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Abstract
We introduce a model for microtubule (MT) mechanics containing lateral bonds between dimers
in neighboring protofilaments, bending rigidity of dimers, and repulsive interactions between
protofilaments modeling steric constraints to investigate the influence of mechanical forces on
hydrolysis and catastrophes. We use the allosteric dimer model, where tubulin dimers are
characterized by an equilibrium bending angle, which changes from °0 to °22 by hydrolysis of a
dimer. This also affects the lateral interaction and bending energies and, thus, the mechanical
equilibrium state of the MT. As hydrolysis gives rise to conformational changes in dimers,
mechanical forces also influence the hydrolysis rates by mechanical energy changes modulating
the hydrolysis rate. The interaction via the MT mechanics then gives rise to correlation effects in
the hydrolysis dynamics, which have not been taken into account before. Assuming a dominant
influence of mechanical energies on hydrolysis rates, we investigate the most probable
hydrolysis pathways both for vectorial and random hydrolysis. Investigating the stability with
respect to lateral bond rupture, we identify initiation configurations for catastrophes along the
hydrolysis pathways and values for a lateral bond rupture force. If we allow for rupturing of
lateral bonds between dimers in neighboring protofilaments above this threshold force, our
model exhibits avalanche-like catastrophe events.
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1. Introduction

Microtubule (MT) dynamics is essential for many cellular
processes, such as cell division [1], intracellular positioning
processes [2], e.g. positioning of the cell nucleus [3] or
chromosomes during mitosis, establishing cell polarity [4], or
regulation of cell shapes [5, 6]. An important feature of MT
dynamics is their dynamic instability, which is the stochastic
switching between phases of growth and rapid shrinkage [7].
Polymerization phases terminate in catastrophes, where the
MT switches to a state of rapid depolymerization. Depoly-
merization phases are terminated by rescue events, in which
the MT switches back into a growing state. The dynamic
instability is closely linked to the hydrolysis of tubulin
dimers: MT catastrophe events are associated with the loss of
the stabilizing GTP-cap through hydrolysis to GDP-tubulin
within the MT.

The depolymerization rate of GDP-tubulin dimers is
significantly higher than the depolymerization rate of GTP-
dimers. However, catastrophes are more than phases of rapid

depolymerization of the GDP-cap of a MT. This is strongly
suggested by conformational changes and mechanical forces
occurring during catastrophes: (i) in a MT catastrophe the
protofilaments of MT fall apart and curl into characteristic
‘ramʼs horn’ conformations [8]; (ii) depolymerizing MTs can
exert forces, which are important in mitosis if chromosomes
are separated [1].

The curling into ramʼs horns is caused by a sponta-
neous curvature of GDP-tubulin dimers. This means
hydrolysis gives rise to changes in the tubulin dimer con-
formation or the MT structure. Two different models have
been discussed in the literature to describe the influence of
hydrolysis on the mechanics of the MT, the allosteric
model [9] and the lattice model [10, 11]. In the allosteric
model, inter-dimer or intra-dimer bending angles change
during hydrolysis [9, 12]. Hydrolysis of a tubulin dimer
changes one or both of these angles [9]. If it is assumed
that hydrolysis mainly changes the intra-dimer angle, this
angle increases from °0 for straight GTP-dimers to °22 for
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curved GDP-dimers [13]. In the lattice model, both states
of the tubulin dimers are slightly bent and hydrolysis
weakens the lateral interaction strength between dimers in
neighboring protofilaments [9–11]. At present, the experi-
mental evidence is not sufficient to rule out any of the two
models. Also combinations of both models are possible,
where hydrolysis affects both the intra-dimer angle (allos-
teric) and the interaction strength between laterally neigh-
boring dimers (lattice).

The influence of tubulin dimer hydrolysis onto the
mechanics of the MT lattice suggests that, vice versa,
mechanical forces and torques acting on tubulin dimers or
the MT structure also affect hydrolysis rates. This effect
has not been considered in the literature before, and we will
use the allosteric model with intra-dimer bending to study
this coupling of hydrolysis and MT mechanics. Similar
investigations should be done in the future for the lattice
model.

Moreover, recent experiments also suggest that cata-
strophes are initiated in a multi-step process, which involves
not a single rate-limiting event but a chain of at least two
events, which are probably related to hydrolysis events [14].
Mechanical forces might be one possible way to orchestrate
such a chain of hydrolysis events. Our results on the influence
of MT mechanics on the hydrolysis pathway will give hints
on the mechanism of catastrophe initiation.

There are numerous models for the growth dynamics of
MTs, which either ignore catastrophe events and focus on the
growing phase of MT dynamics [15–19], or which include
catastrophes as explicit stochastic switching events on a
macroscopic level following [20]. These approaches include
details of the hydrolysis mechanism into the model for the
catastrophe rate [21–24]. One focus of these approaches was
the explanation of the behavior of MT growth dynamics
under force.

In this paper, we want to concentrate on the coupling of
hydrolysis events to MT mechanics. We will ignore the
polymerization dynamics for simplicity and consider hydro-
lysis in MTs of fixed length without any external forces. In
the end, we try to develop a microscopic model for the
initiation of catastrophes based on hydrolysis events coupled
to the mechanics of the MT lattice and additional rupture
events within the MT lattice. This means that we will not
include catastrophes as explicit stochastic events but obtain
catastrophes as emerging events from hydrolysis coupled to
mechanics within the MT. Our description will be micro-
scopic on the level of tubulin dimers (i.e., not on the level of
all-atom simulations as in [25, 27, 28]).

There exist already various models describing the sto-
chastic dynamics of hydrolysis and the mechanics of MTs on
the dimer level. They can be classified into different
categories:

(i) There are purely ‘chemical’ models not taking into
account the mechanics of theMT lattice but only including
chemical rate constants for addition and removal of
tubulin dimers and hydrolysis rates [21, 22, 29–35]. In

these chemical models, phases of accelerated depolymer-
ization can be observed if the cap mainly consists of GDP-
tubulin. These phases of fast depolymerization are
identified with catastrophe events. Different hydrolysis
mechanisms such as random [30, 34], vectorial [18, 29], or
mixed cooperative mechanisms [21, 22, 35, 36] are
possible and have been discussed, but this issue is not
settled for MT [32]. The model proposed by Flyvbjerg
[21, 22] including both random and vectorial mechanisms
in a cooperative mechanism has been successfully applied
to fit catastrophe rates from the resulting first-passage
statistics to zero GTP-cap length. The results suggest a
strongly cooperative mechanism with mostly vectorial
hydrolysis and a fairly small random component. How-
ever, if the results of [37] for the resulting GTP-cap length
are used, the strong cooperativity leads to rather large
GTP-caps as compared to experimental findings of up to
three layers of GTP-tubulin [38–40]. In [35], on the other
hand, a weakly cooperative mechanism with mostly
random hydrolysis is found to describe experimental data
on catastrophe rates best. In [40], a random hydrolysis
mechanism has been successfully used to model typical
MT length fluctuations on the nanometer scale. In [32], a
coupled-random hydrolysis mechanism has been pro-
posed, where the plus end GTP-dimer cannot hydrolyze
but only dissociate. One advantage of many chemical
models is that exact or, at least, approximative analytical
results can be found [21, 22, 34–36], for example, for
catastrophe frequencies, which can be easily compared to
experimental data.

(ii) Chemical models also differ with respect to protofilament
substructure. In some models the 13 protofilament
substructure is ignored [18, 21, 22, 34, 35], more
detailed models contain all 13 protofilaments explicitly
[29–33]. Some of these more detailed ‘chemical’ models
also include a possible influence of the neighboring
protofilament state on hydrolysis [30, 31]. However, all
of these models still deal with strictly rigid MTs.

(iii) Furthermore, there are purely ‘mechanical’ models on the
level of single dimers, which include the possible
bending of protofilaments and binding interaction
between neighboring protofilaments
[25, 27, 28, 41, 42], but do not model their influence
onto chemical hydrolysis or polymerization rates.

(iv) Only the model proposed in [43] couples chemical and
mechanical aspects of the MT lattice and considers the
influence of mechanics on polymerization and depoly-
merization rates.

In all of these models, the interplay of mechanical
forces and hydrolysis remains unaddressed so far. In this
paper, we will add this aspect and focus on the influence of
mechanical forces onto hydrolysis rates and its consequences
for hydrolysis pathways and the initiation of catastrophe
events.
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2. Methods

2.1. Mechanical MT model

Each protofilament consists of αβ-tubulin heterodimers of
length =d 8nm. MTs consist of 13 protofilaments forming a
hollow tube of (outer) radius =R 12.5nmo . GTP can bind to
the β-tubulin and is hydrolyzed in the polymerized state.

In the following, we will employ the so-called allosteric
model and assume that GTP-tubulin dimers are straight and
assemble into straight protofilaments, whereas GDP-tubulin
tends to form curved protofilaments with curvature radius
21 nm in the typical ramʼs horn configurations [13]. Proto-
filament curvature can be caused both by inter- and intra-
dimer bending [9, 12]. If we assume that there is only intra-
dimer bending during hydrolysis, a GDP-dimer acquires a
bent configuration with an equilibrium angle of °22 . The tube
formed by the 13 protofilaments is stabilized by lateral bonds
between tubulin dimers in neighboring protofilaments. These
bonds are assumed to be identical for GTP- and GDP-dimer
within the allosteric model.

GTP-tubulin assembles into protofilaments (i.e., has a
high polymerization rate and a low depolymerization rate),
whereas GDP-tubulin tends to disassemble (i.e., has a depo-
lymerization rate much higher than the polymerization rate)
[39]. Within the MT protofilaments, GTP-tubulin is hydro-
lyzed into GDP-tubulin after a certain waiting time depending
on the exact hydrolysis mechanism and hydrolysis rates. This
gives rise to MTs consisting of an unhydrolyzed GTP-cap at
the growing end and hydrolyzed GDP-tubulin behind this
cap. Comparison of recent experimental measurements of MT
length fluctuations on the nanometer scale and a random
hydrolysis model suggests a cap size of ∼40 GTP-dimers
corresponding to three layers of GDP-dimers [40, 43]. The
structure of the cap will depend on the hydrolysis mechanism.
For random hydrolysis, where dimers hydrolyze completely
independent from each other [7, 43], the cap boundary is not
sharp (in the sense that there are many GTP-/GDP-boundaries
in the cap region) with an exponentially decaying GTP-
tubulin concentration. For a vectorial mechanism, where
hydrolysis propagates as a ‘wave’ because hydrolysis can
only happen if the neighboring dimer is already in its
hydrolyzed GDP-state [44], the cap boundary is sharp by
definition. For cooperative models incorporating both
mechanisms [21, 22, 36], we get a cap structure consisting of
many GTP-islands with a characteristic dependence of the
island size distribution and cap size on the cooperativity
parameter [36, 37].

Because GTP-tubulin dimers are straight, they stabilize
the MT as they do not stress lateral bonds between proto-
filaments. Intrinsically curved GDP-dimers, on the other
hand, stress the lateral bonds and destabilize the MT lattice. In
the following, we consider a MT with a fixed length, a sta-
bilizing GTP-cap of fixed size and with a sharp cap boundary
for simplicity (typically three layers of GTP-dimers). We
formulate a mechanical model, which (i) incorporates dimer
bending and lateral bonds between neighboring protofila-
ments, (ii) gives mechanically stable tubular structures in

agreement with experimentally observe MT structures, and
(iii) is as simple as possible.

MTs are hollow cylinders consisting of 13 protofilaments
with outer radius =R 12.5 nmo and inner radius =R 8.5 nmi ,
where we assume each tubulin dimer to consist of two sphe-
rical tubulin monomers of size =d 2 4 nm. Each protofila-
ment is modeled by a chain of +M 1 αβ-tubulin dimers,
which are longitudinally bound by intra-dimer and inter-dimer

bonds. The total length of the MT is = +( )L M d1 with the

dimer length d. We only allow for intra-dimer bending at the
αβ-junction within each dimer, see figure 1(a). The MT con-
formation is then described by bending angles of the αβ-dimer
in the ith protofilament ( =i 1 ,..., 13) in the jth layer, where
j = M corresponds to the GTP-capped MT end and j = 1 to the
GDP-end, see figure 1(b). We only allow for intra-dimer
bending and regard the inter-dimer bonds as straight and fixed.

For the mathematical description, we can then group the β
-tubulin in layer −j 1 with the α-tubulin in layer j into a

straight ‘rod’ j oriented with angle θ( )
j

i in protofilament i. In the

following we will describe the MT configuration in terms of

these rods, as shown in figure 1(a). We fix θ = 0( )i
0 and para-

metrize the MT configuration by M angles θ( )
j

i =( )j M1 ,...,

for each protofilament i. Vice versa, the bendable junction
between rods −j 1 and j in protofilament i corresponds to the
bendable αβ-junction of the dimer j with bending angle

Δθ θ θ= − −
( ) ( ) ( )
j

i
j

i
j

i
1. We note that the last β-tubulin monomer of

the last tubulin dimer at the plus end in layer j = M is not
contained in any rod. Therefore, the hydrolysis state of the last
tubulin dimers at the plus end of each protofilament will have
no effect in our model, as further discussed below.

The minus end of every protofilament is fixed in the xy-
plane. For simplicity, we do not take into account the helical
pitch. We choose the MT axis as z-axis and define

ϕ

ϕ=

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

R

Rv
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( )
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as starting points of the first layer of rods. The polar angle of

the ith protofilament is ϕ π= ·i 2 13( )i . Thus, the ending

position v( )
j
i of the ith rod in the jth layer is given by

ϕ θ

ϕ θ
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⎞
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i
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j
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We assume that dimers or rods can only be displaced in radial

direction, i.e., all polar angles ϕ ϕ π= = ·i 2 13( ) ( )
j

i i are

fixed and independent of the layer number j. The azimuth

angles θ( )
j

i of rods describe the radial displacements of dimers

and are the configurational variables that are determined by
mechanical energy minimization.
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We consider MT configurations that contain m1 complete
layers of hydrolyzed GDP-tubulin and +m 12 complete lay-
ers of GTP-tubulin ( + = + +M m m1 11 2 ); we focus on
four layer GTP-caps with =m 32 . In accordance to the
allosteric model we assume GTP-dimers to be straight with an
equilibrium angle θ = °00 and GDP-tubulin bent with an
equilibrium angle θ = °220 . We consider deviations from
these preferred equilibrium angles to be governed by an
elastic bending energy with a characteristic bending rigidity κ .
Therefore, we define the longitudinal bending energy stored
in the MT lattice as

∑ ∑ κ θ θ θ= = − −
= =

−( )E E
2

, (3)( ) ( ) ( )

j

M

i

j
i

j
i

j
i

long bend

1 1

13

1 0,

2

with θ = 0( )i
0 fixed and the bending rigidity κ of individual

tubulin dimers.
To obtain a tubular structure, we have to introduce lateral

bonding. A reasonable and simple assumption is that only
dimers in neighboring protofilaments interact laterally (remi-
niscent of some form of molecular bonds forming).
Mechanical stability will require to introduce two contribu-
tions to these lateral interactions: one attractive binding
contribution in form of a harmonic bond with a finite rest
length and an additional hard-core-like repulsion, which
basically prevents configurations with interpenetrating
dimers.

For the attractive binding contribution, we assume that
neighboring tubulin dimers interact via bonds between spe-
cific interaction points on the surface of the dimers. We use
only one lateral bond per dimer, i.e., each dimer or each rod

has two interaction points, which we locate on the surface at
the top of each rod, see figure 1(a). We model tubulin dimers
and rods with a spherical cross section of radius d 4 and
assume that the bonds between neighboring dimers have a
rest length l0, see figure 1(c). We consider lateral stretching
from the rest length l0 to be harmonic with a characteristic
spring constant k. The rest length l0 can be determined by

geometry; with the mean radius = + =( )R R R 2 10.5nmo i

and assuming spherical tubulin monomers of radius d 4, we
obtain

π π= − ≃⎡⎣ ⎤⎦( ) ( ) ( )l R d2 sin 13 4 cot 13 1.14 nm. (4)0

If the equilibrium angle θ ( )
j
i

0, of a tubulin dimer changes

from °0 to °22 by hydrolysis, this will strain the lateral bonds
in the MT lattice. Because the interaction points for lateral
bonds are located at the top of each rod (or at mid-height of
each dimer, see figure 1(a)), hydrolysis of the last β-tubulin
monomer of the last tubulin dimer at the plus end (j =M) does
not strain the last bond. Therefore, the hydrolysis state of the
tubulin dimers at the plus end of each protofilament at j = M
will have no effect on MT mechanics in our model. If we
consider MT-configurations with GTP-caps consisting of

+m 12 complete layers of GTP-tubulin, only m2 GTP-layers
have an effect on MT mechanics. We therefore ignore the last
layer of β-tubulin monomers at the plus end in the following,
in particular in the MT hydrolysis patterns shown in
figures 5–8 below. We point out that the last tubulin layer has
a stabilizing effect also in our model as the stabilizing lateral
bonds are contained in our model (at the top of the last rod,
see figure 1(a)). However, this stabilizing effect is

Phys. Biol. 11 (2014) 046001 N Müller and J Kierfeld

Figure 1. Schematic representation of the MT model. (a) Only the αβ− junction of tubulin dimers can bend. Straight βα-segments are
grouped to stiff rods of length d and diameter d 2 for the mathematical description. Each rod has two interaction points for lateral bond
springs at the surface of the rods at mid-height of the dimers, which means at the top end of the rods. (b) A specific configuration is

characterized by the position angles θ ( )
j

i . Hydrolysis causes a shift of the preferred bending angle θ ( )
j
i

0, from °0 to °22 at the αβ− junction. (c)
Lateral bonds are modeled by spring interactions. The interaction points lie on the surface of the tubulin dimers.
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independent of the hydrolysis state of the last layer and only
depends on the hydrolysis states of the layers below. This
point of view can be further justified because GTP-dimers at
the plus end cannot hydrolyze as the last β-monomer has no
inter-dimer contact [45].

In addition to the attractive lateral binding forces, we
apply a strongly repulsive hard core interaction to avoid

overlapping of tubulin dimers, which we model by a −r 12

-potential. Accordingly, we define the total lateral mechanical
energy by

∑ ∑

∑ ∑

= +

= −

− + −

+ ′ · − −

= =

− −

= =

−
−

⎡⎣
⎤
⎦⎥

( )
( )

E E E

k

l

k d

v w

v w

v v

2

2 , (5)

( ) ( )

( ) ( )

( ) ( )

j

M

i

j
i i

j
i i

j

M

i

j
i

j
i

lat spring hc

1 1

13

1 1
0

2

1 1

13
1

12

where ±w( )i are the vectors from the center of the spherical
dimer cross section to the two interaction points on the dimer
surface, k is the spring constant for the binding force and ′k
the strength of the repulsion.

As the stable configuration of a physical system is
characterized by minimum free energy, we numerically cal-
culate the minimum of the total energy functional

= + = + +E E E E E E (6)long lat bend spring hc

with respect to the · +m m13 ( )1 2 variables θ( )
j

i .

In the following, we often measure energies in units of
the dimer bending rigidity κ. This shows that the dimen-
sionless energy κE and, thus, our MT model is characterized
by three remaining control parameters: the ratios κk and κ′k
control the MT mechanics; the ratio κ k TB of dimer bending
rigidity and thermal energy controls the relevance of sto-
chastic thermal fluctuations in comparison to mechanical
forces. All relevant model parameters for MT geometry are
summarized in table 1.

2.2. Model parameters for mechanically stable tubular
structures

No direct experimental measurement of the microscopic
mechanical parameters k and κ is available so far. However,

there are a number of experiments determining the macro-
scopic elastic moduli of the MT lattice which could be related
to the microscopic mechanical parameters. The lateral bond
elasticity k can be deduced from measurements of the mac-
roscopic shear modulus [25]. Moreover, molecular dynamics
(MD) simulations of short MT protofilaments [25–28] can
eventually give more direct information on the molecular
scale parameters κ and k. The requirement to obtain a stable
equilibrium MT structure, which is tubular and agrees with
the experimentally observed geometry will put further con-
straints on the three parameters κ , k, and ′k of our model.

The lateral bond elasticity k can be related to the macro-
scopic shear modulus G of the MT, which has been experi-

mentally measured as ≃ =G 2pN nm 2MPa2 (at = °T 37 C)
[46]. The two-dimensional shear modulus of the MT lattice is

=G GhD2 , where ≃h 4 nm is the thickness of the MT lattice
sheet, which is given by the size of a tubulin monomer. The

shear energy per dimer is α=e hdrG 2sh
2 with the distance

π= ≃r R2 13 5.1 nm between neighboring protofilament

centers (where = + =( )R R R 2 10.5 nmo i is the mean of

outer and inner tube radius). In order to calculate the shear
energy of the MT lattice properly, we have to take into account
the helical pitch of 3/2 dimers per turn, which gives rise to a
shift ≃z 0.92 nm0 between neighboring protofilaments. The
rest length of lateral bond springs becomes

= + ≃( )l l z 1.46 nm0,hel 0
2

0
2 1 2

. Shearing of the MT lattice by

a small angle α gives rise to elongation of the lateral springs
from their rest length l0,hel by Δ Δ=l zz l0 0,hel, where Δ α=z r

is the relative displacement of protofilaments induced by
shearing, see figure 2. Therefore, the shear energy per dimer
can also be written as

Δ α= =e k l k
z r

l

1

2

1

2
.sh

2 0
2 2

0,hel
2

2

Comparison with α=e hdrG 2sh
2 gives an estimate

= ≃ −k
hdl

z r
G k T7.69 nm . (7)B

0,hel
2

0
2

2

In order to estimate the bending rigidity κ of single
tubulin dimers, we can use existing MD simulation results on
the distribution of protofilament curvatures. In [27], thermal
fluctuations of the curvature radius of a protofilament con-
sisting of three GTP- or GDP-tubulin dimers have been
investigated by MD simulations and a distribution of proto-
filament curvature radii has been measured. A single proto-
filament with =N 3p coupled dimers will behave as a short

semiflexible polymer of length N dp . Each of the −N 1p αβ
-junctions with bending angle Δθ contributes a bending

energy κΔθ κ= =e d cjbend,j
1

2
2 1

2
2 2, where Δθ=c d is the local

curvature. The mean curvature = ∑− =
−

c cm N j

N
j

1

1 1

1

p

p of the
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Table 1. MT geometry parameters.

Dimer size d 8 nm
Monomer size d 2 4 nm
Outer radius Ro 12.5 nm
Inner radius Ri 8.5 nm
Mean radius R 10.5 nm
Spring length l0 1.14 nm
Protofilament distance r 5.1 nm
Protofilament shift z0 0.92 nm
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protofilament exhibits Gaussian fluctuations with

κ= =c c d k Tm j B
2 2 2

and, thus, is distributed according to

κ∝ −( )p c d c k T( ) exp 2 .
c m m B

2 2

Then we can calculate the corresponding distribution of mean
curvature radii =R c1 m,

κ= ∝ −
⎛
⎝⎜

⎞
⎠⎟( )( ) ( )p R p c R

R R

d

k T R

1 1
exp

2

1
, (8)

c m
B

2 2

2

2

and find a maximum at κ=R d k T2 Bmax
2 2 . In the MD simu-

lations in [27] a most probable radius ≃R 20nmmax has been
measured which leads to an estimate

κ = ≃R k T d k T2 12.5 (9)B Bmax
2 2

for the dimer bending rigidity κ .
In [25, 27], the dimer bending rigidity κ was determined

by applying equipartition to the mean square thermal fluc-
tuations of bending angles as measured in the MD simulations
of protofilaments containing three dimers. This approach
gives much higher values κ = × ∼ k T1.25 10 pN nm 3000 B

4

[25] and κ ∼ − k T300 400 B [27], which differ from each
other and our above estimate (9). Currently we have no
explanation for these discrepancies.

We also have to fix the value of the hard core parameter
′k . Because the hard core repulsion only serves as auxiliary
interaction in order to avoid an unphysical overlapping of
neighboring dimers, we want to use values for ′k which do not
influence the MT equilibrium configuration appreciably.
Therefore, we want to choose ′k such that the hard core
interaction energy Ehc remains much smaller than the the

bending energy Ebend and the spring energy Espring. In figure 3,

we show the relative contributions of both energies to the total

energy. For values κ′ < −k l 100
12 5 the hard core interaction

has negligible influence on the MT equilibrium configuration.

We therefore use κ′ = −k 10 nm6 12 in the following.
Finally, the value of κk is constrained by the require-

ment that the equilibrium MT forms a tubular structure. We
find that for weak lateral springs, i.e., too small values of κk
the stabilizing effect of a GTP-cap is lost and MTs sponta-
neously acquire a strongly bent shape similar to the ramʼs
horn configuration of depolymerizing catastrophic MTs. We
studied this effect systematically by calculating MT config-
urations of minimal mechanical energy for κk in the range

κ = − − −k 10 nm ... 1 nm5 2 2, see figure 4. Because such forms
have not been observed experimentally, we conclude that a
reasonable lower bound for κk is

κ ⩾ −k 0.001 nm . (10)2

Note that with our above estimates (7) for k and (9) for κ we
find κ ≃ −k 0.61 nm 2, which is far above this bound. The
much larger values of κ that have been obtained in [25, 27] as
discussed above would lead to a ratio κk close to the lower
bound (10).

Because of the considerable uncertainty in the estimates
for k and κ , we will investigate values κ = −k 0.005 nm 2

close to the lower bound as an example for weak lateral
springs and κ = −k 0.5 nm 2 as an example for strong lateral
springs in the following.

2.3. Discussion of alternative models

In this section, we want to discuss alternative models. In a
conceptually simpler model we could put single interaction
points for the lateral bond springs at the centers of the tubulin
dimers. We investigated such simpler models and found that
equilibrium configurations exhibit ‘wrinkled’ tubes (wrinkles

Phys. Biol. 11 (2014) 046001 N Müller and J Kierfeld

Figure 3. The fraction of hard-core energy E Ehc of the total energy
in comparison to the fraction of spring energy E Ehc as a function of

the dimensionless hard core parameter κ¯′ = ′k k l0
12 for two different

values κ = −k 0.5 nm 2 and κ = −k 0.005 nm 2 (inset) corresponding
to strong and weak lateral bond springs.

Figure 2. Deformation of lateral bond springs by shearing the MT
lattice.
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forming along the protofilament axis) for sufficiently long
MTs. Wrinkling can not be prevented by additional hard core
repulsion terms. Therefore, such models do not agree with the
experimental observations of tubular MTs.

Our model resembles other mechanical models proposed
in [41, 43, 47]. The mechanical model proposed by Molodt-
sov et al [41, 47] also contains a bending energy and lateral
bonds, which are modeled as harmonic springs around their
equilibrium length. In [41, 47], four interaction points and
two lateral springs are introduced per dimer and the helical
structure is taken into account in contrast to our model.
Moreover, only inter-dimer bending is considered. Molodtsov

et al use much larger values ∼ −k k T150 nmB
2 than our

estimate ≃ −k k T7.69 nmB
2, see (7). Their value is obtained

from an estimate of the activation energy for bond rupture,
assuming a certain one-parameter form of the lateral bond
potential, which tightly couples the parameter for bond elas-
ticity to the bond rupture forces. We rather used values for the
bond elasticity confirming with the macroscopic shear mod-
ulus of a protofilament sheet following [25] and consider the
bond rupture force as an independent parameter (see section
3.2 below). Molodtsov et al then also estimate much higher
values of κ by applying a similar constraint for κk as we
obtained above (10), violation of which gives rise to strongly
outward bending cap configurations even in the presence of a
GTP-cap. In contrast, we tried to obtain an estimate for κ from
microscopic MD simulation data.

The mechanical model proposed by Van Buren et al
[30, 43] also contains a bending energy and lateral bonds,
which are modeled as harmonic springs of zero rest length. In
addition, the model also includes longitudinal harmonic bond
springs to model protofilament stretching and torsion elasti-

city, i.e., an elastic energy for the angles ϕ( )
j

i , which are fixed

to ϕ ϕ π= = i2 13( ) ( )
j

i i in our model.

Finally, we want to point out that the MT bending
rigidity κMT and, thus, its persistence length, is not directly
related to the dimer bending rigidity κ in mechanical models.
It is mainly related to the stiffness of longitudinal bonds
between neighboring dimers on the same protofilament,
which are stretched and compressed in bending deformations
of the tube. Longitudinal bond stiffnesses are absent in our
model as we do not consider shape fluctuations of the whole
tube but are included in the models used in [41, 43, 47] and
have also been discussed in [48]. Longitudinal bonds are
found to be much stiffer than lateral bonds. In [48] it has been
shown that the MT persistence length becomes length
dependent as it contains both bending contributions related to
longitudinal bonds and shear contributions related to the lat-
eral bonds. We do not expect the longitudinal bond stiffness,
the lateral bond stiffness k or the dimer bending rigidity κ
themselves to be length dependent.

2.4. Coupling of hydrolysis and MT mechanics

In the allosteric model, hydrolysis of GTP-tubulin dimers to
GDP-tubulin dimers within the MT leads to bending of the
dimer, i.e., a change in the equilibrium dimer angle θ0. This
results in mechanical forces and torques in the MT lattice,
which are transmitted by the harmonic binding forces
between protofilaments and which drive the MT lattice to a
new equilibrium state.

We can view θ0 as the reaction coordinate of hydrolysis
such that, in the absence of mechanical forces, hydrolysis of

single dimers is characterized by a free energy profile θ( )Fh 0

with a free energy minimum corresponding to a GTP-dimer at
θ = °00 and a second minimum corresponding to the GDP-
dimer state at θ = °220 . Because of the free energy
Δ ≃G k T5 BGTP released by hydrolysis of GTP within the MT
lattice [39], the second minimum is lower by at most

Δ° − ° < ≃( ) ( )F F G k T0 22 5h h BGTP .

Because GTP hydrolysis can generate mechanical forces
within the MT, mechanical forces also influence the hydro-
lysis rate of GTP-dimers. This influence can be quantified

using Bell theory [49]. For each equilibrium angle θ θ≡ ( )
j
i

0 0, of
a given dimer we can also calculate the mechanical total

equilibrium energy θ( )E 0 of the MT lattice. The relevant free

energy profile for hydrolysis, that takes into account the

mechanics of the surrounding MT lattice, is θ θ+( ) ( )F Eh 0 0 .

Using θ0 as a reaction coordinate there will be a rate limiting
free energy barrier ΔFh for an intermediate θ° < < °0 220,max .

The height and the exact angle θ0,max of this energy barrier will

Phys. Biol. 11 (2014) 046001 N Müller and J Kierfeld

Figure 4.Mechanical equilibrium configuration of MTs for κ =k (a)
−10 5, (b) × −1.8 10 4, (c) × −2 10 4, (d) −10 3, (e) −10 2, and (e) −10 1 −nm 2

( κ′ = −k 10 nm6 12). MTs are stabilized by a three layer GTP-cap
= =( )m m10, 31 2 .
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also be modified by the corresponding mechanical contribu-
tion to Δ Δ+F Eh . If we neglect a possible shift of the barrier

angle, we have Δ θ= − °( ) ( )E E E 00,max . We have currently

no information on the detailed free energy profile θ( )Fh 0 of

the hydrolysis reaction; we only have information on the
hydrolysis rates themselves, which should be related to the
barrier height ΔFh via the Arrhenius law. To proceed, we
simply assume θ = °110,max in the following. One important
point regarding the influence of the mechanics of the MT
lattice onto the hydrolysis rates is the following: differences
between hydrolysis rates at different sites in the MT lattice are
not governed by ΔFh, which is identical for all MT lattices
sites, but rather by the mechanical contribution ΔE to the
barrier, which we want to estimate now.

We know that the total mechanical energy is a quadratic
function of θ0 via the bending energy contribution in (3). In
order to determine ΔE for hydrolysis we have to increase θ0

from °0 to θ0,max to obtain the saddle point value ΔE . Because
we assume that a single hydrolysis reaction is faster than
mechanical relaxation of the MT lattice, we increase θ0 for

fixed values of the configuration angles θ( )
j

i . We assume an

approximately linear dependence

θ δ θ δ− ° ≈ − °( )( ) ( ) ( ) ( )E E E E0 00 0

for a small angle δ, and estimate ΔE numerically using δ = °1
and assuming θ = ○110,max for the position of the barrier. This
results in the estimate

Δ = ° − ° ≃ ° − °( )( ) ( ) ( ) ( )E E E E E11 0 11 1 0 (11)

(calculated for fixed values of all configuration angles θ( )
j

i ).

According to its definition, ΔE will be small (eventually even
negative) for hydrolysis of a given dimer if there are
mechanical forces in the MT lattice that pull the dimer into its
bent GDP-configuration.

This mechanical shift of the free energy barrier for the
hydrolysis reaction will modulate the hydrolysis rate rh of a
dimer according to

Δ Δ= −( ) ( ) ( )r E r E k T0 exp (12)h h B

following Bell [49]. In particular, this leads to site-dependent
hydrolysis rates, which depend on the position of the dimer in
the MT lattice via the mechanical forces acting on it at that
position. We conclude that the interaction via the mechanics
of the MT lattice can give rise to possible correlation effects
in the hydrolysis dynamics, which have not been taken into
account before.

Our simulation algorithm for the most probable hydro-
lysis pathway (see section 3.1 below) will be based on two
assumptions regarding the time scales for hydrolysis and
mechanical relaxation: (i) a single hydrolysis reaction is fast
compared to mechanical relaxation, which was the basis for
calculating the modulated hydrolysis rate (12), and (ii)
mechanical relaxation is faster than the time between suc-
cessive hydrolysis events (set by the hydrolysis rate −rh

1) such

that we relax the MT lattice mechanically between successive
hydrolysis events.

2.5. Hydrolysis and mechanical model parameters

Within the MT GTP-dimers are hydrolyzed into GDP-dimers.
The backward reaction is not observed. This puts a constraint
on the mechanical model parameters because it implies that
the total mechanical energy difference during hydrolysis of a

certain dimer, Δ = ° − °( ) ( )E E E22 0h , has to be much

smaller than the chemical energy Δ ≃G k T5 BGTP released by
GTP hydrolysis in the absence of any mechanical forces [39],
Δ Δ≪E Gh GTP.

We consider the situation where the MT is still stabilized
by the GTP-cap to a tubular configuration such that all angles

θ( )
j

i are small. Then, hydrolysis of a single dimer (in layer j

and protofilament i) increases its rest angle and strains the
surrounding MT lattice. If the lateral interaction springs are
sufficiently strong to stabilize a tubular MT configuration, the
change ΔEspring in the lateral spring energies by this hydrolysis

can be neglected as compared to the change ΔEbend in bending
energy such that the total mechanical energy increase during
hydrolysis is approximated by

Δ Δ κ θ θ

κ θ θ

κ

≈ = − − °

− −

≈ °

−

−

( )
( )

( )

E E
2

22

2

2
22 . (13)

( ) ( )

( ) ( )

h j
i

j
i

j
i

j
i

bend 1

2

1

2

2

Then, the condition Δ Δ≪ ≃E G k T5h BGTP implies an upper
bound on the dimer bending rigidity κ ,

κ Δ≪
°

≃ −

( )
G k T2

1

22
68 rad . (14)BGTP 2

2

Our above estimate (9), κ ≃ k T12.5 B , from analyzing MD
simulation results for protofilament curvature radii distribu-
tions obeys the constraint (14). The other estimates
κ ∼ k T3000 B from [25] and κ ∼ k T300 B from [27], however,
violate this constraint. If κ-values violating the upper bound
(14) are confirmed experimentally in the future, this can be a
hint that the allosteric model itself, i.e., the assumption that
GTP hydrolysis changes the tubulin dimer angle, is
inconsistent.

Within the allowed upper bound Δ Δ⩽E Gh GTP, we can
distinguish two limits for the hydrolysis rates: (i) if
Δ ≪E k TB , the influence of the mechanical shift ΔE of the
free energy barrier for the hydrolysis reaction is small, and we
expect purely ‘chemical’ models as defined in the introduc-
tion to be essentially correct. (ii) If Δ ≫E k TB , on the other
hand, the mechanical shift ΔE dominates the hydrolysis rates
according to (12) and we expect a strong interplay between
MT mechanics and hydrolysis.

In limit (ii), the dimer to be hydrolyzed next is mainly
determined by the mechanical shifts ΔE of the free energy
barrier for the hydrolysis reaction; the GTP-dimer with the

Phys. Biol. 11 (2014) 046001 N Müller and J Kierfeld
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smallest ΔE will be hydrolyzed next, eventually under addi-
tional restrictions depending on whether we consider a vec-
torial or random hydrolysis mechanism. Only if several GTP-
dimers have a similar ΔE , the next hydrolysis event will be
stochastic among these dimers. Therefore, the order of
hydrolysis of GTP-dimers within the MT lattice (the hydro-
lysis pathway) is mainly determined by the hydrolysis
mechanism (vectorial or random) and the mechanical energies
ΔE and exhibits much less stochasticity as compared to limit
(i), as discussed below in the results section.

We will now explore under which condition we can
expect such mechanically dominated hydrolysis order, i.e.,
under which conditions Δ ⩾E k TB holds. The mechanical
shift ΔE of the energy barrier for the hydrolysis reaction
should be smaller than total mechanical energy change ΔEh

during hydrolysis, Δ Δ⩽E Eh resulting in a condition
Δ Δ⩾ ⩾E E k Th B or (using (13))

κ ⩾
°

≃ −

( )
k T k T2

1

22
14 rad . (15)B B2

2

For smaller values of κ , we expect to find hydrolysis rates,
which are essentially independent of mechanical forces
developing in the MT lattice.

Our above estimate (9), κ ≃ k T12.5 B , from analyzing
MD simulation results for protofilament curvature radii dis-
tributions violates condition (15) only weakly. The other
estimates for κ from [25, 27], however, give much higher
values of κ supporting mechanically dominated hydrolysis
rates.

3. Results

We use the mechanical model introduced above to investigate
how mechanical forces influence and direct hydrolysis path-
ways and how catastrophe events emerge if lateral bond
rupture is included.

3.1. Hydrolysis pathways

We explore results for a mechanically dominated hydrolysis
rate where the mechanical shift of the free energy barrier for
the hydrolysis reaction is much larger than the thermal energy
k T1 B . Therefore, our results will apply if both bounds (14) and
(15) are met, i.e., in a range κ⩽ ≪k T k T14 68B B of dimer
bending rigidities. This regime is conceptually interesting
because correlation effects in the hydrolysis dynamics intro-
duced via the mechanics of the MT lattice become maximal.
Moreover, this parameter range for the tubulin dimer bending
rigidity κ cannot be ruled out at present because different
estimates for κ are deviating and not reliable. Our above
estimate κ ≃ k T12.5 B , see (9), is close to the lower boundary
of the considered κ-range.

If hydrolysis is mechanically dominated (Δ ≫E k TB ), the
hydrolysis pathways, i.e., the order of hydrolysis of dimers
within the MT, is mainly determined by the mechanical shift
ΔE of the energy barrier for the hydrolysis reaction: the dimer

to be hydrolyzed next with highest probability is the GTP-
dimer with the smallest ΔE among all GTP-dimers accessible
by the hydrolysis mechanism. For random hydrolysis all
GTP-dimers are accessible, for vectorial hydrolysis only the
GTP-dimers at the cap boundary. Because the dimensionless
energies Δ κE only depend on the parameter κk , the
hydrolysis pathway is entirely determined by this mechanical
parameter for both mechanisms. As a result of mechanically
dominated hydrolysis, the choice of a certain hydrolysis
pathway becomes much less stochastic: from the large num-
ber of chemically possible pathways only relatively few have
considerable statistical weight if the influence of mechanics is
dominant for Δ ≫E k TB . Therefore, the concept of a most
probable hydrolysis pathway, which is the hydrolysis path-
way with the highest statistical weight, is reasonable in this
limit.

In the simulation, we determine the most probable
hydrolysis pathway by the following algorithm: we relax the
mechanical forces in the MT lattice by energy minimization
for a given hydrolysis state. Next, we calculate the mechan-
ical energy shifts ΔE for each GTP-dimer which can be
hydrolyzed according to the assumed hydrolysis mechanism
(random or vectorial). We calculate ΔE according to (11).
Then, out of these GTP-dimers, we choose the one with the
minimal ΔE and, thus, the highest hydrolysis rate according
to (12) to be hydrolyzed next. Then, we relax the MT lattice
again mechanically, and so on.

The condition Δ ≫E k TB is necessary but not sufficient
to select a hydrolysis pathway uniquely, i.e., render the
hydrolysis deterministic: if several GTP-dimers have a similar
ΔE , the next hydrolysis event will be essentially stochastic
among these dimers. The hydrolysis pathway becomes
deterministic only if also differences ΔΔE between the ΔE for
different GTP-dimers within the MT are much larger than the
thermal energy, i.e., ΔΔ ≫E k TB .

As discussed in the introduction, the correct hydrolysis
mechanism is not exactly known. Therefore we consider both
vectorial and random hydrolysis separately in the following.
We address the question how the mechanical forces direct the
hydrolysis pathway for both mechanisms and as a function of
the parameter κk . We will consider two exemplary values:

κ = −k 0.005 nm 2 close to the lower bound (10) as an

example for weak lateral springs and κ = −k 0.5 nm 2 as an
example for strong lateral springs in the following.

In order to isolate effects of MT mechanics onto the
hydrolysis pathway, we ignore the polymerization dynamics
and consider hydrolysis in MTs of fixed length with a stabi-
lizing GTP-cap consisting of three layers ( =m 201 and

=m 32 ).

3.1.1. Random hydrolysis. For random hydrolysis the

chemical hydrolysis rate ( )r 0h of a given GTP-dimer is

independent of the hydrolysis state of its neighbors, see (12).
Therefore, all GTP-dimers in the cap can be hydrolyzed with
equal probability if mechanics is neglected.

Phys. Biol. 11 (2014) 046001 N Müller and J Kierfeld
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For random hydrolysis in the absence of mechanical forces,
all GTP-dimers in the cap are accessible for hydrolysis with
equal probability, and in a MT with a GTP-cap size of three
layers ( =m 32 ) there are !39 equally probable hydrolysis
pathways. For mechanically dominated random hydrolysis, on
the other hand, it is always the dimer with smallest ΔE among
all GTP-dimers, which is hydrolyzed next with the highest
probability. As a result there emerges a most probable hydrolysis
pathway, which is shown in figures 5 and 6 for a MT with

=m 201 and =m 32 and strong springs ( κ = −k 0.5 nm 2,
figure 5) or weak springs ( κ = −k 0.005 nm 2, figure 6). These
figures show the sequence of 38 hydrolysis states of the 3x13
dimer cap (from =n 0hyd GDP-dimers to =n 37hyd GDP-
dimers). GTP-dimers are represented by green squares, hydro-
lyzed GTP-dimers by grey squares.

If there are several GTP-dimers with similarly small ΔE ,
such that ΔΔ ⩽E k TB , they can be hydrolyzed with compar-
able probability, and there are other hydrolysis pathways
which are similarly probable. The values of ΔE of different

GTP-dimers (measured in units of κ) are indicated in the most
probable hydrolysis pathways in 5 and 6 by color-coding. The
existence of a unique, dark green square in a cap indicates the
existence of a unique next hydrolysis spot, which is separated
by a large ΔΔE from other possible hydrolysis spots. Small
color differences indicate small values of ΔΔE , such that the
next hydrolysis spot should be chosen essentially stochastic
among the dimers with darkest green colors. Then there exist
other pathways competing to the ones shown in 5 and 6,
which occur with comparable probability.

For random hydrolysis, figures 5 and 6 show that the
most probable hydrolysis pathways are very similar for strong
and weak lateral bond springs. Two features of the influence
of mechanics can be deduced from figures 5 and 6:

(i) Hydrolysis is favored in the front layer of the GTP-cap
towards the plus end (see states =n 1, 14, 27hyd ). In the

front layer, the mechanical strain from the bending of the
GDP-dimers behind the cap gives rise to the strongest

Phys. Biol. 11 (2014) 046001 N Müller and J Kierfeld

Figure 5. Random hydrolysis: most probable hydrolysis pathway of a MT with a three layer GTP-cap with strong lateral bond springs

κ = −( )k 0.5 nm 2 . Each 13 × 3 rectangle in the sequence of 38 hydrolysis steps shows the hydrolysis state of the three layer GTP-cap (MT

plus end on the right side): squares symbolize dimers; grey squares represent hydrolyzed GDP-dimers; green squares represent GTP-dimers
color-coded for their respective Δ κE . The red dot marks the dimer to be hydrolyzed next. The thick black vertical line marks the lateral bond
under maximal force, see figure 9(a).
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outward bending moments on a dimer via outward
pulling forces exerted by the lateral springs.

(ii) After hydrolysis has started in a layer, there is a strong
preference that this layer becomes completely hydrolyzed
before it proceeds in the next layer. Together with point
(i) this gives rise to a very regular hydrolysis pathway if
mechanics is taken into account, although the underlying
chemical hydrolysis rule is random.

(iii) There is a strong preference for GTP-dimers with two
lateral GDP-neighbors to be hydrolyzed (see, for
example, states =n 12, 17, 20, 21hyd in figure 5). These

isolated straight GTP-dimers are pulled outward by
already hydrolyzed and, thus, bent GDP-neighbors.

3.1.2. Vectorial hydrolysis. For vectorial hydrolysis, only
dimers whose longitudinal neighbor (towards the minus end)
is already hydrolyzed into GDP-tubulin are accessible for
hydrolysis. Then there is a sharp interface between GDP- and
GTP-dimers, which propagates towards the plus end. For
mechanically dominated vectorial hydrolysis, the GTP-dimer

with the smallest ΔE among all GTP-dimers at the GTP-GDP
interface is hydrolyzed next.

Again, for mechanically dominated vectorial hydrolysis,
there is a most probable hydrolysis pathway, which is shown
in figures 7 and 8 for a MT with =m 201 and =m 32 and
strong springs ( κ = −k 0.5 nm 2, figure 7) or weak springs (

κ = −k 0.005 nm 2, figure 8) in terms of the sequence of 38
hydrolysis states of the 3x13 dimer cap. For vectorial
hydrolysis, there are also GTP-dimers which cannot be
hydrolyzed because they are not at the GTP-GDP interface,
i.e., there is no hydrolyzed neighboring GDP-dimer towards
the minus end. These dimers are shown in white color. Only
hydrolyzable GTP-dimers at the GTP-GDP interface are
represented by green squares, hydrolyzed GTP-dimers by
grey squares as before.

We recognize marked differences as compared to the
random hydrolysis:

(i) Because of the vectorial constraint, hydrolysis has to start
in the back layer of the GTP-cap towards the minus end,
where the GTP-GDP interface is located. It cannot
advance directly to the front layer as for random
hydrolysis.

Phys. Biol. 11 (2014) 046001 N Müller and J Kierfeld

Figure 6. Random hydrolysis: most probable hydrolysis pathway of a MT with a three layer GTP-cap with weak lateral bond springs
κ = −k( 0.005 nm 2). Representation as in figure 5. The thick black vertical line marks the lateral bond under maximal force, see figure 9(b).
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(ii) There is a strong tendency to continue hydrolysis on the
same protofilament (see states =n 1, 2, 3hyd or

=n 9, 10, 11hyd in figure 7). If the hydrolysis front has

advanced to the next layer on one protofilament, the
bending forces from the hydrolyzed dimers behind the
front give rise to a strong outward bending moment on
the next GTP-dimer, which favors its hydrolysis. This
force is transmitted via the lateral bonds to neighboring
protofilaments in the MT lattice.

(iii) As for random hydrolysis, there is a preference for
GTP-dimers with one or two lateral GDP-neighbors to be
hydrolyzed (see, for example, states =n 10, 22, 23,hyd

25, 26 in figure 7).
(iv) The effects (ii) and (iii) combine to a ‘nucleation-like’

behavior: once a nucleus of three neighboring hydrolyzed
GDP-dimers has formed in a layer, the hydrolysis front
tends to advance up to the plus end on one of the

protofilaments (states =n 3, 4, 5hyd in figure 8). This

effect is more pronounced for weak lateral bond springs.

In the next section we will see that the first advance of the
hydrolysis front to the plus end is typically linked to a
pronounced increase of the lateral bond forces, in particular
for weak lateral bonds. If lateral bonds are allowed to rupture,
this increase in forces can initiate catastrophe events. The last
feature (iv) of a nucleus of three GDP-dimers that has to
assemble before the hydrolysis front will reach the plus end
could be an explanation of the experimental finding of two
rate-limiting steps, which are involved in the initiation of a
catastrophe [14].

3.2. Lateral bond rupture and catastrophes

During a catastrophe, it is experimentally observed that the
protofilaments of a MT fall apart and curl into ‘ramʼs horn’

Phys. Biol. 11 (2014) 046001 N Müller and J Kierfeld

Figure 7. Vectorial hydrolysis: most probable hydrolysis pathway of a MT with a three layer GTP-cap with strong lateral bond springs

κ = −( )k 0.5 nm 2 . Each 13 × 3 rectangle in the sequence of 38 hydrolysis steps shows the hydrolysis state of the three layer GTP-cap (MT

plus end on the right side): squares symbolize dimers; grey squares represent hydrolyzed GDP-dimers; green squares represent GTP-dimers
at the boundary of the GTP-cap, color-coded for their respective Δ κE . White squares represent GTP-dimers, which are not at the cap
boundary and, thus, cannot be hydrolyzed in a vectorial mechanism. The red dot marks the dimer to be hydrolyzed next. The thick black
vertical line marks the lateral bond under maximal force, see figure 10(a).
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conformations as a result of the °22 equilibrium angle of
hydrolyzed GDP-dimers. This implies that protofilaments
separate during catastrophes, i.e., lateral bonds between
dimers in neighboring protofilaments will rupture.

Bond rupture is an activated process, and the bond rup-

ture rate under force, = ( )( ) ( )r F r F F0 exprup rup rup , increases

exponentially above a characteristic rupture force Frup

according to Bell theory [49]. In a simplified approach, we
can ignore stochastic rupture effects and assume that all lat-
eral bonds under forces >F Frup rupture. One problem is that

there is currently no microscopic information on values for
the rupture force Frup. In [47], an activation energy for the

rupture process was estimated from the depolymerizing
velocity of catastrophic MTs as ≃E k T10 Brup . Together with a

characteristic bond length of ≃ 0.25nm used in [47], one
arrives at very large rupture forces ∼F 160pNrup .

3.2.1. Maximal lateral bond force. Here we want to take a
different approach and ask, which rupture forces can initiate
catastrophe-like events within our mechanical model of the

MT. To answer this question we consider the most probable
hydrolysis pathway and calculate the maximal lateral bond
force Fmax within the MT lattice at every hydrolysis step. The
results are shown in figure 9 for random hydrolysis and
figure 10 for vectorial hydrolysis. The location of the lateral
bond under maximal force within the GTP-cap is shown in
the corresponding figures 5–8 as thick black line.

For random hydrolysis, mechanical forces favor hydro-
lysis at the last layer of the GTP-cap towards the plus end. For
random hydrolysis and strong lateral bonds, see figure 9(a),
we see a strong increase in the maximal bond force Fmax after
hydrolysis of =n 14hyd dimers. At this point, the first dimer in
the second to last layer is hydrolyzed after complete
hydrolysis of the last layer at the plus end. For weak lateral
bonds, see figure 9(b), we even see a periodic layer-by-layer
pattern in the increase of Fmax with pronounced jumps at

=n 1, 14, 27hyd , where hydrolysis reaches the next layer
starting from the plus end. In the corresponding figures 5 for
strong lateral bonds and 6 for weak lateral bonds, the location
of the maximally strained lateral bond is shown as thick black
line. The maximally strained bond is at the plus end layer of
the GTP-cap bond next to the same protofilament as the

Phys. Biol. 11 (2014) 046001 N Müller and J Kierfeld

Figure 8. Vectorial hydrolysis: most probable hydrolysis pathway of a MT with a three layer GTP-cap with weak lateral bond springs
κ = −k( 0.005 nm 2). Representation as in figure 7. The thick black vertical line marks the lateral bond under maximal force, see figure 10(b).
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hydrolyzed dimer. Hydrolysis of the first dimer in a layer
increases the spontaneous curvature of that protofilament and,
thus, increases the strain on lateral bonds of the same
protofilament in the last layer.

For vectorial hydrolysis, only dimers at the GTP-GDP
interface can be hydrolyzed, and hydrolysis has to advance
from the minus end side. The results for vectorial hydrolysis
and strong lateral bonds, see figure 10(a), show that after
hydrolysis of =n 16hyd dimers, when the third protofilament
becomes completely hydrolyzed, there is a pronounced step-
like increase in Fmax. Similarly, for weak lateral bonds, see

figure 10(b), there is a strong increase after hydrolysis of
=n 5hyd dimers, when the first protofilament becomes

completely hydrolyzed. A completely hydrolyzed protofila-
ment prefers to assume its curved equilibrium state and, thus,
exerts strong outward forces on neighboring stabilizing
protofilaments with GTP-caps. Therefore, with each com-
pletely hydrolyzed protofilament the strain on the lateral
bonds increases. For weak bonds a single hydrolyzed
protofilament is sufficient to cause a pronounced increase in
Fmax, whereas for strong bonds several hydrolyzed protofila-
ments seem to be necessary. In the corresponding figures 7 for

Phys. Biol. 11 (2014) 046001 N Müller and J Kierfeld

Figure 9. Random hydrolysis: maximal lateral bond force κ¯ =F Fmax max and change ΔF̄max in the maximal lateral bond force after rupture of
the maximally strained bond as a function of the number nhyd of hydrolyzed GTP-dimers. We start with a MT with a three layer GTP-cap.

(a) Strong lateral bond springs, κ = −k 0.5 nm 2, and (b) weak lateral bond springs, κ = −k 0.005 nm 2. The location of the lateral bond under
maximal force within the GTP-cap is shown in figures 5 and 6 for strong and weak bonds, respectively, as thick black line.

Figure 10.Vectorial hydrolysis: maximal lateral bond force κ¯ =F Fmax max and change ΔF̄max in the maximal lateral bond force after rupture of
the maximally strained bond as a function of the number nhyd of hydrolyzed GTP-dimers. We start with a MT with a three layer GTP-cap.

(a) Strong lateral bond springs, κ = −k 0.5 nm 2, and (b) weak lateral bond springs, κ = −k 0.005 nm 2. The location of the lateral bond under
maximal force within the GTP-cap is shown in figures 7 and 8 for strong and weak bonds, respectively, as thick black line.
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strong lateral bonds and 8 for weak lateral bonds the location
of the maximally strained lateral bond is shown as thick black
line: the bond under maximal force occurs at the last layer of
the cap next to the completely hydrolyzed protofilaments.

Typical values for Fmax depend on the strength of lateral
bonds. For strong lateral bonds ( κ = −k 0.5 nm 2) we find

κ ∼ −F 0.06 nmmax
1 both for random and vectorial hydrolysis.

For κ ∼ k T25 B well within the considered range
κ⩽ ≪k T k T14 68B B of dimer bending rigidities, this gives

maximal forces ∼F 6pNmax . For weak lateral bonds
κ = −( )k 0.005 nm 2 we find smaller maximal forces

κ ∼ −F 0.01 nmmax
1 corresponding to ∼F 1pNmax , which

are again similar for random and vectorial hydrolysis.

3.2.2. Bond rupture and catastrophe initiation. To further
characterize the susceptibility to a mechanical instability, i.e.,
a rupture avalanche as it happens in catastrophes, we also
investigated the change ΔFmax in the maximal lateral bond
force if we rupture the maximally strained bond and calculate
the new maximal lateral bond force on an intact bond, see the
lower plots in figure 9 for random hydrolysis and figure 10 for
vectorial hydrolysis. If ΔFmax is large and positive, there is an
increase in the maximal bond force and the possibility of an
instability: a rupture force <F Frup max below this maximal

force level can give rise to continued bond rupture.
Vice versa, a negative value for ΔFmax signals a mechanical
stable situation. Remarkably, we find a strong correlation
between the pronounced increase in Fmax and a pronounced
increase in ΔFmax to larger positive values, see figure 9 for
random hydrolysis and figure 10 for vectorial hydrolysis.

This suggests that the pronounced increase in the
maximal lateral bond force is the starting point of a
catastrophe-like rupture avalanche, if we choose the value
for the rupture force Frup such that after the increase in Fmax, the
maximal lateral bond force exceeds the rupture threshold.
Using this criterion, a reasonable value for the rupture force
for random hydrolysis is κ∼ −F 0.062 nmrup

1 for strong lateral
bonds and κ∼ −F 0.011 nmrup

1 for weak lateral bonds. For
vectorial hydrolysis, this suggests rupture forces

κ∼ −F 0.055 nmrup
1 for strong lateral bonds and

κ∼ −F 0.0125 nmrup
1 for weak lateral bonds. With values of

κ ∼ k T25 B from the range κ⩽ ≪k T k T14 68B B according to
the bounds (14) and (15), the resulting rupture forces are

∼ −F 5 6pNrup for strong bonds or −1.2 1.3pN for weak
bonds, respectively.

We test whether our model exhibits catastrophe-like
events if we fix a value for the rupture force according to this
criterion by including bond rupture into our algorithm for the
most probable hydrolysis pathway. After each hydrolysis step
we check whether any lateral bond spring is loaded by a force
larger than the rupture force. If this is the case, we rupture the
corresponding spring by cutting it and mechanically relax the
MT lattice. Then we test again for bond rupture and so on. If
no further rupture events occur, we continue with the next
hydrolysis step.

Using this simulation procedure we indeed find cata-
strophe events with continued bond rupture similar to

experimentally observed catastrophes. For vectorial hydro-
lysis, see figure 11, typically single protofilaments peel off the
MT lattice and curl into ‘ramʼs horn’ conformations. During
all the rupture events shown in figure 11, we have =n 5hyd or
6, i.e., hydrolysis practically stops during such an event. The
hydrolysis state at =n 5hyd consists of a single completely
hydrolyzed protofilament (see figure 8). Therefore, the initial
stress distribution in lateral bonds is concentrated on this
protofilament. The stress due to the preferred curved
configuration of this protofilament triggers the bond rupture
of neighboring lateral bonds, and this protofilament starts to
peel off during the catastrophe.

For random hydrolysis, see figure 12, typically several
protofilaments peel off the MT lattice. Also for this hydrolysis
mechanism, the hydrolysis stops during such an event: the
entire catastrophe event in figure 12 happens at =n 14hyd . For
random hydrolysis the stress is typically distributed among
the entire top layer of lateral bonds because mechanically
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Figure 11. Catastrophe event for vectorial hydrolysis and weak
lateral bond springs κ = −k 0.005 nm 2 using a rupture force

κ= −F 0.0125 nmrup
1 ( =m 201 and =m 32 ). The numbers nhyd of

hydrolyzed dimers and ncut of cut lateral bonds are (a) =n 5hyd ,
=n 1cut , (b) =n 6hyd , =n 4cut , (c) =n 6hyd , =n 8cut , (d) =n 6hyd ,
=n 11cut , (e) =n 6hyd , =n 33cut .

Figure 12. Catastrophe event for random hydrolysis and weak lateral
bond springs κ = −k 0.005 nm 2 using a rupture force

κ= −F 0.011 nmrup
1 ( =m 201 and =m 32 ). The numbers nhyd of

hydrolyzed dimers and ncut of cut lateral bonds are (a) =n 14hyd ,
=n 1cut , (b) =n 14hyd , =n 6cut , (c) =n 14hyd , =n 15cut , (d)
=n 14hyd , =n 24cut , (e) =n 14hyd , =n 45cut .
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dominated hydrolysis proceeds layer by layer; the state
=n 14hyd consists of a completely hydrolyzed plus end layer

of dimers with one additional hydrolysis event in the next
layer, see figure 6. This gives rise to several bond rupture
events within the top layer and several protofilaments peeling
off the MT.

These different catastrophe characteristics for vectorial
and random hydrolysis could be an interesting issue for future
experimental studies.

4. Discussion and conclusion

We introduced a mechanical model, which gives stable tub-
ular MT structures if a stabilizing GTP-cap is present in
accordance with experimental observations. The model
includes intra-dimer bending and one lateral bond per dimer.
In order to avoid overlapping of tubulin dimers we also
include a sufficiently strong hard core interaction. We use the
allosteric model for the hydrolysis state of tubulin dimers:
GTP dimers are straight; after hydrolysis, a GDP dimer has an
equilibrium bending angle of °22 .

We obtained several constraints for the model para-
meters, the bending rigidity κ and the lateral bond strength k:
(i) The ratio κk is constrained by a lower bound

κ ⩾ −k 0.001 nm 2, see (10), which ensures that GTP-capped
MTs do not spontaneously acquire a strongly bent shape
similar to the ramʼs horn configuration. (ii) The value for κ is
constrained by an upper bound (14) because hydrolysis is not
observed to be a reversible reaction and the free energy
released in hydrolysis should exceed the mechanical energy
increase in the MT lattice during hydrolysis. (iii) If we
additionally assume that hydrolysis is dominated by
mechanical forces in the MT lattice, i.e., typical mechanical
energy changes of the the MT lattice during hydrolysis exceed
the thermal energy k TB , the value for κ is also constrained by
a lower bound (15). The bounds (ii) and (iii) define a range

κ⩽ ≪k T k T14 68B B of dimer bending rigidities.
The mechanical model allows us to investigate the

interplay of mechanical forces in the MT lattice and hydro-
lysis, which has not been done previously. The interaction via
the mechanics of the MT lattice can give rise to possible
correlation effects in the hydrolysis dynamics, which have not
been taken into account before. Under the assumption of a
mechanically dominated hydrolysis reaction the concept of a
most probable hydrolysis pathway becomes very useful. We
calculated most probable hydrolysis pathways numerically
both for random hydrolysis (figures 5 and 6), where all GTP-
dimers in the MT cap can be hydrolyzed, and for vectorial
hydrolysis (figures 7 and 8), where only GTP-dimers at the
GTP-GDP interface can be hydrolyzed. We also studied the
effect of lateral bond strength on the hydrolysis pathway.

For mechanically dominated random hydrolysis, the most
probable hydrolysis pathway shows a preference for layer-by-
layer hydrolysis starting at the GTP-layer at the plus end. For
mechanically dominated vectorial hydrolysis, the most prob-
able hydrolysis pathway shows a preference for hydrolysing

complete protofilaments towards the plus end starting from a
certain ‘nucleus’ configuration consisting of three neighbor-
ing hydrolyzed GDP-dimers within the same layer. This could
be related to the experimental observation of several rate-
limiting steps for catastrophe initiation [14].

We also investigated the lateral bond forces occurring
during hydrolysis. For random hydrolysis, mechanically
dominated hydrolysis proceeds in a layer-by-layer fashion
starting at the plus end, and we found sharp increases of the
maximal lateral bond force if hydrolysis of one layer has been
completed and hydrolysis of the next layer starts. The
respective maximal forces occur at the plus end of the MT.
For vectorial hydrolysis and weak lateral bonds, we found a
sharp increase of the maximal lateral bond force if a single
protofilament becomes completely hydrolyzed. For stronger
lateral bonds, several protofilaments need to become com-
pletely hydrolyzed to trigger a similar increase in the maximal
lateral bond force. The respective maximal forces occur right
at the plus end.

Moreover, we observe that the MT lattice becomes
mechanically unstable at the sharp increase: rupture of the
maximally strained bond further increases the maximal bond
force, which signals an instability with respect to a cata-
strophe event initiated by lateral bond rupture. If the rupture
force value lies within the force range set by the sharp
increase of the maximal lateral bond force, we indeed find
continued bond rupture and catastrophe events as observed in
experiments, see figures 11 and 12. Using this criterion we
find rupture force values between 1pN for weak and 5pN for
strong lateral bonds. For vectorial hydrolysis, we find cata-
strophes starting with single protofilaments peeling off the
MT. For random hydrolysis, on the other hand, we typically
see several protofilaments peeling off the MT. These char-
acteristic differences in our simulations could motivate further
experimental studies of this issue.

Our results suggest several routes for future work. Firstly,
we only studied MTs of fixed length for simplicity. Further
investigations will include stochastic polymerization and
depolymerization similar to the models in [30, 43]. Secondly,
we assumed so far that hydrolysis is mechanically dominated
and forces on the most probable hydrolysis pathway by
selecting the next GTP-dimer to be hydrolyzed according to
the maximal mechanical energy gain. Future models should
be fully stochastic with hydrolysis rates modulated by
mechanical energies in order to include all hydrolysis path-
ways with their respective statistical weight into the analysis.
Finally, a similar mechanical MT model and its coupling to
hydrolysis should be investigated not only for the allosteric
model but also for the lattice model of dimer hydrolysis.
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