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Abstract. We study the thermally activated motion of semiflexible polymers in double-well potentials using
field-theoretic methods. Shape, energy, and effective diffusion constant of kink excitations are calculated,
and their dependence on the bending rigidity of the semiflexible polymer is determined. For symmetric
potentials, the kink motion is purely diffusive whereas kink motion becomes directed in the presence of a
driving force. We determine the average velocity of the semiflexible polymer based on the kink dynamics.
The Kramers escape over the potential barriers proceeds by nucleation and diffusive motion of kink-antikink
pairs, the relaxation to the straight configuration by annihilation of kink-antikink pairs. We consider both
uniform and point-like driving forces. For the case of point-like forces the polymer crosses the potential
barrier only if the force exceeds a critical value. Our results apply to the activated motion of biopolymers
such as DNA and actin filaments or of synthetic polyelectrolytes on structured substrates.

PACS. 82.35.Gh Polymers on surfaces; adhesion — 87.15.-v Biomolecules: structure and physical properties

— 87.15.He Dynamics and conformational changes — 87.15.Tt Electrophoresis

1 Introduction

The problem of thermally activated escape of an ob-
ject over a potential barrier is one of the central prob-
lems of stochastic dynamics since it has been first solved
for a point particle by Kramers [1]. The Kramers prob-
lem is encountered in a variety of different areas such
as the theory of diffusion in solids or chemical kinet-
ics, such as the adhesion-kinetics of molecular bonds un-
der a time-independent force [2]. The Kramers problem
has been extensively studied not only for point parti-
cles [3] but also for extended objects such as elastic strings
which occur in a variety of contexts in condensed-matter
physics such as dislocation motion in crystals [4-7], mo-
tion of flux lines in type-II superconductors [8], or charge-
density waves [9]. Elastic strings overcome potential bar-
riers by nucleation and subsequent separation of soliton-
antisoliton pairs which are localized kink excitations [5-7,
10,11]. An analogous problem is the activated motion of a
flexible polymer over a potential barrier [12] which is rel-
evant for biological processes such as the driven translo-
cation of a polymer through a pore in a membrane [13].
However, the thermally activated escape of a semiflex-
ible polymer, which is a filament governed by its bend-
ing energy rather than by its entropic elasticity or ten-
sion, remained an open question that we will address in
this paper. Many important biopolymers such as DNA or
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actin filaments are semiflexible. They have a large bend-
ing stiffness and, thus, a large persistence length, L,. On
scales exceeding L,, the orientational order of the poly-
mer segments decays exponentially, and the polymer ef-
fectively behaves as a flexible chain with a segment size
set by L,. In contrast, on length scales which are small
compared to L, the bending energy of the semiflexible
polymer strongly affects the behaviour of the polymer.
The persistence lengths of the most prominent biopoly-
mers range from 50 nm for DNA [14], to the 10 gum range
for actin [15,16] or even up to the mm range for micro-
tubules [15] and become comparable to typical contour
lengths of these polymers. Whereas the adsorption of such
semiflexible polymers onto homogeneous adhesive surfaces
has been studied previously in [17-19], much less is known
about the behaviour of a semiflexible polymer adsorbed on
a structured surface.

One example of semiflexible polymers on a chemi-
cally structured surface are long-chain alkanes and alky-
lated small molecules that self-assemble on crystalline sub-
strates such as the basal plane of graphite [20] or transition
metal dichalcogenides [21]. The alkyl chains orient along
the substrate axes parallel to each other. Macromolecules
such as DNA or polyelectrolytes can be oriented on the
basal plane of graphite by using long-chain alkanes as an
oriented template layer [22,23]. An important aspect is
the ability to manipulate macromolecules individually on
the structured surface by scanning probe techniques [23].
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Fig. 1. Typical conformation of a semiflexible polymer (thick
line) with a kink-antikink pair in a double-well potential V'
which depends on the coordinate z and is independent of the
coordinate x.

Lithographically structured surfaces are used in elec-
trophoresis [24] or microfluidic applications, where semi-
flexible biopolymers, such as actin filaments, can be de-
posited in microfluidic channels [25]. In electrophoresis
applications lithographic barriers give rise to entropic free-
energy barriers for the polymer. For the electrophoresis of
semiflexible polymers, it is necessary to characterize the
activated dynamics which leads to the crossing of such
barriers. In particular, the dependence of the crossing time
on the length of the semiflexible polymer determines the
sensitivity of the process.

In this article, we focus on the activated dynamics
of semiflexible polymers on a structured substrate with
translationally invariant potential barriers as shown in
Figure 1, which serves as model system for a chemically
or lithographically structured surface. The activated dy-
namics can be driven by a variety of different force types.
In this article, we mainly consider uniform driving forces
across the potential barriers as they can be easily real-
ized on structured substrates by electric fields for charged
polymers as in electrophoresis or by hydrodynamic flow.
Point-like driving forces can be realized in single molecule
manipulation by AFM tips [23]. For point forces we con-
sider static metastable configurations in this article; a
complete description of the activated dynamics will be
presented elsewhere. Alternatively, escape over a barrier
can be driven by entropic forces arising from asymmetric
shapes of the potential wells [26].

Our main results are as follows. As for flexible poly-
mers, the activated dynamics of semiflexible polymers is
governed by the nucleation of localized kink-like exci-
tations shown in Figure 1. We find, however, that the
activated dynamics of semiflexible polymers is different
from that of flexible polymers as kink properties are not
governed by entropic elasticity of the polymer chain but
rather by the bending energy of the semiflexible polymer.
This enables us to determine the persistence length from
kink properties. Furthermore, we calculate time scales for
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barrier crossing and the mean velocity of the semiflexible
polymer for all regimes of uniform driving forces: i) nucle-
ation and purely diffusive motion of single kinks, ii) nu-
cleation and driven diffusive motion of single kinks and
iii) dynamic equilibria between nucleation and recombi-
nation in a kink ensemble. We not only consider uniform
driving forces but also study metastable kink configura-
tions if the force is only applied at a single point.

The paper is organized as follows: in Section 2, we
introduce the model for a semiflexible polymer in 141
dimensions and its overdamped dynamics. A scaling anal-
ysis gives a characteristic energy, a characteristic length,
a characteristic time scale and a characteristic velocity in
the z-direction parallel to the potential troughs. In Sec-
tion 3, we introduce a static kink. The shape and energy of
the static kink are calculated. We also study the stability
of kink-antikink pairs in Section 4. Then, we consider the
motion of kinks in Sections 5, 6, and 7. The width of the
moving kink and the force-velocity relation for a moving
kink are calculated. We study in detail the effect of ther-
mal noise on the kink motion and describe its diffusive
motion. We calculate the effective diffusion constant of
the kink excitation and find the relaxation or annihilation
times for kink-antikink pairs. The thermally activated bar-
rier crossing of the semiflexible polymer is governed by the
nucleation of a kink-antikink pair as discussed in Section 9.
We determine activation energy and nucleation rate. Using
the results for the nucleation rate, we calculate the mean
velocity of a polymer in the direction of the driving force
in Section 10. In Section 11, we consider the effects of an
external point force as opposed to a uniform force and cal-
culate static, metastable kink-like configurations and the
critical force. Finally, we discuss experimental observables
and how they can be used to obtain material parameters
of the polymer and the structured substrate in Section 12.
A list of symbols is provided in Table 1. A short account
of this work has already appeared as a letter [27].

2 Model

We consider the dynamics of a semiflexible polymer in
141 dimensions in a double-well potential that is trans-
lationally invariant in one direction, say the z-axis as in
Figure 1. The semiflexible polymer has bending rigidity &
and persistence length

L= M)

where T is the temperature in energy units. We focus on
the regime where the potential is sufficiently strong and
the bending rigidity or persistence length is sufficiently
large so that the semiflexible polymer is oriented along
the z-axis and can be parameterized by displacements
z(z) perpendicular to the z-axis with —L/2 < z < L/2,
where L is the projected length of polymer. The effective
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Hamiltonian of the semiflexible polymer is given by

L/2

H{z(x)} = / dx [g (832)2 + V(z)} , (2)

L2

i.e., the sum of its bending and potential energy. We con-
sider a piecewise harmonic double-well potential

V(z) = gVolz| — a)? - F (3)

that is independent of x and thus translationally invariant
in the z-direction, where Vj is the depth of the potential
wells and F' an external driving force density that is acting
uniformly on all polymer segments. For vanishing driving
force F' = 0, the potential is symmetric and has a barrier
height Vpa? /2, and the distance between the two minima is
equal to 2a. For F' > 0 the potential becomes asymmetric
and has two minima at ziin = ta+ F/V} as long as the

force is below the critical force
F.=alp . (4)

Above the critical force for F' > F., only the minimum at
z= z;{lin is left.

The parameters k, Vj, and a define a characteristic
energy scale Fy. and a characteristic length scale zg. in

the z-direction by

By = a®wM V5, (5)
(k/ Vo). (6)

‘/L‘SC

Using the rescaling z = z/a and T = x /x4, the effective
Hamiltonian (2) can be written in the dimensionless form

— L2 1o e F
H = Ee / dx[2 (032)" + 5 (1= 1° = 2| - ()
L/Isc

We consider an overdamped dynamics of the semiflex-
ible polymer which is governed by the equation of motion

0H
’Yatz - 75 + C(.T,t)

= k02— V'(2) + ((2,1), (8)

where 7 is the damping constant and ((z, t) is a Gaussian-
distributed thermal random force with ({) = 0 and the
correlation function

(C(x,t)¢ (2", 1)) = 29T0(x — 2")o(t — 1) . (9)

The parameters in the equation of motion (8) define a
characteristic time scale ts. and a characteristic velocity
scale vg. in the z-direction by

tsc = 7/V0 )
Vse = Tse/tse = m1/4V03/4/7.
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Using the rescaled quantities ¢ = t/ts, Z = 2/a, T =
r/ts, and ( = (/F. we can bring the equation of mo-
tion (8) into the dimensionless form

0z =—03z2— (2| —1) +C . (12)
For general types of potentials such as periodic poten-
tials or power law potentials V(z) ~ z™ with exponents
n # 2, the equation of motion (8) is non-linear. Only for
a parabolic potential with n = 2, the equation (8) is a
linear partial differential equation, and an analytical solu-
tion can be easily found. For the above piecewise parabolic
potential (3) we can therefore find analytical solutions of
(8) in the domains z > 0 and z < 0 separately that will
be matched by continuity conditions at z = 0.

In the Hamiltonian (2) we consider a semiflexible poly-
mer with fixed projected length. This is a good approxi-
mation if fluctuations of the contour length are small. We
can also consider a section of fixed projected length L of a
longer polymer such that the contour length of this poly-
mer section fluctuates by coupling to the polymer length
reservoir provided by the rest of the polymer. The result-
ing equation of motion (8) in the ensemble with fixed pro-
jected length specifies the dynamics of the z-coordinate. If
the polymer is inextensible, local conservation of contour
length requires an additional longitudinal motion of the
polymer segments in the z-direction [28-32]. We will dis-
cuss the effects from longitudinal motion of polymer seg-
ments in more detail in Section 9.5 below. We will show
that kink motion does not require longitudinal motion of
polymer segments and nucleation of a kink-antikink pair
is mainly governed by the slow activated dynamics of the
z-coordinate involved in barrier crossing, whereas contour
length fluctuations happen on shorter time scales. There-
fore the activated dynamics on a structured substrate is
well described by the equation of motion (8) for the z-
coordinate.

3 Static kink

In this section, we construct the static kink, which is a
localized metastable excitation for F' = 0 with the poly-
mer ends in adjacent potential wells as shown in Figure 2.
The static kink zx(x) is defined as the configuration that
minimizes the energy (2), i.e., is a time-independent solu-
tion of (8) in the absence of thermal noise (¢ = 0). Thus
it fulfills the inhomogeneous, piecewise linear differential
equation

KOsz +Vo(z+a) =0,
KOsz +Vo(z —a) =0,

for z < 0,

for z > 0. (13)
For F = 0, the potential is symmetric and V(z) = V(—z)
such that the kink configuration is antisymmetric with
zi(x) = —z,(—2x) if we choose the z-coordinate such that
the kink is centered at x = 0 (i.e. z£(0) = 0). The
static kink shape is given by boundary conditions that
fix the end of the polymer in adjacent potential wells
zx(£L/2) = +a with zero tangent J, 2y |+7,/2 = 0. We first
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Fig. 2. Left: Conformation of a semiflexible polymer with a static kink (F' = 0) in a double-well potential V' (2). Right: Polymer
displacement z (in units of a) as a function of = (in units of wy) for the same conformation with a static kink as shown on the

left. The polymer length is L = 20wy,.

consider the two parts of the solution zx (z) in the region
2 > 0 for x > 0 and z_(z) in the region z; < 0 for z < 0
separately. The homogeneous differential equation corre-
sponding to (13) is the same for both parts and solved by
linear combinations of the four functions e®®/wkeEiz/ws
where

1/4
W = V2T = V2 <£> (14)
Vo
is the kink width. The constant solutions zxy(z) = *a
corresponding to a straight polymer in the potential mini-
mum are particular solutions of the inhomogeneous equa-

tions (13) in the regions z > 0 and z < 0, respectively.

Therefore, the general solution of the equations (13)
for both parts zi4 (x) and zp—(x) of the static kink can be
written in the following form:

zp+ (z) = C14 cos(Z) cosh(Z) + Coy sin(Z) cosh(Z)
+C54 cos(Z) sinh(Z)+ Cyy sin(Z) sinh(Z) +a,
(15)

where T = z/wy, and Cjx (i = 1,...,4) are eight linear
expansion coefficients. In addition to the four boundary
conditions at © = +L/2, we have to fulfill five match-
ing conditions at = 0 which connect the two parts of
the kink for £ < 0 and « > 0 as our potential is defined
piecewise. From equation (13) it follows that the fourth
derivative of the solution zj(x) has a finite jump at x =0
and thus all lower derivatives and the solution itself have
to be continuous across = 0. This leads to five matching
conditions zx_(0) = 254+ (0) = 0, Y 2k—|e=0 = OF 2kt |z=0
for m = 1,2,3. Two of the five matching condition turn
out to be equivalent because the potential is symmetric
and the kink-configuration is antisymmetric. The 8 lin-
ear expansion coefficients C;1 (i = 1,...,4) that are in-
cluded in the solution Ansatz (15) are determined from
the 8 independent boundary and matching conditions as
a function of the system size L. As it is not instructive to

display the details of the resulting formulae for the expan-
sion coefficients C;, Figure 2 displays an example for a
kink shape determined by this procedure. Figure 2 clearly
shows that z;(z) is a non-monotonous function of x which
is a fingerprint of the bending energy.

The kink energy is given by the Hamiltonian (2) as

E, = /OL/2 dx [; (aizk_f + %Vo(zk_(a:) + a)]

Lz g 2
+/0 dx [2 (92211) +;Vo(zk+(x)a)] . (16)

The z-integration over the length L of the kink in (16)
can be performed to obtain an explicit expression for the
kink energy

_ B2+ cos(L/wy) + cosh(L/wy)
V2  sinh(L/wy) —sin(L/wy)

The kink energy Fj (L) is minimal in the thermodynamic
limit of infinite L, where we find

Ey(L)

(17)

1 1
By = —FEs = —a2/£1/4V03/4 .

V3T

We expect our results for the kink energy Ej~Fy. and
kink width wg~xs. to hold for all potentials with a barrier
height ~ Vpa? and potential minima separation ~ a inde-
pendent of the particular potential form; only numerical
prefactors will differ. The results (14) for the kink width
and (18) for the kink energy depend only on the bending
rigidity x and the barrier height Vj, i.e., the material prop-
erties of the semiflexible polymer and the substrate. These
results also differ in their functional from analogous results
for elastic strings or flexible polymers as they depend cru-
cially on the bending rigidity. We also want to point out
that measurements of the kink width w; and the critical
force density F, or the kink energy FEj are sufficient to

(18)
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determine the bending rigidity x = F.w}/4a = Eyw} /2a?
and thus the persistence length L, = 2x/T if the distance
2a between potential minima is known.

A semiflexible polymer will stay localized to the po-
tential wells even if we set V(z) = 0 for |z| > 2a as
long as Vo > V. with Vg .a? ~ (T/L,)(L,/a)*? accord-
ing to [19]. This condition is equivalent to Ej 2 T and
thus a small density of thermally induced kink excitations.
A small kink density in combination with the condition
L, > a also ensures that the semiflexible polymer stays
oriented along the z-axis such that the Hamiltonian (2)
stays valid. The condition Ey > T of a small kink den-
sity is equivalent to L, > w}/a® or L, > T3 /a®V{}. For
sufficiently strong substrate potentials this gives a much
wider range of applicability of the Hamiltonian (2) than in
the absence of a potential, where the condition L, > L of
weak bending has to be fulfilled for a semiflexible polymer
to be oriented.

In the following we will focus on the regime Ej > T
which is also the regime where the dynamics of the semi-
flexible polymer is governed by thermal activation and
the nucleation of kinks. In the opposite limit Fj < T, the
semiflexible polymer shows essentially free fluctuations on
the surface or even desorbs from the surface. In this regime
the potential (3) can be treated perturbatively.

4 Stability of the kink-antikink pair

The static single kink in a system of size L is equivalent
to one half of a symmetric kink-antikink pair configuration
as shown in Figure 1 with kink-antikink separation d =
L in a system of size 2L. The kink-antikink interaction
energy Ein(d) = 2(Ek(d) — Ex(00)) can thus be found by
determining the single-kink energy in a finite system of
length L = d. For d/wy > 1 we read off from (17) an
exponential decay

Eini(d) =~ 2E}[2 + cos(d/wy) + sin(d/wy,)]e~ ¥ | (19)

where the oscillating prefactor is characteristic of semi-
flexible behaviour dominated by bending energy.

To test the stability of the kink-antikink configuration
with distance d = L against spontaneous recombination,
we can numerically calculate the energy Ey (L, z¢) of a “re-
stricted” kink in a kink-antikink pair with boundary con-
ditions Op2x|+r,/2 = 0, Ozzk|-1,/2 = 0 2x(—L2/2) = —a
and another end of the kink (i.e., the midpoint of the
kink-antikink pair) fixed at zy(L1/2) = zy. We introduce
Ly and Lo with L1 + Ly = 2L as the total length of the
kink-antikink pair because the restricted kink is no longer
antisymmetric. Still it is convenient to choose the mid-
point of the kink at zero, z;(0) = 0. As for the equilibrium
configuration of the static kink, we have five matching con-
ditions in « = 0. The energy of the kink-antikink configu-
ration as a function of the midpoint of the kink-antikink
pair z; for different ratios L/wy, is shown in Figure 3. For
zy = a we obtain again the single-kink energy and find
that it is locally stable against z-variation for sufficiently
large L/wj > 3.1. The kink becomes unstable meaning
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13+ L/wi=2.55

L/wi=3.1

/wi=10
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Fig. 3. Energy Ei(L/wg,zs/a) (in units of 2Ey) of a “re-
stricted” kink as a function of the end point z; (in units of a)
and the kink-antikink distance L (in units of wy) for a semiflex-
ible polymer of total length 2L. For distances L/wj > 3.1 the
kink is locally stable at zf/a = 1, for 2.55 < L/wy < 3.1 the lo-
cally stable kink is obtained for zy/a < 1, and for L/w;, < 2.55
it becomes unstable.

0.8 1

that the equivalent kink-antikink pair spontaneously an-
nihilates for small separations L/wyj < 2.55. In the regime
2.55 < L/wy < 3.1 the kink is locally stable for zy < a,
see Figure 3.

5 Moving kink

A driving force density F' leads to an asymmetry in the
potential and an effective force on kinks. Moving a kink by
—Ax increases the polymer length in the lower potential
minimum by Az and leads to an energy gain —2aF Ax
and thus a constant force
Fi = —2aF (20)
on a kink. As argued above, deviations from kink interac-
tions are exponentially small for separations much larger
than the kink width d > wy. The force Fj leads to kink
motion such that we also have to consider mowving kink
solutions. For constant kink velocity v the kink configura-
tion assumes a form zi(z,t) = zp(xr — vt) that solves (8)
for ¢ = 0. Transforming into the comoving frame of the
kink by introducing the new coordinate y = = — vt, the
equation of motion (8) reduces to
n@ézk —vy0yz + V' (21) = 0, (21)
which has to be solved with boundary conditions as for the
static kink. However, in the asymmetric potential the kink
is no longer antisymmetric such that the kink is centered
at yo # 0, (i.e. zx(yo) = 0), where we also have to evalu-
ate the matching conditions which are otherwise the same
as for the static kink. The coordinate system of the static
kink is inconvenient here, and calculations are simplified
by translating the center of the kink to yo = 0 and intro-
ducing two different lengths L1 and Ly with L+ Lo = 2L.



324

As for a static kink, we have four boundary conditions
ayzk|+L1/2 = 0, 8yzk‘—L2/2 = 0, Zk(_LQ/Q) = Zr;in’
2k(—L1/2) = z, . Analogously to (13), equation (21) is
an inhomogeneous, piecewise linear differential equation
due to the piecewise definition of the potential (3). We
therefore consider the two parts of the moving kink so-
lution zp4(y) in the region z; > 0 for y > 0 and zx_(y)
in the region 2 < 0 for y < 0 separately. Particular solu-
tions of the inhomogeneous equation are the constant solu-
tions zxt(y) = Ziin that correspond to straight polymers
in the potential minima. For a moving kink both parts
2p+ (y) — 2=, solve the homogeneous differential equation
corresponding to (21). Therefore, they are linear combi-
nations of the four functions e®»¥ where K,, (n = 1,...4)
are the four roots of the equation

KKY —oyK, + Vo =0. (22)
We find the four roots
1 23/2p
Kyn=— |+VH®) £/ -H@E) + —— | (23
— |VAD) ¢ )% g | 9

where the first and third sign have to be identical and
7=3%4%y /4vg is a dimensionless velocity. The function

(02 + Vot —1)23 +1
V3(02 + Vot —1)1/3

has the following properties: H(?) is real and positive for
any velocity ¥ > 0 and has a minimum in ¥ = 0, where
H(v) > H(0) = 1. H(?) is monotonically increasing with
the asymptotics H(7) o< 1 + 9%/3v/3 4+ O(v?) for v < 1
and H(v) o« 92/% for © > 1. These properties of the func-
tion H(v) allow to simplify the calculation because in the
limit of large system sizes L > wy one can neglect in the
moving kink solution all exponentially decreasing terms
~ exp(—+/H(v)L/2wy).

The width of the moving kink is determined by the real
parts of the four roots K, as given by (23). As opposed to
the static kink, the moving kink solution with v > 0 is not
antisymmetric such that the real parts of the four roots
need not have the same absolute value. Then, the moving
kink can have two different widths wg 4 (v) and wy, —(v)
in the directions y > 0 and y < 0, respectively, which are
determined by the roots with negative and positive real
parts, respectively,

H(v)

(24)

1
minge(x, <o { [Re[Ky (v)][}

Wk, + = (25)

For small velocities v < 1, the real parts of all four roots
have the same absolute value |Re[K,,(v)]| = /H(?)/wk
such that

Wit (0) = wi - (v) = (26)

H(v)

Thus, the kink width decreases with velocity, and we find
wy, (v) & wi(1-0%/6v/3+0(v*)) for small velocities v < 1.
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For large velocities © > 1, on the other hand, the real parts
differ and we find

w4+ (v) = 7H(17)

)

wy

= /H(U)—\/—H(U)ﬁ-#\;;ﬁ

wy,— (v) : (27)

which shows that wp _ > wy 4 as can also be seen in
Figure 4. For large velocities © > 1, |Re[K,,]| o /3 for
all four roots, and both kink widths vanish as wy, +(v) x
we—1/3
X% .
The general solution of the equations (21) for both
parts 2z (y) and zi_(y) of the moving kink can be written
in the following form:

4
2k (y) = ) Cnxe™™¥ + 20,

n=1

(28)

with eight linear expansion coeflicients C;jy (i = 1,...,4)
that have to be determined by the four boundary condi-
tions and matching conditions at y = 0. Analogously to
the static kink, we have also for the moving kink the five
matching conditions zx_(0) = zx4(0) = 0, O 2k—_|y=0 =
O 24 ly=0 for m = 1,2, 3. Together with the four bound-
ary conditions and 2L = L; + Ly we have 10 conditions to
determine the 10 parameters C;x (i = 1,...,4), Ly, and
Lo as a function of the system size L and the remaining
parameters of the model. The shape of a moving kink that
we obtain using this procedure is shown in Figure 4.

However, in the thermodynamic limit of infinite L,
and Lo, we are left with 8 parameters C;y (1 = 1,...,4)
to be determined by 9 boundary and matching conditions.
Therefore, in the thermodynamic limit, a moving kink so-
lution fulfilling all boundary and matching conditions can
only be found for certain values of v for given F. These
values are determined by the remaining matching condi-
tion after we determined all eight expansion coefficients
Cix (i =1,...,4). Following this procedure we find after
a rather lengthy calculation the force-velocity relation

731/4271/2H3/2(5)

F@) = —Fo H3(v) + 373/202

(29)

in the thermodynamic limit. For small forces we find a
linear response F' = —31/421/2F,7, close to the critical
force F, the velocity diverges as —o ~ (1 — F/F,.)~3/2, see
Figure 5.

The result (29) can also be used to obtain the friction
constant 7y of a moving kink as force-equilibrium requires
Fy + F, = 0 with the friction force Fy = —vn; and the
driving force F, = —2aF which gives the relation

= 2a|F(v)| /v .

In the limit of small velocities v, the above relation (29)
is linear and we find

(30)

3 aF. 3~a®
M)~ 5yt = 21

~ = . 31
23/2 v 2 wyg (31)
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Fig. 4. Left: Conformation of a semiflexible polymer with a moving kink in a double-well potential V(z) in the presence of
a driving force F' > 0. Right: Polymer displacement z (in units of a) as a function of y = x — vt (in units of wy) for the same
conformation with a moving kink as shown on the left. The driving force is F' = 0.775F,, leading to a kink velocity v = 27/ %v,,

or ¥ = 3%/%271/2 ~ 1.6. The total length of the polymer is 2L =

potential minima at 2=, /a = +1 4 F/F..

Fig. 5. Force density F (in units of F,, solid line) and friction
constant ny (in units of 3F.a/2%/?v. = 3a%y/wg, dashed line)
as a function of velocity v = 33/41)/41)sc for a moving kink.

The friction constant 7 is also related to the energy
dissipation rate dE/dt due to kink motion which is de-
fined as the product of friction force, —vny, and velocity,
dE/dt = —v*n,. On the other hand, dE/dt can be calcu-
lated directly using the equations of motion (8) and (21)
in the limit of large L

dE < 0H o
T dxa(atzk) = —’yvz/ dz (9,2:)° , (32)

— 00 — 00

and we read off a kink friction constant

e = 7/00 dx (8wzk)2 . (33)

—00

In the limit of small driving forces F' and velocities v we
can use the static kink configuration in (33), perform the

L1+ Lo = 60w with L1 = Lo = 30w,. Dashed lines show the

r-integration and find again 7 (v) ~ 3ya?/2wy, for small
v in agreement with the result (31).

Apart from a numerical prefactor, the force-velocity
relationship in the linear response regime can also be ob-
tained by a simple scaling argument. For small velocities
the kink solution is similar to a static kink with length
scales scaling as z ~ a and  ~ wg. We argue that the
driving force F' and the left-hand side in (8) scale in the
same way, F' ~ vz /t, which sets a time scale ¢t ~ ya/F for
kink motion. The resulting kink velocity is given by the
ratio v ~ wy /t ~ Fwy/va, which is identical to the linear
response regime of (29).

6 Effect of noise on the kink motion

In the previous section we determined the kink velocity
in the presence of the driving force F' but we effectively
considered the case of zero temperature and neglected all
effects from the thermal random force, which leads to a
diffusive component in the kink motion. For a more de-
tailed analysis of the effect of noise on the kink motion
we consider noise-induced perturbations of shape and ve-
locity of a kink moving with constant velocity v. For a
time-dependent kink center at zj(t) the comoving frame
coordinate is given by § = x —x(t). Adding shape pertur-
bations to the corresponding kink solution zx(gy) of equa-
tion (21), we arrive at the decomposition

2w, t) = 2z —an(t) + Y Xp()dp(z —zi(t), 1) . (34)

¢, are normal modes of the chain in the presence of the
kink which we will determine below and X, (¢) are expan-
sion coefficients; the zero mode of kink translation is ex-
plicitly taken into account by positioning the kink center
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at xx(t). Substituting (34) into the equation of motion (8),
expanding about the kink, and retaining first-order terms
in X, (t), we obtain

70 = E6(0)02(0) + 3 Xp()Ly(5:1)
Al Z X, (t)p(y, 1) = C(a,1),

p=1
where the operator L is defined as

L =70 + k0 — yin(t)05 + V" (2(7)) -
If the normal modes fulfill the condition

(Y0 + K0y — 00y + V" (2(y))) bp = 0,

equation (35) becomes
V(v — @k (t)) <3yz(§) +> Xp(t)ay%(ﬂ,t))

+7 ) Xp(t)p(@:t) = C(x,t). (38)
p=1

Using an Ansatz ¢, (y,t) = fp(y)e”“#" in (37) the normal
modes are determined by the eigenvalue equation

/ia;}fp =y fp + V" (2 (9) fp = wprfp s (39)

where V"(z) = Vp(1 — 2ad(z)). Equation (39) has a set
of eigenvalues w, with orthonormal eigenfunctions f,(y)
with respect to the scalar product

L2
(flg) = 1 / a5/ (9)g(s) with r=a*wy . (40)

L2

where the division by the dimensionful constant r» makes
the scalar product dimensionless [33]. For a very long poly-
mer L/2 > x4(t) the influence of the ends on the dy-
namics of barrier crossing can be neglected. Therefore,
we can neglect the shift of boundaries in the comoving
frame and use § ~ +L/2 for the coordinates of the poly-
mer ends in the comoving frame in (40). Then, the eigen-
value problem has to be solved with boundary conditions
fo(=L/2) = f,(L/2) = 0, f(=L/2) = f,(L/2) = 0 and
matching conditions f;’f) (0) = fPET)(O) form = 0,1, 2. In-
tegrating the equation (39) between § = —e and § = +e,
then letting € approach zero, one finds that the third
derivative of the eigenfunction f,(7) has a discontinuity
at § = 0. This gives an additional matching condition

£200) = £2(0) = 2aVof,(0)/k|8y21|. The translation

mode
fo=0y2(y)/C (41)

of the kink is a zero mode corresponding to the solution
with eigenvalue wy = 0. C' is a normalization constant
determined by

, L [H? )
C :<8gzk\0gzk>:r’/ dg (Ogzi)” .

—L/2

(42)
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Multiplying equation (38) with the translation mode fo(%)
and integrating yields an equation of motion for the kink

—1

L+C™1 Y Xp(te™r (ol Oy fy)

p=1

() = v+Ci(t)

(43)
Because of the orthogonality (fo|f,) = 0 contributions
from the first sum in (38) vanish. The variable (j(¢) is an
effective Gaussian thermal noise for the kink as given by

L/2

dgfo(9)C(y + n(t), ) (44)

Ghlt) = —(Cyr) ! /

-L/2

with correlations (Cx ()Ck(t')) = §(t—t')(2T/C?~r) (where
we used (fo|fo) = 1). Multiplying equation (38) with the
modes fp(y) and integrating yields the equation of motion
for the amplitudes X, ()

Xp(t) = Go(t),

where (,(t) =71 [dufp(9)¢(y + 2k (t),t). A solution of
equation (45) is X, (¢) = const + fot dt’¢,(t).

The sum in the bracketed term in (43) represents terms
from kink-phonon scattering which decay exponentially
for times ¢ > 1/wy,. Neglecting the kink-phonon scattering
leads to an overdamped Langevin equation for the kink
position

(45)

() = v+ G(t) (46)

describing Brownian motion with drift. From the noise
correlations we can read off the corresponding diffusion
constant of the kink as

T
Dy =——. 47
k C?yr (47)
Note that the corresponding kink friction constant
T 02 /L/2 5
N = = —=7% dy (a—zk 48
D= =7/, )

is identical to our above result (33) obtained from comple-
mentary energetic considerations in the limit of large L.

7 Kink motion and relaxation

If kink-phonon scattering is neglected, a single kink per-
forms Brownian motion with drift. The kink diffusion con-
stant Dy, is given by (47), the driving force F leads to a
force Fj, = —2aF on the kink, see (20), and to a directed
motion with mean velocity v(F') as calculated in (29). A
semiflexible polymer in a configuration with a single kink
crosses the potential barrier by moving the kink over the
entire length L of the polymer. Thus, the average crossing
time is to, ~ L/v = Lng/2aF (see Eq. (30)) for the case
of directed diffusion under the influence of a driving force
F giving rise to v > 0. In the absence of a driving force
F =0, we have v = 0 and the kink performs an unbiased
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random walk with ((zx(t) — 2x(0))?) ~ 2Dyt from which
we estimate the average crossing time as t¢; ~ L2 /2Dy =
L2, /2T, which becomes te; ~ L?va?/Twy, using (31) in
the regime of small velocities. To be more precise the av-
erage crossing time can be identified with the mean first
passage time of the diffusing kink for a distance L under
the external force Fy, which is given by [34]

L2 [ 1 \? | Fi|L
~ SIELT o BEE g
=D, (|fk|L> (e T ) (49)

From (49) we indeed recover our above estimates for ran-
dom, diffusion-dominated motion in the limit of small
forces F' <« T'/La and directed, drift-dominated motion
in the limit of large forces F > T'/La.

Now we consider the relaxation of a kink-antikink pair
by annihilation in the absence of a force, FF = 0. Then,
the motion of the kinks is purely diffusive. For F' = 0
the potential is symmetric and according to our discus-
sion in Section 4 the kink-antikink pair becomes unsta-
ble if its separation L is sufficiently small L < 2.55wy,
see Figure 3. Therefore, in order to annihilate, the kink-
antikink pair has to diffuse over a distance L — 2.55wy
which is of the order of L if L > wy. Then it can sponta-
neously annihilate, and the polymer reaches its final kin-
kless state of a straight-line configuration in one poten-
tial well. Therefore, the relaxation process takes a time
trel ~ L?ny. /T ~ L*y/Tw;, which is of the same order as
the diffusive crossing time of a single kink on a polymer
of total length L.

8 Kink nucleation rate and kink density

Thermally activated barrier crossing proceeds by the pro-
duction and subsequent motion of kinks. So far, we have
considered the motion of single kinks after they have been
created, e.g., by nucleation. The kink production is char-
acterized by the nucleation rate j which is defined as the
total number of kink-antikink pairs nucleated per time
and polymer length. Before we consider the kink nucle-
ation in detail and calculate j in the following sections, we
want to describe the stationary state with the dynamical
equilibrium between kink production and kink annihila-
tion. The dynamical equilibrium involves many interact-
ing kinks and depends on the kink density p. We consider
an ensemble of pL kinks and pL antikinks with kink den-
sity p < 1/wy, as in Figure 6, i.e., the mean distance that
a kink travels before annihilation is d = 1/p.

For sufficiently large F', the kink motion is directed,
the diffusive component of the kink motion can be ne-
glected, and kinks move with mean velocity v = aF/ny
(see Eq. (30)). The relative velocity of a kink moving to-
wards an antikink is 2v and the average lifetime of a kink
in this regime is thus 77 = d/2v = 1/2pv, see Figure 6.
The dynamic equilibrium between kink annihilation and
production is reached for j = p/7r = 2p®v, as previously
derived for kink excitations of elastic strings [10].

For small F', the kink motion is diffusion-dominated
with a diffusion constant Dy given by (47) for a sin-
gle kink. The relative motion of a kink and antikink is
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Fig. 6. An ensemble of well-separated kinks and antikinks
(p < 1/wg) which move with velocity v and —v, respectively.

also diffusive with an effective diffusion constant 2D, and
their mean-square separation obeys (A:Ei) = 4Dyt. Then,
the average lifetime in this regime is 7p = d?/4Dy =
1/4p%Dy. The dynamic equilibrium for kink annihilation
and production is reached for j = p/7p = 4p> Dy, [35)].

The crossover between both regimes takes place if Tp =
7p which defines a characteristic force

_Tp

F, = (50)

a
Thus, the kink nucleation rate j and the kink density p
satisfy the relations and we have
j=2vp?, for > F,, (51)
and

§ =4Dyp?, for F < F,. (52)

9 Kink nucleation

In this section we want to study the nucleation of kinks
and determine the nucleation rate j by Kramers theory
for large driving forces and by quasi-equilibrium consider-
ations for small forces.

9.1 Critical nucleus

As for flexible strings [6,7,10] the dynamics of the nucle-
ation is governed by the critical nucleus representing the
saddle point configuration in the multi-dimensional energy
landscape in the presence of a force F' > 0. An example
for a critical nucleus configuration of a semiflexible poly-
mer is shown in Figure 7. In the limit F' = 0 the critical
nucleus reduces to a static kink-antikink pair. The critical
nucleus z, () fulfills the saddle point equation dH/dz = 0
for the energy (2)

KOL 2 4+ Vo(z 4 a) —

F=0, for z <0,
KOz 4+ Vo(z —a) —F =0,

for z >0 (53)
with the full asymmetric potential (3) for F > 0. We in-
troduce two parts of the solution, z,4(x) in the region
zn > 0 and z,_(z) in the region z, < 0. In the limit
F = 0 the saddle point equation (53) for the critical nu-
cleus reduces to the corresponding equation (13) for static
kinks. In particular, the homogeneous differential equa-
tion corresponding to (53) is identical to that for static
kinks. Therefore, the critical nucleus configuration can be
constructed as a sum of a linear combination of the four
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Fig. 7. Left: Critical nucleus conformation of a semiflexible polymer in a double-well potential V' (z) in the presence of a driving
force F > 0. Right: Polymer displacement z (in units of a) as a function of z (in units of wy) for the same critical nucleus
conformation shown on the left. The driving force is F' = 0.25F.. The total length of the polymer is L + L’. For L = 10wz, we
find L' ~ 1.66wy, for the distance between the points where the potential barrier is crossed.

functions e**/®re¥iz/wr and a particular solution of the
non-homogeneous equation (53). This gives

Znt (x) = C14 cos(T) cosh(Z) + Cag sin(Z) cosh(Z)
+C3.4 cos() sinh(Z) +Cyy sin(Z) sinh(z) + 2=,

(54)

where T = z/wy, and C;1(i = 1,...,4) are eight linear ex-
pansion coeflicients. In the following we exploit the mirror-
symmetry of the critical nucleus around its midpoint and
consider a “half-nucleus” which is analogous to a single
static kink for F' = 0. We choose the origin x = 0 such
that z,(0) = 0, and the half-nucleus extends from one
end point at = —L/2 to the midpoint the position of
which we define as * = L’/2. The total length L + L’ of
the critical nucleus is thus determined by L’. Due to the
asymmetry of the potential the critical nucleus is short-
ened as compared to the static kink such that L’ < L. For
the critical nucleus we have the three boundary conditions
Zn(—L/Q) = Zr:lin and 8JZ7L‘,L/2 = 8wzn|L//2 = O7 but
with 2,(L'/2) < 2z}, at the midpoint. Additionally, we
have the fourth boundary condition 932,|72 = 0 because
of the mirror symmetry of the critical nucleus configura-
tion. As for the static kink we also have five matching con-
ditions z,—(0) = 2,4+ (0) = 0, 07" 2, |z—0 = 024 | 4= for
m = 1,2, 3. In summary we have 9 conditions to determine
the 9 parameters C;1. (i = 1,...,4) and L’ as a function of
the length L and the remaining model parameters, in par-
ticular the the reduced force F'/F,. Using these conditions
one can find that L’ is given by

cos(L' Jwg)e Y'/"r = F/F, (55)
in the limit L > wy,. As F approaches F,, L’ vanishes as
L’ = w(1 — F/F.). For small forces, on the other hand,
the critical nucleus approaches a kink-antikink pair config-
uration with L' ~ L. Due to the oscillating left-hand side

in (55) we find jumps in the length L’ of the stable nu-
cleus as a function of the force F', which are a signature of
the semiflexible behaviour dominated by bending energy.
For stable solutions of (55), we find L' /wy ~ — In(2F/F,).
The solution of equation (53) for the above boundary and
matching conditions gives the shape of the nucleus that is
shown in Figure 7.
The excess energy of the critical nucleus is given by

L'/2
AE, :/ da [g (8220)% + V(20) — V(z;ﬁn)} . (56)
—L/2

It is not possible to find a closed analytical expression for
the energy of the critical nucleus satisfying all boundary
and matching conditions. However, it turns out that it is
possible to calculate the energy (56) in the limit L > wy,
for the class of nucleus-like configurations that fulfill all
boundary and matching conditions except 93z,|r2 = 0.
This class of configurations contains the critical nucleus as
special case. With only 8 conditions we leave the length L’
of the nucleus-like configuration undetermined, and after
a lengthy calculation we obtain the resulting energy (56)
of this configuration as a function of L’ as

/

+ 2e~ L/ w sin?(L' /2wy,)

FL
AE, (L) = 2B, 1—2
w112t

F. 1+ sin(L/ /wy) (57)

F el'/wvp/F, —2 cos(L’/w@)
Figure 8 shows the energy AE,,(L’) as a function of L’ for
a given force F. From (57) it can be shown that the local
maximum of the function AF,, (L’) fulfills also the rela-
tion (55) and corresponds to the actual critical nucleus
configuration that satisfies all 9 boundary and match-
ing conditions. This demonstrates that the critical nu-
cleus is a metastable configuration. Interestingly, the en-
ergy (57) also has a local minimum in which the relation
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Fig. 8. The energy AE, (in units of E}) according to (57) as
a function of L’ (in units of wy) for F/F. = 0.5.

(1 + sin(L' /wy,))e~L'/wx = F/F, holds, that turns out
to be equivalent to the condition 022,|z2 = 0. Although
such a configuration lowers the energy, it has a discontinu-
ity in 932, (z) at the midpoint x = L’2. The existence of
such a nucleus-like configuration with lower energy hints
at a symmetric, unstable fluctuation mode of the critical
nucleus that will be discussed in detail below.

Close to the critical force L’ approaches zero according
to (55), and the energy of the critical nucleus vanishes as

Ia 2
AE, ~ 2E}, (1 - F) : (58)

C
For small forces, the nucleus approaches a kink-antikink
pair configuration with L’ ~ L. For small forces we find
L' Jwy, = —In(2F/F,) from (55) and for the energy (57)
of the critical nucleus

s (12D (42)).
This result is equivalent to an approximate description of
the nucleus kink-antikink pair with distance L’ with an en-
ergy 2Fy, — 2aF L' + Ei(L'). The first term is the energy
of the isolated kink-antikink pair, the second term the en-
ergy gain due to the force (20) pulling kink and antikink
apart and the last term the interaction energy (19). Opti-
mizing this energy with respect to L’ gives the result (59)
apart from corrections due to the shape changes [6,7,35].

In contrast to the kink width (14) and the kink en-
ergy (18) which depend only on the barrier height ~ Vya?
and potential minima separation ~ a (apart from numer-
ical prefactors) the properties of the critical nucleus close
to the critical force depend crucially on the detailed shape
of the potential in the vicinity of the barrier. In general,
we expect AFE, to vanish upon approaching the critical
force F. and to reduce to the kink energy FEj for small
forces F' < F, suggesting the scaling behaviour

F [
AE, ~ Ej (1Fc>

(59)

(60)

with an exponent « that depends on the shape of the
potential barrier. Note that our above result (58) follows
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such a scaling law with an exponent o = 2. The expo-
nent a can be determined by employing a scaling argu-
ment for the critical nucleus, where we consider a gen-
eral potential shape with a barrier height scaling as Vp ~
Voa?(1—F/F,)¢ and the distance between metastable min-
imum and barrier scaling as zp ~ a(l — F/F,)" upon
approaching the critical force F, where both quantities
vanish by definition. Note that the two exponents € and u
are determined solely by the shape of the potential. The
critical nucleus will then extend over a length L,, that is
determined by the competition between the bending en-
ergy ~ kz%/L? and the potential energy ~ LVp which
gives L, ~ wy(1 — F/F.)2#=9/4 swhere wy, ~ (r/Vo)'/*
is the kink width. The resulting energy AFE,, of the critical
nucleus scales as in (60) with an exponent o = (21 + 3¢) /4
and the kink energy Ej ~ a2n1/4V03/4.

This general behaviour can be checked for our piece-
wise parabolic potential (3) for which we find a barrier
height Vi = V(0) — V(zmm) = (Voa?/2)(1 — F/F,)?,
i.e., an exponent ¢ = 2, and a critical displacement
zr = |Zmin| = a(l — F/F.), i.e., p = 1. This gives
a = 2 in accordance with the exact result (58) (note
that L, ~ L' 4 wy in this case). For a periodic po-
tential Vpa?(1 — cos(2mz/a)) — Fz, on the other hand,
one finds € = 3/2 and p = 1/2 which leads to a differ-
ent exponent o = 11/8 although the static kink energies
Ej, ~ a26Y4V2/* and the kink width wy ~ (r/V)'/* scale
in the same way (although with different numerical pref-
actors) for both potential shapes. This demonstrates that
properties of the critical nucleus are much less universal
and much more dependent on the detailed shape of the
potential close to the critical force F.. At small forces the
critical nucleus approaches a static kink configuration with
a kink energy E} and kink width w;, that are independent
of the detailed shape of the potential.

9.2 Fluctuation eigenmodes

The energy of the critical nucleus (58) is the activation
energy that, according to Kramers theory, enters the Ar-
rhenius factor of the nucleation rate

, AE,
J ~ exp R

which is the total number of kink-antikink pairs nucle-
ated per time (per length). A systematic calculation of j
requires to find the corresponding attempt frequencies and
thus to add small perturbations 0z, (z) and dzs(z) to the
critical nucleus configuration z,(x) representing the sad-
dle point and the straight configuration z,(x) = z,. rep-
resenting the initial energy minimum. We will investigate
the stability of these solutions against small oscillations by
analyzing the eigenmode spectrum of these fluctuations.
Expansion of the energy in the neighborhood of a sta-
tionary configuration to second oder of the perturbation

(61)
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Fig. 9. Eigenvalues of the critical nucleus wy ,y/Vo as func-
tions of the force F'/ F¢ in the thermodynamic limit of infinite L.

0z4(x) yields
H{zq(z) + 0z4(2)} ~ H{zq(2)}

% / debzy(@) [K04 1 V" (2,)] 524 2), (62)

where V" (z) = Vo(1 — 2ad(z)) and the subscript ¢ equals
n or s corresponding to the critical nucleus or the straight
configuration, respectively. We expand the perturbations
6zq(z) in terms of normal modes dzq(x) = >, X, fp(2)
that fulfill an eigenvalue equation of the form (39) for
v =0,

’ia;lfp + V" (24(2)) fo = wpr fp (63)

with V" (2) = Vo(1 — 2ad(z)). In (63) we introduced the
factor v in order that the eigenvalues w, have the units
of frequencies. We can construct a set of eigenfunctions
fp(z) which satisfy (63) with the proper boundary condi-
tions and which are orthonormal with respect to the scalar
product (40). Construction of this eigenfunctions and the
resulting spectra of eigenvalues w, are discussed in detail
in Appendix A. For the critical nucleus the spectrum w, ;
is given by (A.20), for the straight polymer we arrive at
the spectrum ws , given by (A.10). The most important
features of these spectra are as follows. The fluctuation
spectrum of the straight configuration consists of stable
modes with w, , > Vo/~v > 0 for all modes p > 0. It is dis-
crete for finite L and approaches a continuous spectrum in
the thermodynamic limit of infinite L. On the other hand,
the critical nucleus has a mixed fluctuation spectrum also
in the thermodynamic limit.

The discrete part of the spectrum contains one unsta-
ble mode wy, 9 < 0 that corresponds to a mode that is
pulling the polymer further into the energetically favor-
able potential well. Furthermore, there is one zero trans-
lational mode of the nucleus with wy ; = 0. Additionally,
there are modes with w,, , > V5 /v > 0 for p > 2 that form
a discrete spectrum for finite L. and approach a contin-
uum in the thermodynamic limit of infinite L. Numerical
results for the spectrum of eigenmodes of the critical nu-
cleus as a function of the force are shown in Figure 9.
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In terms of the eigenvalues w; j, and wy, , at the straight
configuration z,4(z) = 2., and the critical nucleus config-
uration z,(x), respectively, the energy expansions (62) can
be written as

yr
H{z(@)} ~ Eo+ o Ep: Xp ws p, (64)

yr
H{z(z)} =~ Es + AE, + 53 > X wn, (65)
p

with r from (40) and E; = H{z

min}'

9.3 Nucleation rate

Now we can calculate the nucleation rate j including the
prefactors in (61) using Kramers theory for sufficiently
large forces F. Although the derivation is analogous to
previous approaches for elastic strings [6,7,10,11], we in-
clude it in order to make the paper self-contained.

We start from the Fokker-Planck equation for the time-
dependent probability P({¢(z)},t) to find the polymer in
configuration ¢(z),

P{¢(x)},t) = <H d[¢(x) — Z(%t)]> , (66)

where z(x, t) is a solution of the the Langevin equation (8).
Then P({z(Z)},t) fulfills the Fokker-Planck equation [36]

oP({z(2)}, 1) 6J(z,{2(2)},t)
ot +/dx o)

where J(x,{z(Z)}) is the corresponding probability cur-
rent in the configurational space at configuration z(Z) and
in the direction of J(z,.). This probability current is given
by

(67)

N 1/ oH 0 -
Ha (@) = =2 (o0 + T ) PN,

(68)

At low temperatures AE, > T the polymer lies in the

local metastable minimum and the rate of escape is small.

Therefore J =~ 0, and the probability in (68) approxi-

mately has the form of the stationary equilibrium distri-

bution

Pao({2(2)}) = Zi exp(~H{z(@)}/T),  (69)

where the normalization factor is the partition sum Z; =
| Dz(x) exp(—H{z(x)}/T), where we integrate over con-
figurations within the energy valley of the metastable
minimum of the straight configuration. Using the expan-
sion (64) we obtain

Z,=e BT H ( 2nT

rw
pz0 NTTWsp

1/2 ~
) =e BIT7, (70)
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In the presence of a driving force the system is out of
equilibrium, and we make an Ansatz for the stationary
state which includes a correction function P({z(z)})

P({z(x)}) = P({z(2)}) Pea({2(2)})
such that P({z,}) = 1. Substituting (71) into (68), we get

(71)

T §P({z(%)})
v oz(x)

Now we consider the vicinity of the critical nucleus saddle
configuration z,(x) and switch to a description of the con-
figurational space by the appropriate normal modes using
the decomposition z(z) = z,,(x) + >, Xp fp(2). Each con-
figuration z(x) is specified by the set {X,} of expansion
coefficients. We also decompose the current into the nor-
mal components according to

T =@} =Y J({Xa}) fo(w)

J(z,{2(2)}) = Peq({2(2)}) - (72)

(73)

and transform functional derivatives according to
§/8z(z) = r1 >y [p(2)0/0X,. Then, at the critical nu-
cleus configuration z,,(x) the components J, of the current
have the form

T 0P AE, ~r 9

JP({XG}) - ZS'YT 8Xp eXp( T 2T Za: Xawn,a> )

(74)
where we used the quadratic approximation (65). It is as-
sumed that the nucleation process proceeds along the un-
stable mode p = 0 such that we have a non-vanishing cur-
rent only in this direction, Jo({X,}) # 0. In all other di-
rections the system can equilibrate such that J,({X,}) =
0 for p > 0. Then, according to (74), P = P(X,) is a
function of X only, such that corrections to the equilib-
rium in (71) only occur in the coordinate of the unstable
mode carrying the system over the saddle. Moreover, ac-
cording to (67), in a stationary state J has to fulfill the
zero-divergence condition

Oz/dx&](x’ {z(2)},1) :Z 0Jp({Xa}) _ 0Jo({Xa})

dz(x) X, 0Xo

(75)

i.e., the only non-zero current component J, =
Jo({X4a>0}) does not depend on X.

Then, we can integrate (74) along the “reaction coor-

dinate” X, to obtain P(Xy):

> ZS")/T Xo %
Px0) = 1= ZX0(Xesa) [ %o
Xo,i
AE, ~r - ~yr
xexp( T 7ﬁX§‘wn,o|+ﬁ ngwn,p)~
p>0
(76)
Starting from the nucleus configuration Xy = 0, we

reach the initial straight equilibrium configuration at
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some Xg; < 0. There, we have the boundary condition

P(Xo,;) = 1, see (71). On the other hand, at positive
values of Xy, kink-antikink formation takes place. We
assume that the force is sufficiently high that kink and
antikink are quickly driven apart, and we can assume a
sink with P(Xg, ;) = 0 at some final X, ; > 0. Using also
this second boundary condition in (76), we obtain the
current from (76),

yr
Jo({Xa>o0}) = Texp (‘ﬁ ZX;%"JWJ (77)
p>0
with a constant I that is given by
~1
T Xor AE Voo )
I=— dXgex = — X |wn
Zoyr /XO ’ p< T o Nolnol ]
T A7 |wn.o] 1/2 AE,
= = —_— — . 78
ZS’YT ( 2nT exp T ( )

Integration of equation (77) over all coordinates X,
and division by the length L+ L’ of the polymer yield the
total nucleation current per length

Jj= ﬁ <H an) Jo({Xa>0})

a>0
1 7 qr \1/2 AE,
=G (%T) Q”eXp(_ T ) (79)
where we used (70) and Q2 = |wyolwsows 1 Hp>1><

(ws,p/wn.p) is given by the ratio of the products of all at-
tempt frequencies, which have to be taken for straight and
nucleus configurations of the same length L + L’. Using
results from Appendix A, we find
3
<E> (80)
v

—8/3
s (1oL /
Fe

as the force F' approaches the critical force F., and for
forces F' <« F, the factor @,, shows a linear force depen-

dence .
Q2 ~ 16 F <VO) ‘

2
Qn'\’

3 F. \\~v (81)
The factor G = ([ dX1)/(L+L’) in (79) is the result of the
integration [ dX; over the zero translational mode and
the division by the polymer length. G can be calculated
by noting that the zero translational mode is given by
fi(x) = adyzy,, where « is determined by normalization
with the scalar product (40) according to (fi|f1) = 1,
which gives 1/a? = r=! [dz(0,2,)?. Then, we can use
the identity z,(z 4+ Az) = z,(z) + Axd,2p, to relate Xy =
Az /a to the displacement coordinate Az of the nucleus,
which we can conveniently integrate over the whole length
L + L' of the polymer to obtain

G_#/d){_l_—l/z /d (0 )2 e
I L 1=2 =7 T(Oz2n .
(82)
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Close to the critical force the factor GG vanishes as

F
Grw ' (1-—
o (1-%)
whereas we find

F 2F
c c c

for forces F < F,.

9.4 Steady-state density and small force regimes

In the previous section we have found the nucleation
rate (79) in the regime of sufficiently strong forces F >
F,, [35], with a crossover force Fe, given by

T FET
2awk o Ek '

cr = (85)
The sink approximation for the upper integration bound-
ary in (78) does not apply for weak forces F' < Fi,; then
the mechanical energy, |Fi|lwr = 2aFwy (see Eq. (20)),
required for pulling an isolated kink through a distance of
the kink width wy is less than the thermal energy stored
in the nucleating pair, i.e., Frwr < T or F < F. In
this regime the nucleus attains a broad quasi-equilibrium
configuration before kink and antikink are driven apart.
This quasi-equilibrium configuration resembles a weakly
perturbed kink-antikink pair, which has two zero transla-
tional modes, as worked out in Appendix A. These cor-
respond to a translation of the kink-antikink pair and a
“breathing” mode leading to relative displacement of kink
and antikink. Existence of two soft modes makes the cal-
culation of the previous section inapplicable.

Comparing the two crossover forces Fi, given by (85)
and F, = Tp/a from (50), we realize that F., > F, as
long as kinks do not overlap, i.e., for p < 1/2wy, which
is always fulfilled in the regime E} > T of thermally ac-
tivated behaviour that we focus on. Therefore, we have
F > F, > F, and use expression (51) to obtain the
steady-state density

o\ 1/2
p= (L> , for F'> Fi,
2v

(86)
from the result (79) for large forces.

In the regime F' < Fi, we can use a quasi-equilibrium
approximation based on the energy (59) of the nucleus
at small forces [6,7,35], where it can be approximated
by a kink-antikink pair. According to reference [5], in
equilibrium the kink number on a polymer of length L
is given by peql = Z,/Zs, i.e., the ratio of the parti-
tion function Z,, of a polymer with one kink and Z; of a
straight, kinkless polymer as given by (70). Note that in
both configurations the total length of the polymer should
be (L 4+ L")/2 ~ L. Using the result (59) for the energy
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of the nucleus at small forces, which represents kink and
antikink, the quasi-equilibrium approximation gives

2 Zn AE,
= ———ex
P=o+rz, 7P\ er
with Z, from (70) and Z,, as the partition function of the
fluctuations around the kinked state

Zn H /dX exp( ;TZX an7p>

p odd
orT \ /2
(o)

_L+L G H
2 \/i p>1, odd
where we take only the odd eigenfrequencies w, , of the
critical nucleus at small forces as the single kink has half
the length and symmetric even modes are not possible.
The factor G/+/2 given by the small force limit (83) is the
result of the integration over the zero translational mode
of a single kink on a polymer of length (L + L’)/2. Then,

(87) leads to
B yr \1/2 - AE,
p=G (47TT) @n exp < oT )°
Vo/v.

where Q7 = ws0 [50(Ws.p/Wn,2p11) =

For small driving forces F' = 0 the system reaches ther-
modynamic equilibrium, p(F' = 0) = peq. In this limit the
nucleus approaches a kink-antikink pair of energy 2Fj.
Accordingly, the eigenfrequencies wy, , approach those of
a kink-antikink palr as worked out in Appendix A. Then,
Qn approaches Q7 = w, o [LsoWsp/wrp) = Vo/v. Usmg
(84) we also find G = v/3/wy. For F' = 0 the result (89)
then reduces to

1/2 3 E
—Ek/T Tk —Ek/T
Pea= \/ (47TT> \/ V

For intermediate forces F, < F' < F,,, the nucleatlon
current can be obtained by inserting equation (89) into the
relation j = 2vp?, see (51). For very small forces F < F),
we insert (89) or (90) into the corresponding relation j =
4Dy p? for diffusion-dominated behaviour, see (52). Having
derived the steady-state kink density p as a function of
the material parameters of the semiflexible polymer in all
regimes, the defining relation (50) for the crossover force
F, becomes a self-consistent relation

(87)

(83)

(89)

Fy = —p(F,) (91)
from which the actual value for F, has to be obtained.

Finally, for p < 1/L, where L is the total length of the
polymer, the finite-size effects dominate and we cross over
to single-kink behaviour, 7.e., the barrier crossing proceeds
by creation of a single kink and its motion to the ends
of the polymer as described in Section 7. This regime is
reached for small forces F' < Fy, where F7, is determined
by p(F) = 1/L using (89).
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9.5 Longitudinal motion

Fluctuations in the z-coordinate as described by the equa-
tion of motion (8) require fluctuations of the contour
length L. and thus longitudinal motion of polymer seg-
ments in the z-direction if the filament is inextensible [28—
32]. So far, we implicitly assumed that the longitudinal
dynamics is much faster than the activated dynamics in
the z-direction. In this section we discuss the validity of
this assumption in more detail.

First, we point out that after the creation of a kink its
dynamical properties are independent of the longitudinal
friction because the motion of a kink does not require the
longitudinal motion of polymer segments as the contour
length is preserved. Therefore, effects from longitudinal
friction do not affect the dynamical behaviour of a single
moving kink as discussed in Section 5.

In principle, longitudinal friction effects could affect
the kink nucleation which requires an excess contour
length. However, kink nucleation is an activated process
and thus exponentially slow in the regime T <« AF,, ac-
cording to the Arrhenius law (61). Therefore, longitudi-
nal friction is relevant only for driving forces F' close to
the critical force F,. Specifically, the nucleation of a sin-
gle kink-antikink pair in a straight polymer requires an
excess contour length of AL, = 3a? /2wy, which can be
generated by thermal fluctuations within a single valley
of the external potential. In the absence of an external
potential transverse fluctuations scale as (22(t)) o t'/4
and longitudinal fluctuations of the contour length as
(§L.(t)?) o t7/% [28-32]. In the presence of an external
potential, segments are only correlated over a finite length
~ Tge = (K/Vo)/*, see equation (6), and each segment of
length x4 relaxes within a finite time ~ ts. = v/V as
the scaling analysis in Section 2 shows, see equation (10).
Following the arguments of reference [29] to correctly take
into account longitudinal friction effects, this leads to fi-
nite transverse fluctuations (2%(t)) ~ z3./L, and longi-
tudinal fluctuations (5L.(t)?) ~ (Tt/7)1/2xg’c/2/Lp (as-
suming an isotropic damping constant 7). The condi-
tion (6Lc(t))?) = (ALcy)? estimates the time t| nec-
essary to generate the excess contour length for a kink-
antikink pair by thermal fluctuations against the longitu-
dinal friction. As long as this time scale is small com-
pared to the exponentially large nucleation time, i.e.,
t) < 1/Lj o< exp AE,, /T, longitudinal friction does not
affect nucleation of a single kink-antikink. The effect of
longitudinal friction on the nucleation of a single kink-
antikink for driving forces close to the critical force F.
remains an interesting problem for future research.

In the stationary state of the driven system many kink-
antikink pairs are present with a density p and in a dy-
namical equilibrium between kink production and kink an-
nihilation. In this stationary state excess contour length
does not have to be created by thermal fluctuations but
only transported over typical distances ~ 1/p between cre-
ation and annihilation events such that the total contour
length stays constant in the stationary state. Excess con-
tour length can be transported by reptation-like motion

333

054
L 04 -

- gl 5/ & 5
~
S~ 03 o S S S
AN A Iy 7 I
IN & (54

0.2
V

0.1

0.75 0.8 0.85 09 095
F/F.

Fig. 10. Average angular velocity (9:z) (in units of aVp/y =
F./v) of the semiflexible polymer as a function of the force
F/F, for different rescaled temperatures 7 = T/Ey, 7 =
0.0015, 7 = 0.005, 7 = 0.01, 7 = 0.015.

which requires only transversal displacements of polymer
segments (the characteristic velocity for this transport is
~ Vge = Tse/tsc, see Eq. (11), which is comparable to the
kink velocity). Therefore, we do not expect that longitudi-
nal friction effects change the dynamical stationary state
of the driven system.

10 Mean polymer velocity

The average velocity of the semiflexible polymer is given
by (0:z) = 4avp in terms of the kink (antikink) density
p and the kink velocity v. At a given point 2vp kink and
antikinks pass per time, each giving rise to a displacement
2a.

For large forces F' > F, the equation (86) leads to an
average polymer velocity (0;2) = 2a(2vj)*/? [10] with j
given by expression (79). The propagation velocity v(F')
depends on the force F' as shown in Figure 5. For forces
F close to the critical force F,. the velocity diverges as
v ~ (1—F/F,)=%/2. Introducing the rescaled temperature
T = T/E) (with 7 < 1 in the regime of thermally acti-
vated behaviour that we focus on) we find the force depen-
dence of the rescaled average angular velocity (9;z)y/aVo
as shown in Figure 10.

In the regime of intermediate driving forces F,, < F' <
F., the critical nucleus is in quasi-equilibrium and the an-
gular velocity (0;z) = 4avp contains the density (89). For
small driving forces F' < F), the kink motion is purely dif-
fusive, and the system reaches thermodynamic equilibrium
with a kink density peq given by the Boltzmann distribu-
tion (90) and with (9;z) = 4avpeq. Equation (90) gives for
the average velocity the following expression:

3 av |1 1
Opz) =4\ ——1/ — —— .
(0r2) 21wy \/:exp ( T>
At low fields the propagation velocity has a linear force
dependence with av/wy =~ 4F/v as follows from (30)

and (31). Therefore, the angular velocity increases linearly
with force.

(92)
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Fig. 11. Left: Semiflexible polymer in a static kink-like configuration in a double-well potential Vs(z) and under the influence
of a point force F), acting at the midpoint. Right: Polymer displacement z (in units of a) as a function of z (in units of wy) for
the same kink-like configuration as shown on the left. The point force is F, = 2.6 x 107*F, ., the equilibrium displacement of
the middle point is z,/a & 0.35. The total length of the polymer is L = L1 + La. For L1 = 15w, we find Lo = 1.57wy, for the
distance between the points where the potential barrier is crossed.

11 Point forces

Advances in the manipulation techniques of polymers al-
low the experimentalist to study and visualize the mo-
tion of semiflexible polymers under the influence of exter-
nal forces. On the experimental side micro-manipulation
techniques using optical tweezers [37], AFM tips [23], or
micropipettes [38] have become available to study the ef-
fect of external forces on semiflexible polymers. However,
these modern manipulation techniques only allow the ap-
plication of point forces. In this section we investigate the
static metastable configurations of a semiflexible polymer
under the influence of an external point force F}, acting
on the polymer. A complete description of the activated
dynamics under the influence of point driving forces will
be given elsewhere [39].

The Hamiltonian in the presence of a point force is
similar to (2) but contains a potential

Vp(z,2) = Vi(z) — Fpd(x — ap)2 . (93)

Vi(2) = 3Vo(]z| — a)? is the symmetric harmonic double-
well potential and the last term contains the action of a
point force of strength F), acting at x = x,,. Note that the
point force in (93) breaks the translational invariance of
the system in the z-direction. The resulting Hamiltonian
for a polymer of length L can be written as

H= /d;v [g (852)2 + %Vo(z +a)?| — Fpz(z,). (94)
L

The overdamped dynamics of the polymer is described by
the equation of motion

_OH

M)
—k0iz — V!(2) + Fpo(x — 2p) + C(2,1),

Y0z

(95)

with the damping constant v and thermal noise ((z,t)
with correlations (9).

We want to calculate the stationary shape of a polymer
that is deformed by the action of the point force acting
at the midpoint of the polymer into a “restricted” kink-
antikink configuration zy,(x) as shown in Figure 11. This
configuration is obtained by solving the saddle point equa-
tion dH /dz = 0 for the energy (94), which is equation (95)
for the time-independent case and in the absence of noise

(€ =0),

KOsz + Vo(z + a) + Fyd(z — x,) = 0,
kOpz + Vo(z — a) + Fyé(z — x,) = 0,

for z < 0,

for z > 0. (96)
For z(zp) > 0 the kink configuration crosses the barrier at
two points, see Figure 11; we choose the origin £ = 0 and
the length Lo such that these points are zx,(0) = 0 and
2kp(L2) = 0. The polymer has a total length L = L1 + Lo
and extends from z = —Ly/2 to x = L1/2 + Lo, and
the force acts at the midpoint x, = Ly/2. We introduce
four parts of the solution separated by the two crossing
points and the midpoint: zxp1+(2) and zkpoy (z) in regions
0 <z < Ly/2 and La/2 < = < Lo, respectively, where
z > 0; zip1—(z) and zgpa— () in regions —Lq/2 <2 <0
and Ly < x < L1/2 + Lo, respectively, where z < 0. By
introducing only two lengths L; and Lo to describe four
regions we used already that the configuration is symmet-
ric with respect to the midpoint x, = Ly/2. Away from
the point force, i.e., for  # z, the saddle point equa-
tion (96) is identical to (13) for static kinks in the absence
of a force and thus each of the functions zg,j+ (j = 1,2)
can be written in the following form:

Zipxj(x) = C1;+ cos(Z) cosh(Z) + Coj4 sin(Z) cosh(z
(

)
+Cs, 1 cos(Z) sinh(Z) + Cyj4 sin(Z) sinh(Z) £ a, 97)
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where Z = z/wy and Cijjx(i = 1,...,4) are six-
teen linear expansion coefficients. The kink-like con-
figuration has to fulfill four boundary conditions
2kp(—L1/2) = 2pp(—L1/2+ La) = —a and Op2kp| 1, /2 =
OzZkp|—L, j2+1, = 0. We also prescribe the displacement
Zm of the polymer at the midpoint by zx,(Le/2) =
Zm. At the midpoint z, = L/2, the point force
in (96) causes a discontinuity in the third deriva-
tive, zp04(L2/2) — 21, (L2/2) = Fp/k. Addition-
ally, we have four matching conditions zpp14(L2/2) =

Zhpoy (L2/2) = Zm, OF Zkpit|o=L2/2 = OF Zhp2+la=L./2
for m = 1,2. We also have ten matching conditions
Zip1—(0) = 2kp14(0) = 0, OF 2Zkpi—|e=0 = OF Zkp1+|a=o0
and zrpo—(L2) = zrpoi(L2) = 0, OF2kp2—|o=1, =

O Zgpo+ lw=1, for m = 1,2,3 at the two crossing points
x = 0,Ly. Only eight of these matching conditions are
independent due to the symmetry around the midpoint.
Therefore, we have 17 independent boundary and match-
ing conditions for 16 unknown linear expansion coeffi-
cients and 2 unknown parameters Ly and z,,. Using also
L = L1 4+ Ly, we can thus determine all parameters as a
function of the system size L and the remaining model pa-
rameters, in particular the the point force F,. As a result
of this procedure we can obtain the shape of the kink-
like configuration for z,, > 0 as shown in Figure 11. For
zm = a and Fj,, = 0 the configuration approaches a static
kink-antikink pair.

For z,, < 0 the solution does not cross the potential
barrier such that we can set Ly = 0 and we only need
to introduce two parts of the solution separated by the
midpoint which is then located at =, = 0: zgxp1—(z) and
Zgpo—(x) in regions —L1/2 <z < 0 and 0 < = < L;/2,
respectively, with z < 0 in both regions. The point force
in (96) causes a discontinuity in the third derivative
at xp, = 0, 275 (0) — 237, _(0) = F,/k, whereas lower
derivatives have to match and zgp1—(0) = zgp2—(0) = 2zp,.
Then, we have 4 boundary and 5 matching conditions
to determine 8 unknown linear expansion coefficients
and the unknown parameter z,, as a function of the
system size L = L; and the remaining model parameters
including the point force F,.

The above construction also allows to determine the
position of the midpoint of the polymer as a function of
the external force z,,(F}), which is shown in Figure 12.
For z,, < 0 and in the limit of large L > wy we find the

linear relation
F,a
m = —14+ 2.
z a( + 4Ek>

For z,, > 0 in the limit of large L > wy, on the other
hand, we can derive the following set of two equations for
the position of the middle point z,, and the length Lo:

(98)

fya
4Ey,

Zm = a[l — e F2/2Wk (sin(Ly /2wy + cos(La/2wy))].
(100)

[cos(La /2wy, ) — sin(La /2wy )] e F2/2wr (99)
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Fig. 12. The middle point z,, (in units of a) in a kink-like
polymer configuration as a function of the external force (in
units of the critical force Fy . = 4Ek/a).

Solving (100), we find the midpoint of the polymer as a
function of the external force z,,(F,) for z, > 0, which
is shown in Figure 12 together with the linear result (98)
for z, < 0. As one sees from (98) and (99), there are no
solutions z,, < a to equation (99) if the force F} exceeds
a critical value Fj, . given by

By

4
Fpe=2V2arM* V3 = - (101)

Therefore, there exists no stationary states for F' > F}, .
above the critical point force F}, ., and the polymer spon-
taneously crosses the barrier to values z,,, > a. F}, . is the
analogon of the uniform critical force F.. We note that the
measurement of the critical point force F}, , allows to de-
termine the single-kink energy Ej according to (101) if the
distance 2a between the two potential minima is known.

The function z,,(F),) is multivalued for 0 < F, < F), .
as can be seen from Figure 12. By prescribing z,, in our
construction of stationary configurations zx,(x), we also
obtain saddle point configurations which can be unsta-
ble with respect to fluctuations displacing the midpoint.
Therefore, we also obtain the critical nucleus configura-
tion for a given point force F}, using the above procedure.
The higher value z,,(F),) represents the critical nucleus
configuration which is indeed locally unstable as z,,(F})
is increasing with decreasing F, and already a smaller
force would suffice to pull the polymer to larger z,,. When
the midpoint of the polymer is displaced beyond a critical
value, we even find negative values of F}, and the polymer
will be pulled to larger z,, spontaneously even in the ab-
sence of a point force. The critical value for z,, agrees with
the position of the maximum in the kink-antikink bending
energy in Figure 3. After crossing this energy barrier, the
polymer can move spontaneously at F}, = 0 into the sta-
ble static kink-antikink configuration that is reached for
Zm = a and Fj, = 0.
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Table 1. List of symbols.

Eint

P({¢(2)},1)

bending rigidity

persistence length

temperature in energy units

polymer displacement

coordinate parallel to potential well
surface potential

potential strength

uniform driving force

half distance between potential minima
critical force

characteristic energy

characteristic length

characteristic time

characteristic velocity

damping constant

thermal noise

kink width

kink energy

kink velocity

z-coordinate in comoving kink frame
kink friction constant

kink-antikink interaction energy
kink-antikink separation distance

kink length

kink driving force

kink friction force

kink center position

normal modes

expansion coefficients

eigenfunctions

eigenvalues

scalar product

dimensionful constant in scalar product
normalization constant

kink diffusion constant

average polymer crossing time

polymer relaxation time

kink density

average kink lifetime of a kink for large force F’
average kink lifetime of a kink for small force F’
characteristic force

nucleation rate

excess energy of the critical nucleus
energy of straight state

fluctuation spectrum of critical nucleus
fluctuation spectrum of kink
fluctuation spectrum of straight polymer
probability to find the polymer in configuration ¢(x)
probability current

components of probability current
equilibrium distribution

partition sum of straight polymer
partition function of the fluctuations around the kinked state
integral over the zero translational mode
crossover force

equilibrium kink density

rescaled temperature

surface potential

point driving force

coordinate where point force acts
midpoint displacement of polymer
critical point force

equation (1)
equation (1)
equation (2)

equation (
equation (
equation (
equation (
equation (
equation (
equation (
equation (10)
equation (11)
equation(8)
equation(9)

(

3)
3)
3)
3)
4)
5)
6)
10
1

equations (14, 25)

equation (18)

equation (19)
equation (19)

equation (20)

equation (4
equation (4

equation (34)
equation (34)
equation (39)
equation (39)
equation (40)
equation (40)

(42)

(47)

equation (50)

equations (52, 51)

equation (56)

equation
equation
equation
equation
equation

equation (85)
equation (90)
equation (92)
equation (93)
equation (93)

equation (98)
equation (101)
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12 Experimental observables

The aim of this Section is to show how the theoretical re-
sults presented above can be used to analyze experimen-
tally measurable observables in order to extract the ma-
terial parameters characterizing the semiflexible polymer
and the structured substrate. The conformational prop-
erties of polymers are specified by the bending rigidity
or the persistence length L,, which is the length beyond
which tangent correlations fall off exponentially and is
usually determined experimentally by measuring steady-
state tangent correlation function using, e.g., video mi-
croscopy. We want to demonstrate that experiments on
the activated dynamics of semiflexible polymers on struc-
tured substrates not only provide an alternative way of
measuring the persistence length L, of the polymer but
also allow to determine substrate parameters such as the
barrier height V{, or the distance 2a between potential min-
ima. It might also be possible to infer the damping con-
stant « of the polymer which is related to the dynamics
properties of the polymer.

Experimentally accessible quantities are i) the static
kink width wy, see (14) in the absence of a driving force,
e.g., by optical microscopy, ii) the critical uniform force
F, and iii) the critical point force F}, . below which the
polymer starts to move spontaneously without activation
energy. Eventually, also iv) the kink diffusion constant Dy,
can be measured by analyzing the diffusive relaxation of
single kinks in the absence of a driving force. Measuring
two of the three quantities i)—iii) is sufficient to obtain
and Vj if the half-distance a between potential minima is
known:

Fp,cwi_M
8  4da ’
Fo Fpe
a  2wga’

KR =

Vo = (102)

F,. = Vjya, provides direct information about the barrier
height Vp, and F), . = 4E}/a, see (101), is directly related
to the kink energy Fj.

If, additionally, the kink diffusion constant Dj =
T/nx = 2Twy/3a?y in the absence of driving forces can
be measured, we can additionally gain information on the
damping constant of the semiflexible polymer, which char-
acterizes its dynamical properties.

13 Conclusion

In conclusion, we described the activated dynamics of
semiflexible polymers which is governed by kink excita-
tions. We obtained the energy Ej ~ 112/<;1/4V03/4 of a static
kink as well as its width wy ~ (k/Vp)/%. In the pres-
ence of a driving force F' there is a force Fj acting on
the kink that leads to moving kink solutions with a ve-
locity v(F') whose dependence on F' we obtained in (29).
In the absence of kink-phonon scattering the kink per-
forms Brownian motion with drift, for which we have cal-
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culated the friction constant 7, and the diffusion con-
stant Dy. This leads to estimates for the crossing times
teross ~ L/F for F'> 2T/La and teposs ~ L?/T for small
forces F' < 2T/ La. The nucleation of kinks proceeds by ac-
tivation over the saddle point which is the critical nucleus.
Application of Kramers theory allows to calculate the nu-
cleation rates (79) at large forces, in quasi-equilibrium
at small forces we can calculate the kink density (89)
or (90). In all regimes the dynamical equilibrium of kink
nucleation and annihilation allows to determine the av-
erage velocity of the polymer. We also investigated the
static metastable configurations if a point force F}, is ap-
plied at the middle point of the semiflexible polymer. In
this case spontaneous motion sets in above a critical force
F,.=4E/a.

In order to describe the activated dynamics of the
semiflexible polymer we used the same general framework
that has been derived for elastic strings [6,10,35], such
as dislocation lines in crystals or flexible polymers. Also
the activated dynamics of the semiflexible polymer is gov-
erned by the nucleation and motion of localized, kink-like
excitations. However, there are important differences with
respect to elastic strings or flexible polymers as the kink
properties are not governed by entropic elasticity or ten-
sion of the polymer chain but rather by the bending en-
ergy of the semiflexible polymer. This leads to a number
of differences, the most important of which are the dis-
tinct dependence of the kink width wy and kink-energy
E), on the bending rigidity as calculated in (14) and (18).
These dependencies enable us to determine the persis-
tence length from kink properties using the relations (102).
There are numerous other differences due to the bending-
energy—dominated behaviour, for example, the peculiar
non-monotonous kink shapes, see for example Figure 2
for a static kink. Not only static properties but also the
dynamic behaviour of the semiflexible polymer is different
as compared to a flexible polymer. We find characteris-
tic differences in the force-velocity relation for a moving
kink, the critical nucleus energy, and in the behaviour of
fluctuation modes.

Appendix A. Fluctuation eigenmodes

In this appendix we analyze the eigenmode spectrum of
fluctuations around all three types of local extrema of the
energy (2), the critical nucleus z,(x), a resting single kink
zk(x), and the kinkless straight state z; = 2, . The kink-
antikink pair is a metastable configuration in the absence
of force (F' = 0). We analyze fluctuations of the critical
nucleus configuration for uniform forces F' > 0. The fluc-
tuation spectrum of the straight configuration turns out
to be force independent.

In the following, we denote the extremal configuration
by z,(x) where ¢ is a subscript ¢ which can equal n, k,
or s corresponding to the three types of local extrema of
the energy (2), the critical nucleus (n), the static kink (k),
and the straight state (s). Expansion of the energy in the
neighborhood of a local extremum z,(z) up to second oder
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in a perturbation dz,(x) yields
Hizg(x) + 62q(2)} ~ H{zq(2)}
+% /dxézq(m) [k0p + V" (24(2))] 624(z), (A1)

where V' (z) = Vy(1 — 2ad(z)). Note that this result de-
pends on the force only through the shape of the con-
figuration z4(x). We expand the perturbations dz,(x) in
terms of normal modes dz4(z) = > X}, f(2). The normal
modes fp(z) are the orthogonal set of eigenfunctions for
the set of eigenvalues w,, of the linear eigenvalue equation

KOpf + V" (24(2) f = wf

with V" (2) = Vo (1 — 2ad(z)), see (63).

For z4(z) # 0, i.e., away from the “cusp” of the poten-
tial the eigenfunction, f(x) satisfies the eigenvalue equa-
tion

(A.2)

ROLf = (wy = Vo) f -

For w > Vj/v the general solutions of this equation are
linear combinations of the four functions

(A.3)

f(z) = Cycos(z_) + Cysin(x_)

+C5 cosh(z_) + Cysinh(z_), (A.4)
where x_ = K_x with
K* =|wy —Vol/k . (A.5)

For w < Vj/v they are linear combinations of the four
functions

f(z) = Cycos(zh) cosh(x™) + Cysin(z ™) cosh(x™)
+C3cos(x)sinh(x ™)+ Cysin(z)sinh(z ™), (A.6)

where x, = Ko with

K& = Vo —wy|/4x . (A7)
The set of four linear expansion coefficients C;(i =
1,...,4) has to be determined from boundary and match-
ing conditions. The boundary conditions for the fluctua-
tion modes are f|endgs = 0 and f|onas = 0 at both ends for
all three types of configurations.

For the straight configuration we have to determine
the 4 linear expansion coefficients from these 4 boundary
conditions. The critical nucleus z,(x) and the kink zj(x)
are piecewise defined as they cross the potential barrier
at z = 0, the single kink once, and the critical nucleus
twice, see Sections 3 and 9.1, respectively. The §-function
in (A.2) leads to discontinuities in the third derivative
f"(z) across these crossing points. Therefore we intro-
duce a piecewise definition of the eigenmodes f(z) with
up to three regions separated by the two points where the
polymer crosses the barrier at z = 0. For each region we
have a set of expansion coefficients C; (i = 1,...,4) and
at each crossing point we will get four additional matching
conditions. For the kink, we have 8 expansion coefficient
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that are determined from 8 boundary and matching con-
ditions, for the critical nucleus we have 12 expansion co-
efficients and 12 boundary and matching conditions. The
resulting systems of linear equations for the determina-
tion of the expansion coefficients can only be solved for
particular values of Ky which leads to the spectrum of
eigenvalues wj, upon using (A.5) or (A.7).

Appendix A.1. Straight polymer (s)

For a straight polymer we have z; = z,;,. The boundary
conditions are f(—L/2) = f(L/2) = 0 and f'(—L/2) =
f'(L/2) = 0 for a polymer of length L and we need 4
coefficients C;(i = 1,...,4). The 4 boundary conditions
lead to a homogeneous linear system of equations for 4
the coefficients C;. The eigenvalues of (A.3) are found from
the condition that the determinant of this homogeneous
linear system of equations has to be zero.

For w < Vp /v we find only the trivial constant mode of
the form (A.6) for Ky = 0 with wy 9 = V;/7. Therefore,
there are only eigenvalues w > V;/v and solutions of the
form (A.4), for which we find the condition

tanh(K_L/2) —tan(K_L/2) =0 or
tanh(K_L/2) + tan(K_L/2) =0 .

(A.8)
(A.9)

The lowest eigenvalue is ws 9 = Vp /v corresponding to
the root K_ = 0, i.e., the constant mode. In the limit of
large K_ L or large mode number p (A.8) and (A.9) lead to
tan(K_L/2) ~ +1. This gives solutions K_L ~ —m/2+pm
for p > 1, which become exact for large p > 1.

Finally, we obtain the spectrum

w570 = ‘/0/77

4
wep = Vo/v+ kK [(—g —|—p7r> /L] , forp>1, (A.10)
which becomes exact for p > 1. In the limit of infinite L
the spectrum becomes continuous. This spectrum is inde-
pendent of the force.

Appendix A.2. Single kink (k), uniform force

For a single kink in a polymer of length L with uniform
force we choose the origin x = 0 as in Section 3 such
that we have one crossing point z;(0) = 0 and the end
points are at x = +L/2. We define —L/2 < z < 0, where
zip(x) < 0 as region I and 0 < z < L/2, where zi(z) > 0
as region II. In regions I and II we define functions fi(z)
and fii(z) according to (A.4) or (A.6) with 8 expansion
coefficients Cr; and Crr; (i =1,...,4).

The boundary conditions for fluctuations are
f(£L/2) = 0 and f'(£L/2) = 0. The kink crosses
the barrier in « = 0. Continuity requirements give 3
matching conditions flm) (0) = I(Im)(O) for m = 0,1,2.
From the J-function contributions in (A.2) at z = 0,
one finds the matching condition for the discontinu-
ities of f”(x). This gives the additional condition
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1(0) — f{"(0) = 2aV, f(0)/k|032x(0)|. The 8 boundary
and matching conditions lead to a homogeneous linear
system of equations for the 8 coefficients Ct; and Cfy;.
Eigenvalues of equation (A.3) are found from the con-
dition that the determinant of this homogeneous linear
system of equations has to be zero.

For solutions of the form (A.6) with w < Vj/7, this
leads to a condition

sin(KyL/2) —sinh(K;L/2) =0 or (A.11)
cos(K+L/2) 4 cosh(KL/2) —2 =
wiK?3 [sin(KL/2) +sinh(KL/2)] ,  (A.12)

where we can use |02 () |zs=0 = a/wy. Equations (A.11)
and (A.12) have a solution K4 = 0 corresponding to
wr1 = Vo/v. In the limit L > wy, there is one more
solutions of equation (A.12), K ~ 1/wy, corresponding
to a zero mode wy o = 0 for the translation of the kink
with fo ~ 0, 2k.

For solutions of the form (A.4) with w > Vp /7, we find
a condition

tanh(K_L/2) —tan(K_L/2) =0 or (A.13)
1 —cos(K_L/2)cosh(K_L/2) =
wiK? [cosh(K_L/2)sin(K_L/2) +
sinh(K_L/2)cos(K_L/2)]. (A.14)

Obviously roots coming from (A.13) are identical to so-
lutions of (A.8) for a straight configuration of the same
length L. This leads to the identification wy (L) =
ws p—1(L) for even p > 2. In the limit of large K_ L, also
the remaining solutions for odd p > 3 coming from (A.14)
have approximately the same spacing as for a straight con-
figuration, i.e., K_L ~ b, + pm where b, is a weakly p-
dependent constant. For large p > L/wy, the roots com-
ing from (A.14) are identical to solutions of (A.9) for a
straight configuration such that by approaches by ~ —m /2
for large p > L/wy.
Finally, we obtain a spectrum

Wg,0 = 07
w1 = Vo/v,
Wg,p = Ws,p—1
4

~Vo/v+ ang + (- 1)7r)/L} , for p > 2, even

wip = Vo/v+ &[(bk + (p— 1)m) /L]47 for p > 3, odd.
(A.15)

The exact value of by becomes irrelevant for large mode
numbers p. In the limit of infinite L the spectrum is mixed.

We obtain two discrete zero translational modes and a
continuum of stable modes with w > V4 /7.

Appendix A.3. Critical nucleus (n), uniform force

For the critical nucleus at uniform force we choose the
origin z = 0 as in Section 9.1 such that the crossing points
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are 2,(0) = 0 and 2,(L') = 0 and the end points are at
x = —L/2 and x = L/2 + L'; this configuration has a
total length L+ L', where L' is given by (55) as a function
of F. With two crossing points we introduce a piecewise
definition with three regions. We define region I as —L/2 <
x < 0 with z,(z) < 0, region IT as 0 < z < L’ with
zn(z) > 0, and region Il as L' < = < L/2 + L’ with
zn(x) < 0. In each region we define the functions fi(z),
fu(z), and frr(x) according to (A.4) or (A.6) with twelve
expansion coefficients Cr;, Cr;, and Crr; (6 =1,...,4).
The boundary conditions are f(—L/2) = f(L/2 +
L'y =0 and f(—-L/2) = f/(L/2+ L") = 0 for a poly-
mer of length L + L’. The critical nucleus crosses the
barrier in the two points ¢ = 0 and = L’. Continu-
ity requirements give six matching conditions fl(m)(O) =
I(Im)(O) and fI(Im)(L') = fl(gb)(L’) for m = 0,1,2. From
the d-function contributions in (A.2) at x = 0 and
x = L', one finds the matching condition for the dis-
continuities of f”/(z). This gives two additional match-
ing conditions f{{(0) — f{"(0) = 2aV, £(0)/k|0z2n(0)| and
(L= fi{ (L") = 2aVp f (L") /K|Opzn(L")]. The 12 bound-
ary and matching conditions lead to a homogeneous linear
system of equations for the 12 coefficients Ct;, Chr,;, and
Ch,i- Eigenvalues of equation (A.3) are found from the
condition that the determinant of this homogeneous lin-
ear system of equations has to be zero.
For solutions of the form (A.6) with w < V4/v and in
the limit Ky L > 1, this leads to a condition

exp(—2K L") (1 +sin(2K L))

: am n|r= 2

where 0,2, |z=0 is given by

(A.16)

(T
WOy Zn | =0 — 1 —exp(—L') — r _2 sin(L /2)_
a F, cos(L'/2) + sin(L'/2)

=1—exp(—L) (1 + sin 2[7)1/2 (A.17)

with L' = L' /wy, and where L’ is given by (55) as a func-
tion of F'. Equation (A.16) gives one unstable mode with
negative eigenvalue w, o < 0, which corresponds a sym-
metric mode, a zero translational mode w,; = 0, which
is asymmetric, and one positive eigenvalue w, 2 = Vp/7.
For forces F close to the critical value F.., we find that the
unstable mode has an eigenvalue

a 83
Wno~ — |1—2%3 (1 — F) ] ) (A.18)
For small forces F' < F, we find
16Vy F
no X ——— — , Al
0 35 F, (A.19)

and the unstable mode approaches a second zero mode at
F = 0, a “breathing mode” of the resulting kink-antikink
pair. In addition to these modes, there exists a set of pos-
itive modes corresponding to solutions of the form (A.4)
for w > Vy /7.
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Finally, this gives a spectrum

Wn,o < 0,
Wn,1 = 07
Wn,2 = VO/’%

Wiy = Vo/v+ (bt —2)m) /(L + L)'k, for p>3,

(A.20)

where b, is a constant that becomes irrelevant for large p.
Note that L+L’ ~ L for large forces F close to F}, and that
L+L' =~ 2L for small forces F < F,. In the limit of infinite
L the spectrum is mixed. There are two discrete modes,

the

unstable mode p = 0, the zero translational mode

p =1 and a continuum of stable modes with w > V4 /7.
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