the last step we have used that E;L - b is the inner product in a complex vector space

and ¢ is orthogonal to all gl/ and therefore also to b. To determine the opposite matrix
elements I_);r - D; - ¢y we first transpose it (recall that the transpose of a number is
invariant),

. . T
o Di-d = -DF - (8) =Dl By (4.8) [mew)
Now we use the unitarity of D;,

a-Dlb=2& Dt -by=2-b=0 (v,I'),

which proves that (4.8) vanishes. With this result, we have shown that after a basis trans-
formation into the basis b1,...,by,Ca41,- .., Cq, every matrix is block diagonal (i.e. D is
reducible) in contradiction to the assumption. +/

Schur’s Lemma, Part One

?(audgtev)? guppose we have two irreducible matrix groups, D and D', with the same order g but, in
general, different dimensions d and d'. If there exists a (d x d')-dimensional matrix S such
that

S.-Di=D;-S Vi, (4.9)[xbhst ]
then it is either
i) S=0,or
ii) S is square and non-singular, i.e. D and D’ are equivalent.

Proof:

i) Let & be the d’ columns of S and Kdl(cz < d) the space spanned by all 5. As a first
step we want to show that it is either d = d or d = 0. Equation (4.9), expressed by the
vectors 5, has the following form

> (Diwwsw =Di-5  (Vk=1,....d). (4.10) [ayte]
k/

The left-hand side of Equation (4.10) is evidently an element of V<. Consequently, for
all 1, D; - §; must also be in V<. Thus, either d = d or d = 0, as otherwise there
would exist a non-trivial subspace that is invariant under all D;, which contradicts the
irreducibility of D;. We shall examine both possibilities:
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a) When d= d, it follows that d’ > d since d’ vectors 5}, cannot span a d-dimensional
vector space Ve,

b) If d = 0 it must be S = 0.

ii) If we take the adjoint of Equation (4.9) and follow the same arguments as in case ii), we
obtain either d = d’, which implies d > d’, or S = (0. Here we have used the fact that,
if D is an irreducible matrix group, then its adjoint group D = {DI, ... ,f?;} is also
irreducible.

The results from i) and ii) combined mean that it is either d = d’ = d (and S is then non-
singular) or S =0. /

Schur’s Lemma, Part Two

7(13956x) 1 ot D be an irreducible matrix group. If there is a square matrix S # 0 which commutes with

all D; € D, o
D;-S=5-D; Vi,
then S is a multiple of the identity matrix,

S=X\-1. (4.11) [akie|
Proof:
Let A € C be an eigenvalue of S. Then S’ =S — X\-1 also commutes with all D;. However, S’
is singular, and therefore it is S’ = 0 because of the first part of Schur’s lemma, which proves
Equation (4.11). +/

4.2 Representations

{ayyrt) Representations of groups play a crucial role in establishing the relationship between group
theory and its applications in physics. Let G be a group and I' a matrix group. If there exists
a homomorphic map f : G — T, then f is said to be a representation of G. By definition, a
homomorphic map satisfies the following condition:

[(a-b)=T(a)-T() VYa,beq. (4.12) [oatay]

For those new to this field, it can be confusing that the same term ‘representation’ is used for
both the map f itself and the image of the map, which is the matrix group I.

To get a first impression of the concept of representations of groups, we introduce some
additional definitions and remarks:

i) A representation is not necessarily bijective, i.e. two elements a # b € G can be assigned
the same matrix. For example,

is always a representation (with matrices 1 of arbitrary dimension). The special case
that 1 = 1 is a number is also referred to as a one-representation. We will encounter this
representation a few times in later chapters.

ii) If the map f is bijective, the representation I' is isomorphic to G and is then called
faithful. This means that in the case of point groups, the three-dimensional matrices
that define such a group can also be interpreted as representations of themselves. This
will indeed become relevant, e.g. in Chapter 9.
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where the matrix elements Fl(r]) (a;) for a fixed j, ¢ are non-zero (and equal to 1) for exactly one
value of [ and the sum sign, as has often been the case, has the meaning of a union of sets. The
matrices T'(a;) form the (faithful) so-called regular representation I'") of G. For example, the
regular representation matrices of Dy are (compare the multiplication Table 2.3) T¢)(E) = 1

and
0100 0010 0001
() _ |1 000 (1) _ 10001 = (1) _ (0010
PPz = g g g 1| 7700 =11 g g of » 7702 =10 1 ¢ o
0010 0100 1000

Proof (of the previous statement):
We prove successively the representation property and the isomorphism

i) To show that I s a representation, we multiply Equation (4.17) from the left with
another element ag,

ar - (a; - az) n Zrz(rg) (a;) - ay - (417)ZFU (a;) - ZF
_ Z [Zr )T az)} - (4.18) [sadzt]

The brackets on the left side of this equation are, of course, meaningless because of the
associative law and it is equal to

(@) a3 7 3 [0 o 09)] - am (4.19) [saatss

A comparison of (4.18) and (4.19) then proves that

L0 (ay, - a;) = T (ag) - T (ay) .

ii) If G and T®) were not isomorphic there would be at least two elements a; # al with I (a;) =
'™ (a}). But then, because of (4.17),

ai-aj:a;-aj = ai:ag,
which leads to a contradiction.

Similar to Schur’s lemma, we will need the regular representation only in the proofs in Chap-
ter 5, but it will not play a role in the rest of the book.

Theorem 3: The reduced form of the regular representation I'™) of a group G
contains each of the irreducible representations I'” of G exactly d, times, where d,

is the dimension of the irreducible representation I'”.

Since the reduced representations have the same dimensions as the original representation
(see Equation (4.16)), the following equation results from Theorems 1 and 3

g=>_d , (4.20) [zbhst |
=1
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5.2 Consequences

(vbgft69) 5 9 1  Theorem 4: Orthogonality of the Characters

71Bh85)7 1 ot TP be the representations of a group G of order g and X% its characters. Due to Theorem 1,

which we will prove in the following Section 5.2.2, we have ¢,p = 1,...,r, where r is the number
of classes of GG, as always. Under these conditions, the following two orthogonality theorems
hold,
.
90 = Y1 ()XY, (5.9) [wuatad]
i=1
g T
= D 0T (5.10) [uuat34b|
p=1

where 7; is the number of elements in the i-th class.

5.2.2 Proof of Theorems 1-4:
(tghaovect) We prove the Theorems 1-4 in 4 steps.

i) We consider only unitary representations I'P, which is possible because every representa-
tion is equivalent to a unitary one (see Section 4.1.1) and the corresponding character x?
is invariant under similarity transformations. For each (not necessarily irreducible) rep-
resentation I', we define the r-dimensional character vector

T
- /71 /T
o= ( ?XI;,..., ;XE) . (5.11)ogsq]

If T' = I? is irreducible, it holds for the associated character vector ¥P that

(W)T = 0pg -

To prove this equation, we evaluate the left hand side,

@)1 I )l = 3 ) @)

g a

where a are the elements of the group. With the definition (4.15) of the character we

then find
1 G 5.1 1 &
@)= =33 ) ) 2 60 =0 v (512)[azer
954 ’ i=1

Equation (5.12) establishes the validity of Equation (5.9). Conversely, it can be deduced
that the maximum number of irreducible representations is r, based on the fact that
an r-dimensional space can contain no more than r orthogonal vectors ¢P. In order to
prove Theorem 1, it is necessary to demonstrate that there are also at least r irreducible
representations, which will bring the total number to exactly r. This will be done in
connection with point iii). However, before that, we address Theorem 3.
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Then (if T is irreducible) we can deduce from Schur’s lemma (part two)
Sj=m;-1.
Especially for the irreducible representations I'? with dimension d, we find the matrices

SP=pb-1. (5.19)[234r]

The trace of the two sides of this equation and

lerj,

aECj
yields
P rjX?
=22 (5.20) (2388

dp
On the other hand, because of the definition of (5.18), it is

- = . 27) .
SP-57 =" " S(a-b) (:)Zfijk'sk7
a€eC; k=1

bECj

where ¢;j;, are the multiplication coefficients introduced in Section 2.3.3. With Equa-
tions (5.19) and (5.20) we find

r
p P _ p
k=1

Next we carry out the sum over p on both sides and use Equation (5.17),
iy Y xXP e = figr g
P
Recall that 7 = 1 and with (2.8) we obtain

g = g .
DX NG =05 =Y x X =0y (5.21)[kis7]
J
p

P J

where we have used that a class and its inverse have the same number of elements, r; = 7;.
To finish this part of the proof, we have to evaluate x? in (5.21). With a € C; and ale C;

we show in Exercise 7 that .
p_ (P
¢=(3)"-
As a result of this, we can write
*
g
> X (Xﬁ’) =05,
T
P

which proves the orthogonality theorem (5.10). Using this equation, we have also demon-
strated that in the matrix of character vectors (171, ...,U"), not only are all columns
orthogonal, but so are all rows. This implies that the rows must have a minimum di-
mension of r, meaning there are at least r distinct character vectors. Since we have
already established in i) that there can be at most r distinct character vectors, we can
now conclude that there are exactly r such vectors. This proves Theorem 1, which states

that the number of classes corresponds to the number of irreducible representations.
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If T is irreducible, only one n, in (5.26) is non-zero and equal to 1. In all other cases, the sum

over ”127 is greater then one. This proves the criterion. /

Example
As an example, we can now verify that the representations of the group Dj3 introduced in
Section 4.2 are indeed irreducible. With Table 4.1 we find for the left side of (5.24)

A 0 14243=6(=g), V
AQ : 1—|—2+3:6,\/
E : 1-2242.(-1)2=6./

Exercises

1. Let G = G x G5 be a product group of two groups

Gi = {a1...,a4},
Gy = {b1...,bg},

and

rt = {fl(al)a"-vfl(agl)}a
F2 = {fQ(bl)w-'afz(ng)}v

(not necessarily irreducible) representations of G and Ga.

a) Show that two elements (a;; b;) and (a;; b)) of G are in a class (i.e. (a;;b5) ~ (az; b))

if, and only if a; ~ a} in G1 and b; ~ b;- in G. What classes are there in G = G1 X Ga
and how many elements does each class have?

b) Show that the product matrices
F%ﬁi(kl)((am b)) = le,k(an) : F?ﬂbm)

are a representation of the group G (product representations).

c¢) Show that T'®? is irreducible if ! and T'? are irreducible (use the result from
Section 5.2.3).

2. Using the result from Exercise 1, determine the irreducible representations of
ng = D3 X (E,I) .

Use the fact that (E, I) is isomorphic to Cy (see Table 6.1) and the irreducible represen-
tations of D3 (see the example in Section 4.2).

3. It is evident that a group comprising of orthogonal matrices,
G ={Ds,...,Dg},

forms a (real, faithful) three-dimensional representation of the corresponding (abstract)
point group (as explained in Section 3.5). This representation, however, is typically re-
ducible. Determine the irreducible components of these representations for the groups Ds
and Dg.

Hint: A helpful approach is to employ Equation (5.23) in combination with the character
tables 5.1.



6.1. REPRESENTATION SPACES 67

6.1.2 Representation Functions of Irreducible Representations

(a£70) The d basis functions of a d-dimensional irreducible representation I'? form an orthogonal

function system.
Proof
We consider the scalar product of two basis functions |\), |u) ,

(Al = ;Z(AIUJ Ualp)

aeG

where we have used that

With Equation (6.1) we then find

Alpt) = ; S5 (P@) (@) ) ém SV ~ g v
A/

Nl a€G

In the following, we assume that the representation functions are normalized. The representa-
tion functions of a d-dimensional representation T form a basis for a d-dimensional subspace V¢
of the Hilbert space H. This subspace is referred to as the representation space of I'. It is
possible for a representation to have multiple representation spaces, which may be infinite in
number. For instance, there exists an infinite set of states of the form (6.3), since there are
infinitely many functions f(|7]) that can be chosen to be orthogonal. On the other hand, a rep-
resentation space uniquely determines the corresponding representation (up to equivalence).

Proof
Let Equation (6.1) be satisfied. Then we choose another basis |A)2 of the representation space,
thus
N2 =Y UnalXN).
)\/
Then,

~ ~ 6.1
UalN)2 =D Unn - UalX) ‘@ Y Uva-Tunld)
N X!

We can now also express the state i) in reverse by |u)2 ,

This leads to

with

which proves the statement.
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6.1.3 Representation Spaces and Invariant Sub-spaces
(ansgS) 1t i clear that every representatlon space is a subspace of H that is invariant (as defined in
Section 4.1.2) under all operators U,. However, the converse is also true: every subspace Ve
that is invariant under all U, operators is a representation space.

Proof
Let [\) (A =1,...,d) be a basis of V¢. Then, the invariance means

UalA) = Dy a(@)|N) . (6.4)[sats]
Y

To prove the statement, we need to show the representation properties of the matrices B(a):
Us-UplA) = D Dyia(d)-UalN) = > Dna(b) - Dy ye(a)|X)
)\// A/7)\//
= Ua-bp‘) = ZD/\/)\(CL . b)|)\/> .

Therefore

Dyaa-b)=> Dyi(a) - Dya(b) .

AH

6.1.4 Irreducibility of Representation Spaces

? ? . . . .
P(cv398yql)? 1f 5 representation space V¢ of dimension d can be expressed as a direct sum of two represen-
tation spaces of smaller dimension, i.e.

Vi=vVhov® (d +dy=d), (6.5)

it is referred to as reducible.
Otherwise, it is called irreducible. The representation corresponding to V® is reducible if
and only if V¢ itself is reducible.
Proof:
We have to give the proof in both directions:

i) We assume that V% is reducible and is spanned by the states {|\)} . Then we have to
show that the representation I' defined by the matrices I'(a) with the elements

Dwala) = N|UalA)

are reducible. Since V¢ is reducible, there are bases {|u)} (u = 1,...,d1) and {|u)}
(n=di+1,...,d) that span representation spaces V4 and V% with the property (6.5).
The two bases are linked via some matrix S, i.e.

A=Y Sualu) - (6.6)[ajhas |
7

The assumption that the bases are orthogonal does not limit the generality of the proof.
Then, the matrix S is unitary. With this and Equation (6.4) we find (D — I)

o (66) ~
(AlUa]X) =Tax(a Z A S (ulUalp)

In matrix form, this equation is given by (I, ,(a) = (| Ualp')
S1.T(a)-S=T(a) = T'(a)=S -T(a)-S7'.
Since I is block diagonal, I is reducible. /
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The states |p,m, ) with fixed p,m and A =1, ..., d, span an irreducible representation space
of G, as can be seen in the following way

Oa|pa m, /\> = Z Ui,(p,m,)\) . Ua|\Ill> :

Since

. (6.10) "

Ua’\I/i> = ZF],Z(G)’\IIJ> = Z Z Fjﬂ-(a) : Ujj(p,7m,,/\,)]p’,m/, )\’) .

J j o m/ N

we find

Udp,m,\) = Z Z Us ey L3i(@) - Ui omy) Ip,m’, \)

p,7ml7Al i’j
ST pm X)L (6.11) [shanss]
A/

With Equation (6.10) we can write the state |¥) = |¥) as

) =D S P A) (6.12)[s37u]

p,A m=1

=|\)P

Formally, this creates an expression of the form in Equation (6.7). However, it remains neces-
sary to demonstrate that the state denoted as |\)? in Equation (6.12) possesses the necessary
characteristics. To accomplish this, we must determine the partner functions of |A\)? as

np

W=D U I A) - (6.13) [s3hrs)

m=1

Note that, on the right-hand side of this equation, the index of U is indeed A, ie. theﬁvalue
of Ain |A)P and not X_which is the label for the partner functions of |A\)P. The states |A) (of
which |[A\)? is one for A = \) indeed form a representation space, because

i 613 oA ; 5
m=1
6.11) & i} . (6.13) -
= Z ZFI_;\/’X : U17(p’m7)\)|p7m7 )‘/> = ZF§/75\|)\,>Z) \/ :
m=1 ) N

Before we look at examples of the development theorem, we will first derive a practical way
to determine the components in (6.7) in the following section. This is based on the projection
operators introduced by Wigner.!

6.2 Projection Operators

(dgy76234) [ ot TP be the d,-dimensional (unitary) representations of a group G of unitary operators U,

(p=1,...,7). Then, for each p we define the dzz, operators
- d *
SEEDY (F’i,x (a)) U, (6.14) [dx367]

9

The following are true
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6.3.5 Diagonalization of Hamiltonians

(1qaznklo) 1, practice, one usually diagonalizes a Hamiltonian H by choosing a basis |¢;) and then tries

to diagonalize the (in general infinite dimensional) Hamiltonian matrix with the elements
Hij = {pilH]pj)

(in rare cases) analytically or approximately with numerical techniques. Group theory now
helps us to find a suitable basis. Let G be the symmetry group of H with the r irreducible
representations I'P. Then, according to the postulate in Section 6.3.3, the Hamiltonian can be
written as

H

Z E(qa mq)‘Qv mQ7 /\q> <Q7 mqa >\q| )

q,Mgq 7)\(1

with the unknown eigenfunctions |q, mq, \;) and eigenvalues E(q,m,) of H. We now choose
a basis [ppm, ) of the Hilbert space which consists of orthogonal representation spaces with
respect to G with irreducible representations I'P (for example with the projection operators Pf A\

introduced in Section 6.2). Then, the matrix elements of H with respect to this basis has the

form
<80p,mp,>\p|H|<Pp’,mp/,>\p/> = Z E(qvmq)<@p,mp,)\p|q>mq7)‘q><qamqa)‘q|@p’,mp/,>\p/>
qzmtbAq
621 5 5 H®N 91
- p)p/ >\p7)‘p/ mp,mp/ ) (6. )

where we have introduced the matrix H®» with the elements

7>\ Yy -
H, = (@pmn Hl@pm 1) - (6.22)[s3ant3]

The diagonalization of H is thus reduced to that of the matrices H®». With Equation (6.21),
the maximum possible block diagonality due to the symmetry is established. In numerical prac-
tice, of course, the procedure introduced here is only worthwhile if H®) can be determined
analytically. Applied to the one-dimensional potential in Section 6.3.4, Equation (6.22) repro-
duces our finding from above that one can diagonalize the Hamiltonian independently in the
space of symmetric and antisymmetric wave functions.

Finally, the calculation of the matrix element (6.22) is made even easier by the fact that
it is independent of A, i.e.

() _
an,m' - Hﬁ@,m’ : (623)
Proof
Using Equation (6.18) we find
A—0, f-01

which we substitute into the matrix element (6.22),

Ua - H - Uf|0p.m ) (6.24) [s33hat]

6.1)/(6.21 . .
G-DL2D > Tarala) (T a (@) (@pmy [ H|@pmx) -
>\/7A/I

A 3
Hr(rlzj,m)/ = <¢P7m,)\|H|(pP,m’,/\> = <§0p,m,>\
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Since the left-hand side does not depend on a, the same must be true for the right-hand side.
We can now sum over a on both sides in (6.24), which then leads to

<‘Pp,m,)\|H|‘Pp,m’,>\> = dlp Z<‘Pp,m,)\’ |H|90p,m’,>\’> .
)\,

where we used the orthogonality theorem (5.2). Since the right-hand side is independent of A,
the assertion follows. 4/
Example

As an example, we consider a rectangular ‘molecule’ with one orbital per site on which a
single quantum mechanical particle is located (see Figure 6.2). The Hamiltonian contains a
hopping ¢, to the nearest neighbors which in first quantization reads

4
H=">"t|i)il,
i,j=1

where the values of t; ; are specified in Figure 6.2. In matrix form the Hamiltonian is given as

0t 0 t
N 0t 0
H*OtOt’
t 0t 0

There are obviously 4 symmetry operations, besides the one-element a rotation o around the z-
axis with angle 7 as well as the two mirror planes o1 (x = 0) and o2 (y = 0). Therefore, the
symmetry group of the molecule is Cy, (see Chapter 3). It has 4 (of course one-dimensional) ir-
reducible representations, which are shown in the character Table 6.2. To use Equation (6.21),
we need a basis of representation spaces. We can determine it with the projection opera-
tors (6.16). In this case, it is sufficient to take only one of the four states |i) and apply the 4
operators PP to it,

P 2 (On1) + Ts 1) + T [1) + Uy 1))

= D))+ [4) = VAL
PR = (1) +18) —[2) — 1)) = VAITa,)
PRIL = 1(11)— 3) +12) — 4) = VAIUs,)
PR = (1)~ [3)~ 12+ [4) = VAlTs,)

where the factor v/4 has been introduced to normalize the 4 states |¥,) . These 4 states
are orthogonal and therefore form a base of the Hilbert space. Since they belong to different
representations, H must be diagonal in this basis, i.e. the matrices (6.22) here are one-
dimensional with respect to my,, m,y,

<\I]A1|I:I’\Ijz41> Q 0 0
o 0 (WAL 0 0
0 0 <\IJBl|H|lIJBl> Q
0 0 0 (U, |H|UR,)
t+t 0 0 0
N I 0
- 0 0 —t+t 0
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Oy E 6Cy 302 8C3; 6Cy, I 30, 604 8Ss 694
a? +y? + 22 =17 Ag | 11 1 1 1 1 1 1 1 1
Agg | 1 —1 1 1 -1 1 1 ~1 1 -1
A | 11 1 1 1 -1 -1 -1 -1 -1
Tyz Ay | 1 —1 1 1 -1 -1 -1 1 -1 1
(z% — %322 — r?) E, |2 0 2 -1 0 2 2 0 -1 0
E,| 2 0 2 ~1 0 2 -2 0 1 0
Tg | 3 1 -1 0 -1 3 -1 -1 0 1
(zz,yz, xY) Tos | 3 -1 -1 0 1 3 -1 1 0 -1
(z,y,2) T | 3 1 -1 0 -1 -3 1 1 0 -1
AHANM - @wvu
y(z2—2%), | Tou | 3 -1 -1 0 1 -3 1 —1 0 1
2(a? — y?))

Table 7.1: Character table of the group Og
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relevant in solid-state physics. For completeness, we also give the missing representation
functions of orders 3 — 6 in x,y, z:

Agg 2P =)+l (F —2?) + 20" — o), (7.1) [asdfi]

A coayz o' - 2P) + 9 (F - ) + 24 -]
E, : xyz [ 2 —y?, 322 — 7“2)] ,
Tig : ay(a® - y?) o2 - 2), sy’ — 22) (7.2) [asdE2

ii) A convention has been established for the naming of representations:

— One-dimensional representations are labeled as A or B. The difference between A
and B denotes the positive or negative character of proper rotations around the
main symmetry axis.

— Two- and three-dimensional representations are denoted by E and T, respectively.

— If I € G, the subscript g or u indicates whether the representation is symmetric or
antisymmetric under inversion.?

— Representations such as A" and A” differ in their symmetry or antisymmetry relative
to the mirror plane perpendicular to the main symmetry axis.?

iii) When dealing with groups that have complex-valued characters, it is necessary to analyze
their character tables more closely. For instance, consider the group Cy4, whose character
table is presented in Table 7.2. This group is Abelian, and therefore its four irreducible
representations are one-dimensional. However, in accordance with the literature, the
character table shows two representations with complex characters that are denoted as
two-dimensional. Here we explain why: the functions

Plzy = f(|"?l)[xay} )

define a two-dimensional representation space of Cy with the representation matrices

[(E) = (é (1)> : f(04)=<_01 é) )
rey = () ren=(] )

These representation matrices, however, are reducible and can be diagonalized via the
transformation

W+pr+ipy ) \ijpr_ipy~

In this basis, the representation matrices are

v = (3 1) rea= (5 °)
ren = (3 0)  ren=(39)

These are exactly the two (conjugate complex) one-dimensional representations that we
find in the character Table 7.2.

3In Exercise 10 of Chapter 5 we show that all representation functions must have one of the two properties.
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that are involved then result, as in Section 8.2, from the reduction of I'?, i.e. with the help of
the respective correlation tables.
Example

To provide an example, we revisit the scenario of a particle in a cubic box discussed
in Section 7.2. Specifically, we focus on the first three eigenspaces, which serve as proper
representation spaces of an irreducible representation of Op,. We introduce the term V = a2
to the system’s Hamiltonian, leading to Gog = Oy, and G = Dy4. As the first eigenspace of H() is
non-degenerate, it cannot experience energetic splitting. Consequently, we examine the second
and third eigenspaces:

i) The eigenspace 2 belongs to the representation 71,. According to the correlation
Table 8.2 it is

Oh—_>>D4h

Tlu A2u ® Eu .

The states introduced in Section 7.2 are already bases of the spaces V42* and V4 where

Agy ¢ Wyip (~2),
Ey : {¥21,%m1} (~{z,y}).

ii) Likewise, the eigenspace 22 belongs to the representation 75, and the correlation
table yields

Oh—>D4h

ng — Bzg D Eg ,

where

By + Won (~z-y),
By © {190, Vopp} (~{z-2,y-2}).

It is crucial to understand the following fact: The splitting of GG into irreducible rep-
resentation spaces ﬂpi, which occurs at zeroth order, remains valid beyond the realm
of perturbation theory. If this was not the case, there had to be a point where, as 1%
steadily increases, a sudden transition into a fundamentally different eigenspace took
place. Such a scenario is inconceivable in physical systems, even in the absence of a
formal mathematical proof of this statement.

On || O Ta| T | Dy, | Dsq
Ay | AL | AL A, A1 Ay
Aoy | A | As | A, B, An
Alu Al AZ Au Alu Alu
Aoy || A2 | A1 | Ay By Aoy
Eg F FE Eg Alg D Blg Eg
Eu E E Eu Alu @ Blu Eu
Tlg Ty T Tg AQg D Eg Azg D Eg
ng T T Tg ng D Eg Alg D Eg
Tlu Ty T Tu A2u 2 Eu A2u 2] Eu
T2u T2 Tl Tu B2u 2] Eu Alu 2] Eu

Table 8.2: Correlation table for the group Op, and its largest sub-groups.
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8.4 Application: Splitting of Atomic Orbitals in Crystal Fields

(Powdxc) Given the orbitals s,p,d,...) of an atom, the question arises as to what qualitative changes
g
occur when the atom is placed in an environment that is no longer fully rotationally symmetric
(e.g. in a solid). To address this, we examine a Hamiltonian of the form

2
H =2 V() +Via(7) = Ho + Vaa(7)
UL ——
atom

where V¢(7) is commonly known as the crystal field in solid-state physics. The symmetry
group Gg of Hy is not finite, which sets it apart from all other groups discussed in this
book. However, we can avoid dealing with such infinite (Lie) groups in detail by utilizing our
understanding of the spectrum of Hy:
8.4.1 The Atomic Problem

7(1i7 ?

(1i7xver) Remainder: Atomic Spectra

(sWTt) We briefly repeat the essential results for the spectrum of Hpy, which are derived in every

textbook on quantum mechanics:
It is [ﬁg,ﬁi] = 0 for all three components f/z of the orbital angular momentum L. One

then usually shows that L? and L, have common eigenstates [I,m), with (h=1)

Rim) = 10+ DLm) 1=0,1,2,...,
Llm) = mll,m) m=—l,—l+1,....,01—1,1.

Since [ﬁo, 1%2] =0 and [f[o, ﬁz] =0, we can find common eigenstates of all three operators,
Holn,1,m) = Ey |n,1,m) . (8.4)[aany716]
With the ladder operators L,
Liln,I,m) ~|n,l,m+1),
which also commute with Hy, it follows, e.g.

Ly Hyln,1,m) = En’llzi\n, l,m) ~ Eyn,l,m+£1)
= HoLi|n,l,m) ~ Holn,l,m+1) = E,|n,l,m+1) .

Therefore, all states |n,l,m) (m = —I,...,1) have the same energy (as already assumed in 8.4)
and there is an (2] 4 1)-fold degeneracy of the spectrum. In real space the eigenfunctions (in
spherical coordinates) have the form

\Ijn,l,m('ry 07 90) = Rn,l(T)YZ,m(@, 90) ,
with the spherical harmonics
Yim (0, ¢) ~ P (cos (6))e™?

and the associated Legendre polynomials P/™(cos (#)). The exact form of the functions P/"(cos (¢))
and Ry, ;(r) is irrelevant for our following considerations. The wave functions for the lowest
values of [ are
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i) 1 =0, s-orbitals:
Yy 0 ~ const ,

ii) [ =1, p-orbitals: _
Y141 ~ sin (0)e?, Y19 ~ cos (6) ,

iii) | = 2, d-orbitals:

Ya 42 ~ sin? (0)etH? Yo 11 ~ sin (0) cos (0)eF'?, Yoo ~ (3cos® (0) — 1),

iv) [ =3, f-orbitals:

Yaiz ~ sin(0)eT%) Y3 1o ~ sin (A) cos (0)eF2?,
Y341 ~ sin(8)(5cos(8)* —1)er?, Va0 ~ (5cos(0)° — 3cos (0)) .

Group-Theoretical Treatment of the Problem

?{tusdxnr)? o symmetry group of Hy is O(3), which comprises of operators U 5 with arbitrary orthogonal
matrices D. Our objective is to find the representation matrices and, more importantly, the
characters of this group (in order to use again Equation (5.23)). To avoid dealing with infinite
groups, we will take a pragmatic approach and make use of the results obtained in Section 8.4.1.

As O(3) represents the maximum symmetry group of Hp, the functions Yy, (8, ¢) (m =
—l,...,1) must form a representation space of dimension (2! + 1) for O(3), as stated by our
postulate from Section 6.3.3. This enables us to determine some representation matrices and
the corresponding characters.

i) Let D be a matrix that describes a rotation around the z-axis with the angle . Then

obviously R .
Up Yim(0,9) = e "™ Y1 (0, ) .

The representation matrix of D is therefore diagonal and given as
e—ila 0

_ e—i(l—l)a
(a) =

0 eila

Using the well-known geometric sum formula, we can calculate the character y!(«) as:

! sin Do
(o) = Z Pl W _ (8.5)[73y86]
2

m=—I

It is worth noting that for other axes of rotation, the representation matrices are not
diagonal, but the characters remain independent of the axis, as long as the rotation
angle « is the same. Since we will only be using these characters in the following, we do
not need to consider the representation matrices of other axes of rotation.

ii) As one shows in all textbooks on quantum mechanics, the spherical harmonics behave
under inversion I as

Ui Yim(0,9) = (=1)'Y,n(0,¢) -

which means that
X)) = (-1} @ +1).
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Then (if T is irreducible) we can deduce from Schur’s lemma (part two)
Sj=m;-1.
Especially for the irreducible representations I'? with dimension d, we find the matrices

SP=pb-1. (5.19)[234r]

The trace of the two sides of this equation and

lerj,

aECj
yields
P rjX?
=22 (5.20) (2388

dp
On the other hand, because of the definition of (5.18), it is

- = . 27) .
SP-57 =" " S(a-b) (:)Zfijk'sk7
a€eC; k=1

bECj

where ¢;j;, are the multiplication coefficients introduced in Section 2.3.3. With Equa-
tions (5.19) and (5.20) we find

r
p P _ p
k=1

Next we carry out the sum over p on both sides and use Equation (5.17),
iy Y xXP e = figr g
P
Recall that 7 = 1 and with (2.8) we obtain

g = g .
DX NG =05 =Y x X =0y (5.21)[kis7]
J
p

P J

where we have used that a class and its inverse have the same number of elements, r; = 7;.
To finish this part of the proof, we have to evaluate x? in (5.21). With a € C; and ale C;

we show in Exercise 7 that .
p_ (P
¢=(3)"-
As a result of this, we can write
*
g
> X (Xﬁ’) =05,
T
P

which proves the orthogonality theorem (5.10). Using this equation, we have also demon-
strated that in the matrix of character vectors (171, ...,U"), not only are all columns
orthogonal, but so are all rows. This implies that the rows must have a minimum di-
mension of r, meaning there are at least r distinct character vectors. Since we have
already established in i) that there can be at most r distinct character vectors, we can
now conclude that there are exactly r such vectors. This proves Theorem 1, which states

that the number of classes corresponds to the number of irreducible representations.
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These are g equations that connect the components of &™). Before we can analyze this
relationship in more detail, we need the concept of a product representation, already introduced
for practice purposes in Exercise 1 of Chapter 5.

9.2 Product Representations

(092sfre) 7 ot fp,Fp, be irreducible representations of a group G. Then the product representation is

defined as
Ty (@) =T7;(a) - T} (a) : (9.6) [enat]
for all @ € G. The proof of T?®? being a representation is simple,

e (q.p) XY rP.(a-b)-rg’l(a-b)

(k),(41)
= Zr S0) T (a) T ,(b)

pep’ pRp’
Z F(Zk‘) (nm) F(nm),(jl) (b) ’

where, in the second step, we have used that I'P, I are representations.

Product representations can, of course, also be created with reducible representations. We
then denote these as I’ ® I'V. In this chapter, we will mainly consider such product represen-
tations.

Even for two irreducible representations, reer is, in general, reducible. This already follows
from the dimension, because if, for example, I'? has the maximum occurring dimension d,, of
a group, then I'"®P has the dimension d%, so it must be reducible. Therefore, in general,

TP = "e(p, p/[p) - T,
D
with coefficients c(p, p'|p) € Ny .

The determination of the coefficients c(p, p|p) succeeds as usual with Equation (5.23). For
this we need the characters of the product representation, which can readily be calculated,

(96‘) ,
X eri’éf(kl) ZF (a) = x"(a) - X" (a) . (9.7) [besur]
With (5.23) we then find
*9.7) 1 / 5\
c(p, 1) = Zn () e () (9.8) [suywa]

With this equation and with the help of the character tables, we are now in the position to
find all the coefficients of interest.
Example

As an example we consider the group Ds3, and use its character Table 8.1 to find, for
example, for the reduction of TF®F;

1
o(B,BlA) = (1 2.2 142 (-1)-(~1):1+3:0:0-1) =1
=ry :X1E®E 7X141
1
(B, ElA) = ((1:2:2:142(=1) (-1) - 1+3-0-0-1) =

o(E,E|E) — é(1-2-2.2+2-(—1)-(—1)-(—1)+3-o.o-(—1)):
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Hence, we obtain
[pep’ — AL 4 A2 +TF
The results of reducing product representations from irreducible representations are summed
up in tables known as multiplication tables. An example of such a table for the group D3 can
be seen in Table 9.1. It is worth noting that the use of the same names for both these tables
and the group multiplication tables is unlikely to cause confusion in most cases. Multiplication
tables are readily available on numerous websites.
The multiple product representations are defined in the same way

r=Helhe --ol,,

with the representation matrices

FLL(CL) = F(ilv---vin)v(llr--vln) (CL) = Fllbll (a) ’ FZZZZQ (CL) e F;anln (a) ) (99)
where we have introduced the multiple indices
IE(il,...,in),LE(ll,...,ln). (910)

9.3 Independent Tensor Components

(yterdfds) Ouy oh jective now is to identify all the interdependencies among the tensor components oy and

a set of independent components. Although in some specific cases, the components a; can be
selected independently, this is not generally the case. As we will see shortly, the independent
parts of the tensor are typically expressed as linear combinations of the oy components.

To begin our analysis, using the multiple indices notation (9.10), we first express Equa-
tion (9.5) as:

ar=Y Tpia)-ar, (9.11) [akj765]
L

where?
L 1tn)(itsnin) (@) = Diy gy (@) -+ Dy, 4, (@)

Up to this point, we have essentially argued with results from linear algebra. Now we want
to bring in our knowledge of group theory. Let

r= Z np - e,
P
be the reduction of I' which is generated by some unitary matrix

SI,(p,mp,)\p) (mp = 1, sy N, >\p = 1, e ,dp) s

2Recall that the three-dimensional rotation matrices of a point group are also a (generally reducible) rep-
resentation (see Exercise 3 of Chapter 5).

Ds | A1 A E
A | A Ay E
Ay Ay E
E Al +As+ FE

Table 9.1: The multiplication table for the irreducible representations of the group Dj3. Since

the table is symmetrical (see Equation (9.8)) we have not specified all elements.
(1k67)
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i.e. B
It 0

St.T.8= : (9.12) [shjq7|

0 |
With the matrix S we define the new tensor components

B(pﬂnpv)‘P) = ZSI,(p,mp,)\p) ’ O[[ )
I

the inverse of which are given by

n dp
A= D D S ey Blompy) - (9.13) [amhts]

p mp=1A,=1

Our objective now is to examine which of the tensor components S, ., »,) can have non-
zero values without violating Equation (9.11). To achieve this, we substitute Equation (9.13)
into Equation (9.11),

Z S;(p:mpv)‘li)ﬁ(p’mp)‘p) - Z FL’I(G) ' Szv(pvmpvxp) ' B(p7m1775‘:0) :

pymppr vavmpvj‘P

We multiply this equation with S (0 A ) and sum over I. Then, with the unitarity of S
and Equation (9.12), it follows

B(p’mp’)\p) = Z I‘I;\pyj\p (a) ’ B(pvmpaxp) : (914)

)\P
If we represent the components in a vector with respect to A\, and Xp, ie.

o — T
prmp = (/prmpa:l’ te ”Bpampydp)

)

we see that Equation (9.14) simply means that Ep,mp is an eigenvector of every matrix I'”(a)

to the eigenvalue 1. We will now show that this implies that B)p’mp = 0 for all p # 1,
where p = 1 corresponds to the trivial representation A;, i.e. the one-dimensional repre-
sentation for which I'!(a) = 1 for all a.

Proof:

i) If d, > 1, the direction of Ep,mp # 0 would be a one-dimensional subspace that is
invariant with respect to all I’”(a). This leads to a contradiction with the statement that
we formulated and proved at the beginning of Section 4.1.2.

ii) If dy = 1 and By, # 0 then it follows

I%(a) - Bpm, = Bpm, Va.

which proves the statement.
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With these findings we can now summarize the main results:

i) There are exactly n; independent tensor components (31 ,,,, i.e. as many as the number
of occurrences of the representation I'! in the product representation (9.9).

ii) The tensor o can then be written as

ni
ay = Z St Loy * Bitamy) - (9.15) [anhsy]

mi1=1

where 31 ) are the independent tensor components.

As usual, finding the number n; is easy in practice because one can use the standard
Equation (5.23) for this purpose. The determination of the coefficients S;,(l,m) in (9.15) is a
bit more difficult, but at least possible with elementary methods of linear algebra. The reason
is that in Equation (9.12) we are only interested in the sector of the one representation, so we
have to consider

ST-T(a)-S = Tnyxn; 5

instead of Equation (9.12). Here

S=(51,...,5,), (9.16) [uyt]
is a rectangular matrix and the the vectors 8, are exactly the coefficients S} (1,m1) in (9.15).
When we multiply (9.16) with S from the left we obtain

fa)-§=3§.

This implies that the vectors &,, are eigenvectors of all matrices I'(a) with an eigenvalue
of 1. Although we cannot rule out the possibility that numerical mathematics may offer a
better method, we provide a way to solve this problem numerically: First, we determine all
eigenvectors of the matrices f(a) that have an eigenvalue that is not equal to 1. Then, using
the singular value decomposition,® we can find a basis b; of the subspace spanned by these
vectors. The vectors 5,,, that we need to find must be orthogonal to all l;, This leads to a
homogeneous linear system of equations given by

- o

(b1, b2,...) G, =0.

Once more, when it comes to numerically solving this problem, the singular value decomposi-
tion is likely the most effective tool.
Example

As an example, we consider a polarizability tensor @2 of rank 2 which we can analyze
analytically. This leads to the 9-dimensional representation matrices

Lij), k1) (@) = Dig(a) - Dji(a) . (9.17)

With these, we obtain for the characters

x(a) => Dii(a)->_ Dj;(a)=x(a)* = x; .
i i
=x(a)

SWilliam H. Press et al. Numerical Recipes in C: the Art of Scientific Computing. Cambridge [Cam-
bridgeshire]; New York: Cambridge University Press, 1992.
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i) a,b € Go: it is obviously D'(a-b) = D'(a) - D'(b) +/

ii) a€Go,be Lp:

D'(g:b) = ~D(a-b) = D(a) - (=D(b)) = D'(a) - D'(b) /
€L

i) a,b€ Ly

D'(g:b) = D(a-b) = (=D(a)) - (~D(b)) = D'(a) - D'(b)
€Go

The same then applies to product representations built with the matrices D’ (a) /.

9.4 Tensor Operators

(u9786)9 4.1  Definition of Tensor Operators

Let us consider a quantum mechanical system with a symmetry group G whose elements of
unitary operators are denoted as U,. A set of operators Tj, . ;. is then referred to as tensor

n

operators of rank n if they transform according to the following equation,

Ua : Til,m,in ’ U:zr - Z [Fh,il (a) T Flmin (CL)] ’ Tll,u-,ln ) (9'2())

ll:"-vl’n

where T is a (usually reducible) representation of G. As examples of such operators, we can
consider those that act on the Hilbert space of square-integrable functions.

i) Vector operators are tensor operators of rank n = 1. An example are the three compo-
nents Z; of the position vector operator 7. They transform like (see Exercise 1)

Up- 70t =D 7. (9.21) use7s

or expressed by the components

Up-ai-UL=>"Dij-i;. (9.22)[3hdt]
J

This equation indeed corresponds to (9.20), since D; ; = (D71)*, and the set of matri-

j,l
ces (D~1)* is also a representation of a point group. Obviously, the momentum operator p
of a particle is also a vector operator.

ii) The operators

Tij =% 25,

built with the components of the position vector operator form a tensor operator of
rank 2. This is shown in Exercise 6.

iii) One can also consider the case n = 0 (scalar operators) which transform like

F(D)=1vD



Chapter 10

Matrix Elements of Tensor
Operators: The Wigner-Eckart
Theorem

hj . . . .
(shjye) In this chapter, we focus on the Wigner-Eckart theorem, which allows us to calculate matrix

elements of irreducible tensor components. In Section 10.1, we first recall a common variant
of this theorem that is usually covered in quantum mechanics courses. In this context, we
also introduce the concept of Clebsch-Gordan coefficients. In Section 10.2, we explore the
significance of matrix elements in perturbation theory. The coupling coefficients, which are
crucial in formulating the Wigner-Eckart theorem, are discussed in Section 10.3. Finally, in
Section 10.4, we formulate and proof the Wigner-Eckart theorem with group-theoretical means.

10.1 Clebsch-Gordan Coefficients and the Wigner-Eckart The-
orem for Angular Momenta

(ax1854) 10,1.1 Clebsch-Gordan Coefficients

As is usually shown in introductory lectures on quantum mechanics, the Hilbert space of a

system of two angular momenta J_i, Jo can be spanned with the base
|71, ™15 J2, m2) = |1, m1)|j2, me) (10.1)[1ia764]

where |j;, m;) (m; = —1;,...,1;) is the basis of the Hilbert-space of the angular momentum J.
The basis states (10.1) have the well-known properties (A =1, i =1,2)

JE|j1.mas ja,ma) = (i + 1)|j1, mas g2, ma)
Jizlj1,mas g2, ma) = mylji,ma; g2, me) (M = —gi, - i)
An alternative basis consists of eigenstates of J?, J, and J?

7 where

=

J=Ji+Js.
The eigenvalue equations of J? and J, are

Fj,min,d) = 3G+ DI, midnde) s 5= 11— dels i1 — gol + 1, 51 + ja
Jz|j7m;j17j2> = m|j7m;j17j2> m:_jvaj

113
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Apparently, the two bases can be expressed by each other,

S 1 J2
|j)m;.717.72>: Z (ml ma

mi,m2

J
m

) |71, m1; g2, ma)

where the coefficients in this equation are denoted as Clebsch-Gordan coefficients. How to
calculate these coefficients is shown in most books on quantum mechanics. They play a crucial
role in the Wigner-Eckart theorem, which we formulate next.

10.1.2 The Wigner-Eckart Theorem for Angular Momenta

Some readers may have already learned about the Wigner-Eckart theorem for angular momenta
in their introductory lecture on quantum mechanics. We will briefly review this theorem before
generalizing it for general symmetry groups.

Analogous to Equation (9.26), we define a set of 2j 4+ 1 operators T]m (m=—j,...,7)
that behave like

j
Up - Tjm- Ul = D Rl (D) - Ty
m/=—j

under rotations D € O(3) as irreducible spherical tensor operators of rank j. Here the rotation
matrix R’ (D) is given by the matrix elements

R}, (D) = (j,m|UL|5,m)

m,m

of the rotation operator U]Ta in the subspace j. For example, a tensor operator of rank j =1

consists of three components which results from an arbitrary vector operator 17, if we define
Tio = F=(VaT))
141 = F—0 ;
Vet
TLO = ‘/Z .

The Wigner-Eckart theorem then states that for any matrix element of states |j1,m1), |j2, m2)
it holds

. s 1 Jo
<]1am1|T‘,m|j27m2> = ( #Ll 7‘;2

I ) Q) (10.2) [m35]

with quantities (4, ji1, j2), for which it is crucial that they do not depend on mj, mg, m. The
dependency on the latter quantum numbers is determined entirely by the Clebsch-Gordan
coefficients. The calculation or measurement of the matrix elements (10.2) is therefore reduced
to determining the usually much smaller number of quantities Q(j, 71, jo2).

10.2 Matrix Elements in the Time-Dependent Perturbation
Theory

(ak1854b) A discussed in Chapter 8, the evaluation of matrix elements is important in time-independent

perturbation theory. However, the evaluation of matrix elements with tensor operators is even
more crucial in time-dependent perturbation theory. In this approximation, one typically deals
with a Hamiltonian of the form

H(t) = Ho+ f(t) -V .



Appendix A

The Schoenflies and the
International Notation

(app1)

There are two established ways of naming point groups, the Schoenflies and the international

notation. The Schoenflies notation is used more often if one is only interested in the point
groups. In contrast, the international one is mainly to denote the rotational part of space
groups. We will give a brief introduction to both notations in this appendix.

A.1 The Schoenflies notation

?(appla)?

In the Schoenflies notation, the proper point groups are named in the same way as they were

introduced in Section 3.2. Most of the names of the improper point groups are derived from
those of the proper ones by specifying which additional improper symmetry operations exist
in the group. Historically, the notation of the groups argued with the existing mirror planes
and did not use the inversion. We go a slightly different way here to motivate the notation:

i)

ii)

i)

iv)

The groups C;, Capn, Se, Cany Dan, D3d; Ceny Dany Den, Th, Op:

These groups are constructed by adding the inversion I to the respective 11 proper point
groups Gy in (3.7), G = G x (E,I). For the proper point groups Gy = {C1,Cs} the
notations Cj, Sg are used instead of Cip, C3,. Remember that all these groups also
contain some mirror planes, since these correspond to a product of a two-fold rotation
and the inversion (see Section 3.1).

The groups Cs, C3p, D3p:

These groups are constructed by adding a mirror plane o3 perpendicular to the main
symmetry axis d, to the respective proper point groups C1,Cs, D3. In case of D3 the
two-fold axes, perpendicular to d,,, must obviously lie in oy,.

The groups Cy,,, (n =2,3,4,6):
These groups are constructed by adding n mirror planes to C,, (n = 2,3,4,6) that all
contain the axis of symmetry and have the same angle relative to each other.

The groups Sy, Dag, Ty (n = 2,3,4,6):

These groups are constructed by replacing the two-fold symmetry axis in Cy, Do, T by
a four-fold rotary inversion axis o4 = I - §4. Since (04)2 = d9, the corresponding
proper groups are subgroups in all three cases. Note that T} is the symmetry group of
a tetrahedron.
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n elements order g(n)
1 E T 2
2=m | E o 2
3 E o 5;1 I 43 Ugl 6
4 E o4 0o O’Zl 4
6 E o3 6 o 63° 65'|6

Table A.1: Elements of a rotary inversion axes n

n | elements ‘ order g (%)
2Z1E o I & 4

% FE g4 62 0'4_1 I 54 g 54_1 8

% E g3 (53 g (53_1 (53_1 I 56 g6 (52 0'6_1 56_1 12

Table A.2: Elements of a rotary inversion axes - for even n

A.2 The International notation

The international notation considers the three possible types of rotational symmetry axes:

i) proper n-fold rotation axes §,, are denoted as n = 2,3,4,6.

ii) n-fold rotary inversion axes I - ¢, are denoted as 7 with n =1,2,3,4,6. Then, an axis 72
contains the symmetry elements shown in Table A.1. In that table we use the common
abbreviations

O'QEO'EI-(SQ,0'65['(53,0'4EI~(54,0'3£I~(56.

Since a rotary inversion axes 2 is equivalent to a mirror plane, one often writes ‘m’
instead of 2’ .

iii) If n is odd, 7 necessarily contains I, because

(I-6,)"=I" - 6" =1
I E

Therefore, the definition of the third kind of axes of rotation only makes sense for even n:

n

m

nul

n

The elements of an axis = are shown in Table A2,

We can now formulate the rules of the international notation.

i) Identify all occurring axes of the form n,n, ;.

ii) Equivalent axes are represented by a common symbol. Equivalence here means that the
axes can be mapped onto one another by a symmetry operation. An exception is the
group Dy = 222, where all three axes occur since otherwise the group would not be
distinguishable from Cy = 2.

iii) The symbol of the point group is then simply the list of the occuring symbols n,n, .
sorted according to the order of the axes. Again there are expections, like 7" = 23, which
has to be distinguished from D3 = 32.



Appendix B

Solutions to the Exercises

(solutions)
Chapter 1
1. It is sufficient to show that

(ATp - Tpl) = (B.1)[qs6atr]

for all basis states |7), |7). When we insert a one-operator 1 built with these states, we

find
(T - T ) / A (7T 5 7Y (7 [T 5 |7)

(B.2) [g8ixwe)

Since ) ) )
(D~ A"y = (7D - ) = 6(F — D - )
and }
(D-7'|iy =6(F — D7)

Equation (B.1) follows from (B.2).
) With the definition of the momentum operato f)’ = —ihV, it follows

2. a i
. 1 oo
rRIGEDY (@ VY@
j=17"

which is just the Taylor-expansion of \If(r + a).
Thus, we find

b) In spherical coordinates it is L, = % &p

3 1() (r,0,0) = U(r,0,0+a) ./

T, - U(r,0,p) = Zj—

Since the z-direction is not distinguished from all other, for any other direction é

(|e] = 1) of the rotation it must be
Taf = exp (;_la (5- E)) = exp (a E) =Ty

with a vector d = o - €.
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3. We follow the idea for a proof proposed in the exercise:

i) Using well-known properties of determinants we can derive:
D|[i-D|=|D"[i-D|=|D" ~1|=|D -1
1

_ i-h.

i-D| =

Therefore, it is |1 — D| = 0, which means that X\ = 1 is an eigenvalue of D.

ii) In a complex vector space, D has 3 complex eigenvalues A; and there is a unitary
matrix U such that

o i M O 0
U.D-U'=Di=10 X 0
0 0 A3

With

DY (DY =001 0D 0 =0 -D. D01 =001 =1,

we can conclude that
|/\i|2 =1 = \N=¢e%,

with ¢; € R. Since one of these eigenvalues is 1 (e.g. @3 = 0) and |D| = |D9| = 1,
it must be 1 = —py = .

iii) For ¢ # 0, the three eigenvectors ; are orthogonal, because!

HA.D.5 =g g =gl T i =6
v - DU = e - U = YT -0 = U] - T =0 -

If we split the two vectors 77, U5 into their real and imaginary parts

1
U1,2 = (ﬁR + 1‘71) )

7 —
1,2 NG

the real vectors Ur, 1 are also orthogonal. We can then use the inverse

R = —= (U1 +1),
R ﬁ(l 2)
1

ﬁ(vl )

—

v =

to calculate the 4 matrix elements R 1 - D- URr,1. This results in the following matrix
in the basis of the (real) vectors vR, 01, U3

) cos(p) sin(p) 0
D'=| —sin(p) cos(p) 0] ./
0 0 1

4. a) The symmetry transformations are

i) Three axes of rotation €, €,, €, with rotation angles of .
ii) The inversion at the origin.

'Remember that DT 7; = e ¥ 5;.
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iii) Three mirror planes, in each of which there are two axes of rotation.
We refer to this symmetry group in Chapter 3 as Day,.
b) The symmetry transformations are

i) An axis of rotation €, with a rotation angle of 7.

) The inversion at the origin.

iii) The mirror plane perpendicular to the axis of rotation.
)

The two rotation axes y = z and y = —z with a rotation angle of w. They
induce the transformation

r—yandy — x,
and
r— —yandy — —x .

v) Two mirror planes parallel to €, in which the rotation axes iv) lie.

A comparison with a) shows that this is exactly the same group Day,.

Chapter 2

1. a) Suppose that there are two elements E1 # Es with Fy -a = a and Es - a = a for
all a € G. Multiplying

E1 ca = E2 - a
from the right with a~! yields By = Eo. /
b) The proof is the same as in a) replacing E; by a;l.

c) Let us assume that for every a € G there is a left inverse element a; ! with
ar, La=F.

If we multiply this equation from the left with a it follows

—1 o -1 _ -1 _ -1
a-a; ra=a = a-a, =E = ag =a, .

2. With Table 2.5 we find for the class multiplications (C; - C; = C; obviously holds)

Cy-C3 = {03 0621,03 - 622,03 - 623,03 621,03 - 022,05 - Ga3}
{023, 621, 022, 022, 023, 21} = 2C3 ,/
C3-C3 = {021 021,021 - 622,021 - 623, 022 - 021, 022 - 22, 022 - d23,
023 - 021, 023 - 022, 023 - d23}
= {F,63,0%,05,E,03,03,05, B} = 3C; - C2 ./

3. If f(a) = a~! satisfies (2.15), we have

(afl . bfl)fl _ (afl)fl . (bfl)fl ) \/

=b-a ab
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Figure B.3: The position of an addi-
tional atom in a cubic lattice.

Figure B.4: An artificial
molecule with the symmetry
group Ds.

Figure B.5:  An artificial molecule
with the symmetry group Dsp.
Shown are the 6-fold rotation inver-
sion axis (o3) and one of the three 2-
fold rotation axes (02) and one of the
mirror planes o.
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ii) The group Dg;, contains a 6-fold rotation inversion axis, as well as three 2-fold axes
of rotation and mirror planes. The inversion is no symmetry operation. This leads
to a similar situation as in Figure B.2, except that the two faces (left and right)
must be chosen as regular hexagon (see the six (red) atoms in Figure B.5).

6. The only symmetry that exists in any 2-dimensional system is the mirror plane. Together
with the identity element, this leads to the group Cj.

7. It becomes D3, .

8. Given that two point groups are equivalent, there is, then, a matrix S with
~ 1 =~ 5 =
St.D;-S=D},

for all matrices ]:),-, 132 of the two groups. This equation then obviously also defines the

isomorphism D; <+ D), because

Dj=D, Py=(5"D;-8)- (5 D;-§)=5" Di-D;-§=5"-D- 5.y

9. Suppose that Cy5 x Cy is isomorphic to Cs. Then, there must be a generating ele-
ment (a;b) € Cy x Cy with a € Cy and b € Cy and

(a;0)! =F . (B.3)[77ays|

for (and only for) [ = 8. a and b can be written as a = ag', b = by with generating
elements ag, by and some natural numbers m,n. Then, it follows

(a;0)" = (ag;0)" = (ag™;b,") = (B; E) = B

in contradiction to Equation (B.3) , i.e. Cy x Cy is not isomorphic to Cs.

Chapter 5

1. a) Ifa; ~a} and b; ~ b;- there must be a € G and b € G5 such that

a;=a""aj-a V by =b""-bb = (asb) = (a;b)" - (aj;b]) - (a;b)

and therefore (a;;b;) ~ (aj;b}) . Since the argument also works in the opposite

direction, the assertion holds. Hence, for every pair of classes C, € G1, C; € G there
exists a class Cjy) € G1 x G that consists of all pairs (a;, bj) with a; € Cy , bj € C;.
The number of elements in C ) is rp g = 1 - 71

b) The proof of the representation property is straightforward:
1®2 . . - 192 .
Floama((@0) - (@50)) = T (- a’b-¥)
= Thad) T30-Y)
= Y Tl (a) Tk (a) T2, () - T2,()
g
_ 1®2 . 1®2 Y
o Z F(ZJ):(pvq)((a’ b>) ' F(p,q),(k,l)((a ?b )) ° \/

p,q
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c) To show the irreducibility, we use Equation (5.24). We know the number of el-
ements r(; ; from a). Then, we need the character (with some elements a; € C;,

bj - Cj)
Xigl = DT ien e ((@i36)) = > Thla) - TH(b) = x{ -G -
k.l k,l

Hence, we obtain

> =riglxeal® = (Z 7“¢|Xi1|> Sl =g-32=9 .V
i j

[4,5]
2. We need the irreducible representations of the two groups D3 and C given in Tables 4.1

and 6.1. The product matrices then lead to the irreducible representations of D34, which
we give in Table 2.16.

E (53 532) (521 522 (523 I (1(53) (I&g) (1(521) 1(522) 1(523)
r4e4 1 1 1 1 1 1 1 1 1 1 1 1
rsed | 1 1 1 1 1 -1 -1 -1 -1 -1 -1
re®A | D, | Dy| D3| Dy | Ds| Dg| Dy D, Ds Dy Ds Dg
r4®B8 | 1 1 1 B S S | 1 1 1 -1 -1 -1
rees | 1 | -1 | -1 1 1 1 -1 -1 -1 1 1 1
Ie®B | Dy | Dy| D3| Dy| Ds| Dg| —Dy | =Dy | —Ds | —Dy | —Ds | —Dg

Table B.5: Irreducible representations of the group Dsgy. The matrices D; are defined in
Equation (2.16).

3. As always in this context we use Equation (5.23). The characters x! are given in Ta-
ble 5.1, those of the three-dimensional orthogonal matrices can be calculated with Equa-
tion (3.5). For the group Dy one finds

X(E) = 37X(52,i) =—1.

Thus, it is
1
ng = i(1-1-3+1-1-(—1)—1—1-1-(—1)—1—1-1-(—1)),
1
= -3-1-1-1)=0
4( ) )
1
np, = 1(3—1—1—}—1—1):1:7132:7133,
and

r=rber’ers.
For the group D3 the relevant characters are

X(E) = 3, x(83) = x(03) = 0, x(d2,1) = —1.

Hence,
1
1
Na, = 6(3+0+3):1,

1
ng = 8(6+0+0>:1’
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We take the sum over i = j and [ = k in (5.2),

> x(@) - x(a)* =D Ix(a) Zé,gélkazl Zl —9.

aeG aeG
—d

Since the characters x(a) are identical in a class, we obtain Equation (5.24) and thus [’
is irreducible.

In order to evaluate Equation (5.24), we need the characters of the 6 matrices,
X(E) =3, x(63) = x(63) = 0, x(d21) = x(22) = x(623) = 1.
Then, the left side of (5.24) becomes
1-3242.0°+3-12=12(#g=6).

Hence, this representation is reducible. With Equation (5.23) and Table 4.1 we obtain
the numbers

1

na, = S(1-3-142.0-143-1-1)=1,
1

na, = S(1-3-142:0-143-1-(=1)) =0,
1

ng = 6(1-3-24—2-0-(—1)—!—3-1-0):1.

Hence, T =TA®TF .

As we have shown in Section 4.1.1, every representation is equivalent to a unitary one.
Since the characters of two equivalent representations are identical, we can consider a
unitary representation (I'"'(a) = I'(a)). Then, the statement follows immediately:

x(a™h) =Y [0 i =Y (@) i = Y _I0(@)']ii = Y_L(a)]i; = x(@)* . v/

% A % %

If we choose the representations p’ = 1 (I’ (a) = 1V a) and p # 1 in the orthogonality
theorem (5.1) or (5.2), it then follows immediately

ST @, (a) =" (a)=0 .

aeG aeG

Because of Equation (4.20), the irreducible representations must be one-dimensional.
Furthermore, according to Theorem 1, each element is its own class. Now, let G be
non-Abelian. Then, there are at least two elements a, b with

a-b=c#d=b-a.
However, for some one-dimensional representation I'P it applies
I'P(¢) =TP(a) -TP(b) =TP(b) - I'P(a) = TP(d)

i.e. the two different group elements ¢ and d have the same character in each repre-
sentation. This contradicts the orthogonality theorem (5.10) and therefore G' must be
Abelian. /
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2.

APPENDIX B. SOLUTIONS TO THE EXERCISES

1> ] 2>

03 )

Figure B.6: A molecule
with a triangular shape.

13>

With this result, we can now apply the projection operators (6.14) to the state W(7):

PAU(R) = @(TE-w-y—&—TgS-xy—i—T(;g-a:-y)
_f(® Ty Toy\
= (vt =0
PPy = M(dp @)t (@ y) + Ty (2 9)
[ V3 Ty V3
= 5 x-y+T(w2—w)x2—T(w+w2)+j(w2—w)y2
—/3i =—1
= S5 +iy)? = Ve (),
i

PRU(R) = f(7)

Hence, we find

U(F) = Ug, () + Ui, (7).

a) The group Cj, has the 6 elements {E,d3,03,01,02,03} where the three mirror
planes are displayed in Figure B.6. Like in Section 6.3.5, we can start again from
the state |1) and construct a basis of the representation spaces of Cs, using the
operators Pf\” Iy

PAIY = o (Tal) + Ty 1) + Tigl) + Tos 1) + Toa 1) + T 1))

(1) +12) +13) +12) + [1) +13))

WD~

(11) +12) +13)) = V3]

where the state |[¥41) is normalized. For the 3 other operators we find

) = o (Tol) + T, 1) + Tiglt) = Tou1) = Do) — T, 1) =0,
BRI = 2 (Tolt) + Ty 1) + T 1))

= 2 (1) +w?l) +ul3) = VD)
PRI = %(|1>+w|2>+w2|3>)5\/§\‘112E).
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Because of our findings in Section 6.3.5, the Hamiltonian must be diagonal with
respect to the three basis states |T41), |\I/fl>, |\112%> with diagonal elements

(wh | Hjeh) = 2,
(WEIH|OY) = (Wy|H|V5) = —t. (B.4) [1way.

Note that Equation (B.4) confirms our general finding (6.23).

With the 3 states |4), |5), |6) we can define analogously

) = 4+ ) +16).
W) = \}§<|4>+w2|5>+w|6>>,
Bf) = jg<|4>+w|5>+w2|6>>.
In the basis of the 6 states |[¥41),...,|WL) the Hamiltonian is block-diagonal

with 2 x 2 blocks of states {|T41), [TAN)Y {|WF) |UF)}. The off-diagonal elements
are

A I A T '
(U HP) = (UF|H|T) =t

Thus, the Hamiltonian matrix has the form

2t 0 0 0 0
t 2t 0 0 0 0
~ 0 0 —t ¢ 0 0
H= 0 0 ¢ —t 0 0
0 0 0 0 —t t
0 0 0 0 ¢t —t

with eigenstates

Ui = et £,
i) = ) £[97).

For [ triangles, the Hamiltonian matrix is obviously block diagonal with /[-dimensional
sub-matrices. This corresponds to the problem of three decoupled one-dimensional
chains with the Hamiltonians

Iflchains _ GZ |l><Z| - t/Z |7,><j| ,

(4,3

where € = 2t or ¢ = —t and (i, j) is a sum over nearest neighbors.



