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I. DETAILS OF THE KEC ALGORITHM
A. The algorithm

The kEC algorithm is based on the ECMC algorithm
for hard disks. Through factorization of the Metropolis
filter each interaction can be handled entirely indepen-
dently. Roughly speaking, each interaction gets a bud-
get of a Boltzmann distributed energy that it uses to
overcome energy barriers. The distance until the budget
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is empty sets the rejection distance d.e; for each inter-
action. After all interactions are evaluated, the short-
est distance minjygeractions(drej) is moved and the EC
is lifted to the corresponding interaction partner, while
the EC move direction egc remains. An EC is termi-
nated when the sum of all displacements reach a pre-set
length fgc. In the presence of active forces, the corre-
sponding linear one-particle potentials can also trigger
rejection, which results in lifting of the EC direction to
its reflection with respect to the equipotential surface
(ke = erc — 2e;(e; - erc)), while the moving particle
remains the same.

In a more structured way, an EC for active disks of
diameters o; is constructed as follows:

e Choose random particle i and direction egc
(lerc] = 1) and determine d,e;, next active particle
inext and eventually new EC-direction egc next

e Initial values
drej = EEC
Tnext — ¢

€EC,next = €EC

e Hard Disks:
for each particle j # i
R = r, —r;

Jij = 05(0’1 + (Tj)
z=R- EerC
if x>0 (particles approach each other)
— 2 2 2
y=o0; -R°+uz
if 4y > 0 (particles can hit each other)
drej,ij = T = /Y
if drej,ij < drej (event before current one)
drej = drej,ij
Tnext = J
€EC,next — EEC
o Active Force (if Fy,; # 0):
r = Fyi(e; - exc)
if 2 <0 (particle moves against the force)
y =rand[0...1]
drej,active = 1ny/5$
if drej,active < drej (event before current one)
drej = drej,active
Tnext = 1

€EC,next = €EC — 2€;(e; - egc)



e Execute:
r; += drejeEC
d; += dyej
EEC = KEC - drej
T = Inext
EEC = €EC,next

¢ Repeat until {fgc =0

e Rotate active forces:
for each particle ¢
(Atpe); = 735 (Atpe)

~ UIpc
0; += Gauss(0,1/2D,{tgc):)

d;=0
e Loop back to beginning

Here rand(. .. ) is a uniformly distributed and Gauss(. . .)
is a Gaussian distributed random number.

B. Mean ECMC move vector (Argc) for a single
particle

We consider a single particle under a constant force
Fye and calculate its mean move vector (Argc) dur-
ing one algorithmic ECMC step. The ECMC algorithm
draws a random direction egc and moves the particle by
the EC length ¢gc. We introduce the angle ¢ between the
unit propulsion direction vector e and the EC unit vector
egc by cos¢ = egc - e. The mean move vector (Argc)
will be averaged over all angles ¢, i.e., over all EC direc-
tions because EC directions are chosen randomly in the
algorithm and we are interested in the mean algorithmic
displacement over many ECMC moves. Three cases have
to be considered in the calculation of (Argc) depending
on ¢ and ¢gc, and we have to properly average over these
cases and all angles ¢.

(i) If cos¢ > 0, the move is energetically downbhill.
Then the particle is displaced by the full EC length ¢gc
resulting in a mean displacement

(ATEC)cos >0 = lECEEC (1)

for given ¢. Averaging over all angles ¢ € [—7/2,7/2]
with cos ¢ > 0, we obtain

(Argc)>

1 /2
- / d¢<A7'EC>cos $>0

1 /2 2
= fﬁEC/ d¢ cos pe = —lgce.  (2)
™ —7/2 s

(ii) If cos¢ < 0, the move is energetically uphill and
a “usable” energy AU > 0 for uphill motion is drawn
from an exponential Boltzmann distribution p(AU) ~
exp(—pAU) (8 = 1/kgT) and a rejection distance dyc; is

determined from AU = Fyd,j| cos ¢|. This is equivalent
to drawing the rejection distance from an exponential
distribution

pd(drej) = ﬁF0|COS¢‘€7ﬁF@drE.i‘COS¢|. (3)
Now, two subcases arise:

(iia) dyej > ¢rc, where the particle is moved by the full
event chain length, Ar = ¢gcegc. This happens
with probability

o0
po= [ demala) = PRl )
EC

This subcase will give the dominating contribution
in the limit SFylpc < 1 of small EC lengths or
weak propulsion forces.

(iib) drej < ¥¢mc, where the particle is only moved
by Ar = d.jegc. Then, the EC direction is
lifted egc — e by reflecting with respect to
the equipotential surface, ey = erc — 2cos ge.
In total, this results in Ar = dijerc + (frc —
drej)ep- This displacement is realized with proba-
bility p4(dyej). This subcase will give the dominat-
ing contribution in the limit SFyfgc > 1 of large
EC lengths or strong propulsion forces.

Averaging over py(drej) we obtain for the mean vecto-
rial displacement

<ArEC>COS $<0
146}
= p>lrceEc + / drpa(z) [repc + (fec — z)erc]
0
= p>{lEceEc
lec
+ / dxpg(r) [lecerc — 2 cos ¢(lec — x)e]
0
= (Ecerc
15:%e)
— 2cos (;Se/ dzpy(z)(lrpc — x)
0

= lpcerc

2
L, _ ) _ _—BFoluc|cos¢|
eﬁFo (1 BFylEc|cos | — e ) (5)

for given ¢. Averaging over the all angles ¢ € [r/2, 37 /2]
with cos ¢ < 0, we obtain

(Argc)<

1 /2
= ——Vlpc / d¢ cos pe
7r

—7/2

1 w/2
~BRy 7 / d¢ (1 — BFolec|cos ¢| — e*ﬁF(’ZEC‘COSW)

2 2 1 (72 ,
= —EEce — 7*/ dd) (1 - 675F0ZEC|COS¢I> e (6)
™ —m/2



Averaging over the two cases cos¢ > 0 and cos ¢ < 0,
we finally obtain

1

(Argc) = 3 ((Argc)> + (Arec) <)
<A7°EC> _ z
EEC m

_ 1 1/#/2 a6 (1 B e_gperc\cosqﬁl) e
BEolec ™ ) _n/2

=zf(z)e (7)
with
x = BFylpc = volrc/D = 3Pelgc/o (8)

and a scaling function

/2
=210 [ ds-emn

as in Eq. (equation.2.5) in the main text. It is also ap-
parent that the projected mean EC move length is simply
related via

(Argc - e) = (Argc) - e. (10)

The function f(z) has the limiting behaviors f(z) =
1/4 — 2z/97 for x < 1 (in the limit SFplpc < 1 of
small EC lengths or weak propulsion forces) and f(z) =~
2/mx —1/x% for z > 1 (in the limit BFylrc > 1 of large
EC lengths or strong propulsion forces). Figure 1 shows
perfect agreement of the analytically calculated scaling
function f(x) with the kKEC simulation.

The limiting cases * < 1 and z > 1 differ in their
behaviour under an opposing force (cos¢ < 0). For
r < 1, the particle moves with probability ps the
whole EC length against a weak opposing force resulting
in (ATEC)cos <0 ~ pslucerc = e Photecleosdlipepnq
(corrections from lifting and reflection are of order F?),
while (Argc)cos p>0 = lrcerc for a move in the opposite
direction —egc. This leads to exactly the same behaviour
as in a local MC algorithm for a local MC move of length
lgc in directions +egc under the standard Metropolis
rule fulfilling detailed balance, thus establishing equiva-
lence to local Metropolis MC in the limit of small EC
lengths /gc. After expanding in £ < 1 and averaging
over all directions this gives (Arpc) ~ (1/4)BFl3e.

For z > 1, on the other hand, the particle is lifted
after a short mean distance 1/8Fy|cos¢| in direction
against a strong opposing force and reflected. Essen-
tially, this results in a move in the reflected direction
over the whole EC length, (ATgC)cosg<0 = frCcERC +
2| cos p|lgce. After averaging over all directions this
gives (Argc)< ~ —(2/m)lgce + (4/m)lgce resulting in
<A’I"Ec> ~ (2/7‘(’)@]506.

In practice, the following fit function for f(z) is useful
to interpolate between both limiting cases (see also Fig.

1):
1

f@) = ax + by/r+ ¢

(11)
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FIG. 1. Mean ECMC move lengths in force direction (Argc -
e) in units of BFylac as a function of x = BFylrc. The
kEC simulation data (crosses) for different EC lengths ¢gc
(color-coded) collapse onto the analytically calculated scaling
function f(z) from Eq. (5equation.2.5) in the main text and
Egs. (7) and (10) (black line, to reduce the computational
effort the fit function (11) is plotted).

with a = 7/2, b = —0.42, and ¢ = 4, which is constructed
to satisfy the limits f(z) ~ 1/4 for z ~ 0 and f(z) =~
2/mx for x — oo, so that b is the only free parameter.
This fit function can be used to speed up calculations in
production runs.

C. Mean square and mean cubic ECMC move
lengths for a single particle

Following similar steps, we can also calculate the mean
square and mean cubic move lengths ((Argc - €)?),
{((Argc - €)®) and ((Argc)?) during one algorithmic
ECMC step. In the following we use x = BFylgc from
Eq. (8).

1. Derivation of ((Argc - €)?)

If cos¢ > 0:

7 = cos? ¢ (12)
EC
A -e)? 1
(( TEEC?ECe) )> _ : (13)



If cos¢p < 0:

((Argc - e)2>cos¢<0
e

= (cos ¢)? — % (a:| cos | — 2

+ (2| cos ¢| + 2)6_”’|°°S¢) (14)

. 77/2
le_i d¢<x|cos¢|—2
2

1439 2 ma? ).,

+ (2| cos ¢| + 2)6_“JI C°S¢) .
(15)

The final result after averaging over the two cases cos ¢ >
0 and cos ¢ < 0 is

N2 w/2
(aree ) 12 [ g (wfeonl 2
EEC 2 T —m/2
+ (x| cos @] + 2)6I|COS¢>~ (16)

2. Derivation of ((Argec)?)

If cos ¢ > 0:
ArEc)?)cos
{( TEng )cos >0 -1 (17)
EC
A 2
(( 72;32) > (18)
E
If cos ¢ < 0:
ATEC)?) cos 4
(( "’Ecg )cos <0 —1_ 2(z|cos<b -2
G v

+ (2| cos ¢| + 2)6_“‘|C°S¢) (19)

(Argc)?)< —q_ 4 ~/2

= d -2
Z. —3 s ¢(m|cos¢|

+ (| cos @] + 2)6_’7|C°S¢). (20)

The final result after averaging over the two cases cos ¢ >
0 and cos ¢ < 0 is

w/2
(Arse)?) 2 d¢<xcos¢|2
2

2 = 2
U Tzt J_,

+ (2| cos ¢| + 2)6““’54’). (21)

We find ((Argc)?) /¢ ~ 1 both in the limits 2 > 1 and
x < 1, see also Fig. 2 (bottom, orange line).

3. Derivation of ((Argc - e)?)

If cos ¢ > 0:
RV
((Argc 36) Jeos20 _ cos® ¢ (22)
Crc
A .e)3 4
<(1“E€g—e>>z = (23)
EC
If cos ¢ < 0:
N3
<(A7'EC€36) Joos<0 _ 3 H(A+B—1) (24)
EC
(Arsc-eff)c 1 / " g Wrre - ePlemsn (o
o T Jn/2 ‘e
using

1 2 2
A :m <6a? | cos ¢|° — 24x| cos ¢| + 48) (26)
_ exp(=z]cos d))

B =
a3| cos @[3

(6x2| cos | + 24x| cos ¢| + 48).
(27)

The final result after averaging over the two cases

. 3m/2
%ﬂ = 217r//2 de cos® p(A+ B —2). (28)
EC ™

II. VALIDATION OF THE KEC ALGORITHM

A. One-body problem: the kEC algorithm
becomes exact for small /g

We assign a KEC simulation time (Atgc) to each par-
ticle according to the relation (Ar - e) = voAt for the
first moment of the displacement in force direction, which
holds exactly for single free ABPs by requiring that
(Arpc - ) = vo{Atgc) (see main text and preceding
section). This procedure works equally well for all EC
lengths /gc as demonstrated in Fig. 1 and, thus, does
not single out an optimal EC length. An optimal EC
length could emerge if we also consider higher moments
((Ar-e)™) of the displacement in force direction as a func-
tion of At and require that analytical results for ABPs
also hold for the higher moments if we use Argc for the
displacement and (Atgc) for At.

Simple exact analytical results for these higher mo-
ments for single free ABPs are not available, but approx-
imate results which hold in the short time limit At < 7:

((Ar - e)?) ~ (vgAt)? + 2D AL, (29)
(A7 - e)?) = (voAt)® + 6vg DAL, (30)
(Ar?) =~ (v9At)? + ADAL. (31)

We have calculated the algorithmic counterpart of the
left hand sides of Eqgs. 29-31 in Sec. IC for one ECMC
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FIG. 2. Higher moments of the ECMC move lengths (left-
hand sides of Egs. 29-31) normalized to the n-th power of
the EC length ¢gc as a function of x = BFolrc. The kEC
simulation data (black crosses) agree with analytical calcula-
tions (orange lines). Left and right hand sides of Egs. 29-31
evaluated with At = (Atgc) (blue lines) agree with the or-
ange lines in the limit SFolrc — 0, indicating that the limit
volec/D — 0 reproduces correct physical behaviour on a sin-
gle step level.

move analytically. Figure 2 shows ((Argc - e)?)/l3,
(Argc - €)3) /6 and (Ario)/f3q as a function of the
dimensionless parameter r = SFylrc and demonstrates
perfect agreement between these analytical calculations
(orange lines) and kEC simulation data (black crosses).
Note that all analytical results of Sec. IC only depend
on the parameter x.

It is not obvious whether or not Eqs. 29-31 for higher

moments are valid within the KEC algorithm using the
corresponding mean time per EC step At = (Atgc).
For this reason Fig. 2 also shows the right hand sides
of Egs. 29-31 for At = (Atgc) (blue lines). We ex-
pect the approximations in Egs. 29- 31 to break down for
At = (Atgc) > 7. This is equivalent to = > (37/2)Pe?
for high activity Pe > 1 (and x < 2v/3Pe in the passive
limit Pe < 1), see main text. Numerically, we find the
values of At, at which the approximations in Eqs. 29-31
break down (= relative error of at least 5% to the exact
result), correspond - for all relevant active forces - to val-
ues of x > z. = 10! — 10%. In other words: the origin
of the deviations in Fig. 2 between the blue and orange
lines are not a result of the approximations in Eqgs. 29-31
itself but are solely algorithmic for = < z., i.e., due to a
failure of our choice At = (Atgc) for a timestep.

Figure 2 shows that these algorithmic deviations be-
tween left hand and right hand sides of Eqs. 29-31 (or-
ange and blue lines, respectively) become large for z =
BFylgc > 1 — 10. For an optimal EC lengths fgc, we
would require left hand and right hand sides to exhibit a
common intersection at a corresponding optimal z-value.
Since there are no common intersections, we are unable to
determine a perfect EC length, which would reproduce all
quantities related to the equations of motion correctly on
a single particle level. However, in accordance with the
observations made in the main text, all deviations in Fig.
2 vanish for small © = BFylpc < 1071, This implies that
all of those one-particle single-step quantities are cor-
rectly reproduced in the limit fgc /o = 2/3Pe — 0. More
generally, we will derive that, for a single ABP, the kEC
algorithm converges to the correct one-particle Fokker-
Planck equation in the limit of vanishing EC lengths in
the following section.

B. The one-particle Fokker-Planck equation for the
kEC algorithm converges to the ABP Fokker-Planck
equation for small /rc

The stochastic motion of a single free ABP can be
completely captured by the one-particle Fokker-Planck
equation for the probability density P(r,#,t) to find the
particle at position r with orientation 6 at time ¢,

O:P(r,0,t) ~ —(voe) - V. P(r,0,t) + D, 03 P(r,0,t)
+ DV2P(r,0,t), (32)

In the following we will show that the kKEC algorithm con-
verges to the same one-particle Fokker-Planck equation
in the limit of vanishing EC lengths or small timesteps
At = (Atgc). As a result, all moments ((Ar - e)™) of
the displacement as a function of At are correctly repro-
duced in this limit further generalizing the results of the
previous sections.

Let P(r,6,t) be the probability density to find the par-
ticle at (r,0) at time ¢ and py(r|r’,0|6") the probability
density to transition from 7’ to 7 and from 6’ to 6 within



one step of the kEC algorithm with EC direction egc.
The EC direction is given by the angle ¢ with the unit
propulsion direction vector e. We average P(r,6,t) over
all angles ¢, i.e., over all EC directions in each KEC step
until time ¢. The probability density P(r,0,t + (Atgc))
one KEC timestep later can be related to P(r,0,t) via

P(T, G,t + <AtEc>)
27 oo
-1 d¢>/ d2r’/ d0'pg(r|r’, 010" )P(r',0',1),
21 Jo 1% —
(33)

where we average over all angles ¢ also in the last
kEC step. The average time corresponding to one kEC
step (Atgc); we will see in the course of our deriva-
tion of the Fokker-Planck equation how the algorithmic
timestep (Atgc) has to be chosen to arrive at the ABP
Fokker-Planck equation (32). Analogously to the stan-
dard derivation of Fokker-Planck equations, we can argue
that the transition probability p,(r|r’,8|0") for a single
kEC timestep is peaked around 6§ = 6’ and, typically,
|r — /| ~ ¢gc for one KEC step. We will consider the
limit of small fgc and will neglect variations on scales
|r — /| < ¢gc. Therefore, we can expand P(r/,6' t) in
7’ and 6’ around 7 and 6 to obtain

P(r,0,t + (Atgc))
1 27 e}

~ P(r,0,t) + —/ dqb/ d2r’/ df'pe(r|r',0|0")x
2m 0 \4 —0o0

( Y, P(r,0,t) (r— 1)

2

1

+5 D 00, P(r0,8)(ri — ) (r; = 7)
i,j=1
/ 1 2 N2

— 0P (r,0.4)(0 = 0') + S0P (r,0,)(0 — ) )
= P(r,0,t) — V,.P(r,0,t) - (Argc)

1 1
+ 507 (r,0,1)(Axkc) + 50, P(r,0,)(Aysc)

— 8pP(r, 0, ) (Afgpc) + %3313(7', 0,1)(A02). (34)

For our kEC algorithm the transition probability fac-
torizes, py(r|r’,010") = fo(r|r')g(0]0") because, after
each ECMC move, the angular change Af is drawn from
a Gaussian distribution with zero mean (Afgc) = 0 and
and variance (A6%) = 2D, (Atgc) independently of the
ECMC move vector. Therefore, there are no mixed terms
in the Taylor expansion (34). We can specify the spatial
transition probability as

f¢(r|r,)‘cos $>0 = 5(7’ - (r' + eECeEC)) (35)
for cos ¢ > 0 and
14:%¢]
et eooco = [ dapa(e)

5(r — (' + fgcegc — 2 cos p(Lpc — z)e))
+ 5(1“ — (’l“/ + éEceEc))eiﬁFazEcl cos ¢| (36)

for cos¢ < 0 with pg(x) previously defined in Eq. (3).
Therefore, the transition probability py(r|r’,6]0") for a
single KEC timestep is Gaussian in the angle 6 and
peaked around # = 6’ but, obviously, not Gaussian in
r due to the deterministic nature of EC moves. Nev-
ertheless, also the above results for f,(r|r’) are peaked
around |r — r'| ~ {gc for one KEC step as assumed in
the Taylor expansion in Eq. (34).

The Taylor expansion in @ is justified if (A0%) < 1
or (Atgc) < 1/D, = 7. This is exactly the condition of
smooth rotation discussed in the main text. If this con-
dition is fulfilled we can also neglect higher orders of the
Taylor expansion in 6 because (A0Z%) ~ (D, (Atgc))™.
Typically this is a relatively weak condition requiring
only moderately small EC lengths ¢gc/oc < (7/2)Pe
for high activity Pe > 1. In Eq. (34), we also ne-
glected higher orders of the Taylor expansion in r be-
cause (Arlpa) ~ (e will be justified by the requirement
of small EC lengths.

Further approximating 0;P(r,0,t) =~ (P(r,0,t +
(Atgc)) — P(r,0,t))/(Atgc) and using
1
(Azgc) = (Ayic) = Slic (v < 1). (37)

for the second moments of the ECMC move length (see
Sec. IC), we obtain

(Argc)
<AtEc>
9 (e
+V2P(r,0,t)—ES
0 1) TAtwo)
+ D, 03P(r,0,t). (38)

O P(r,0,t) ~— V,.P(r,0,t)-

At this point, we see that the algorithmic timestep
(Atgc) has to be chosen as

(Argc) = vo(Atgc) (39)

for the convective term to agree with the ABP Fokker-
Planck equation (32). This is exactly our definition of
the mean time (Atgc) from the main text. Finally, if
also the diffusive term is required to agree with the ABP
Fokker-Planck equation (32), we need

tho

At ~ P “0)
This poses a relatively strong condition and is only ful-
filled for z < 1 or small EC lengths {gc/oc < 1/3Pe.
For x > 1, the apparent translational diffusion constant
D' = % /4{Atgc) = D/4f(x) is larger than D because
f(z) is a decreasing function of x. If the condition (40) is
fulfilled, the one-particle Fokker-Planck equation of the
kEC algorithm agrees with the ABP Fokker-Planck equa-
tion, assuring the validity of the KEC algorithm for single

particles.
The strong condition <« 1 can be weakened in prac-
tice because the diffusive term of the Fokker-Planck equa-
tion is only relevant for small time scales. There are three



dynamic regimes for ABPs: (i) on time scales At < D /v3
we find translation diffusion with (Ar?(At)) ~ DAt;
(ii) on intermediate time scales D/v3 < At < 7 be-
low the persistence time, the ABP performs ballistic mo-
tion with (Ar?(At)) ~ v2At?; (iii) on large time scales
At > 7, the motion becomes a persistent random walk
with (Ar?(At)) ~ v3TAt. As a consequence, a vio-
lation of condition (40) will only give rise to a wrong
translational diffusion constant that affects the short-
time translational diffusion regime (i). The apparent
diffusion constant D' = D/4f(x) is larger than D and
resulting in wrong results on time scales below the cor-
responding crossover time scale At < D’/vZ. As long
as this erroneous behavior is limited to length scales
(Ar?(At)) < o2, it will affect only small scale features
of the distribution P(r,#,t) corresponding to variations
below one particle diameter o (or Fourier modes of the
distribution with wave vectors k = 1/0). This corre-
sponds to small time scales At < o/vg, and as long as
o/vo > D' /v, only features of the distribution below the
small scale o are wrong. This condition can be written as
3Pe =wvgo/D > D'/D = 1/4f(x) resulting in the weaker
condition

x < 24Pe/m or lgc/o < 8/m. (41)

In the derivation of the Fokker-Planck equation we ne-
glected variations of the distribution P(r,0,t) on scales
Ar < lgc, which remains consistent with neglecting vari-
ations on scales Ar < ¢ if the condition lgc/o < 8/7
holds. Under this condition, we can also neglect higher
orders of the Taylor expansion in 7 in Eq. (34) because
(Ar"i, EC) ~ (fo < o™, which is also consistent with ne-
glecting variations on scales Ar < o. We conclude that
we can increase {gc/o up to order unity if we are not
interested in features of the distribution P(r,8,t) below
one particle diameter o.

C. Two-body problem

Regarding the two-body problem, Fig. 3 presents a sec-
tion of the heatmap of the absolute value of the rela-
tive deviation per grid element 3 xgc EpBD Of the two-
particle probability density ps(rp,t) between kKEC and
EDBD algorithms for ¢gc = 0.0lc and 75 = 0.01 from
the second configuration in Fig. 4Probability density dis-
tributions po(rp,t) of two hard ABPs using the EDBD
algorithm (see second row, using 7 = 0.01) for two
distinct initial configurations (first row) and absolute
value of the relative error per grid element 2 xgc,EDBD =
|(p2,xEc — P2,EDBD)/P2,EDBD| Of the KEC algorithm. We
choose the coordinate system in a way that the position
of the green particle remains fixed and measure the po-
sition of the blue particle. The results demonstrate the
kEC algorithm’s ability to handle interactions and col-
lisions properly if ¢gc/o — Ofigure.4 (¢ = 0.057). One
may notice the relative errors of the grid elements in close
proximity to the coordinate-fixed particle are seemingly

02 KEC,EDBD

=0.0lc

lrc

FIG. 3. A cutout section from the heatmap of the abso-
lute value of the relative error per grid element 02 kpc,EDBD
of the two-particle probability density pa(7,t) between KEC
and EDBD algorithms using ¢gc = 0.0l for the second ini-
tial configuration in Fig. 4Probability density distributions
p2(rp,t) of two hard ABPs using the EDBD algorithm (see
second row, using 7 = 0.01) for two distinct initial config-
urations (first row) and absolute value of the relative error
per grid element 62 xec,EpBD = |(P2,kEC — P2,EDBD)/P2,EDBD|
of the kKEC algorithm. We choose the coordinate system in a
way that the position of the green particle remains fixed and
measure the position of the blue particle. The results demon-
strate the KEC algorithm’s ability to handle interactions and
collisions properly if ¢gc/oc — Ofigure.4 (¢ = 0.057). Even
though the deviations are in general relatively small, it is no-
table that the error per grid element seems to increase if both
particles are close to each other.

higher than the ones further away. Assuming the EDBD
algorithm to be correct, this may suggest that the kEC
algorithm is not able to handle interactions between two
particles completely correctly.

This objection, or at least its relevance, can be dis-
missed: Similar to the role of the displacement length
for the KEC algorithm, the EDBD algorithm depends on
a parameter 7 (for further information on this subject
see Ref. [1]), whose choice influences the accuracy of the
algorithm and is only exact in the limit of 75 — 0. As
mentioned before, we cannot prove our algorithm to be
exact, but presumably decreasing both {gc and 75 even
further will lead to the deviations in proximity to the
coordinate-fixed particle to shrink. If this is true, we can
(in theory) tune both the deviations themselves as well
as the length scales, on which they are relevant, at will.
In practice this is of course limited to a certain degree
since the required wall time increases, if the displacement
length is reduced.



III. DETAILS ON THE TIME DISTRIBUTION
IN MANY-BODY SIMULATIONS

FIG. 4. Exemplary snapshots of the two systems, which were
analyzed to gain insight about the behaviour of the time dis-
tribution. The system on the left with Pe = 10, = 0.20, N =
5000 is dilute and MIPS does not occcur. The system on the
right with Pe = 20,7 = 0.40, N = 5000 is dense and exhibits
MIPS. We note that system sizes are different for both system
(but shown scaled to the same size), accordingly the spheres
in the dense system on the right appear larger.

As previously stated every particle has its own indi-
vidual simulation time ¢. This may cause problems -
especially in a many-body simulation - because we would
naively require that for all particles the exact same time
has passed in order to maintain the correct propulsion di-
rections (which are undergoing rotational diffusion with a
persistence time 7), which is a necessary condition to also
preserve the order and causality of collisions (or interac-
tions in general). However, in statistical physics, where
we are interested in statistical averages and, typically,
also averages over all particles (for densities of extensive
observables), this is not necessary, and it appears to be
sufficient if fluctuations in time do not cause uncontrol-
lable statistical fluctuations of observables. There are
three types of averages that we have to consider in any
MC or molecular dynamics simulation: (1) Statistical av-
erages (O(At)) of a quantity O(At) depending on a time
difference At can be obtained by taking averages over
many samples of the system, each after the specified time
difference At. (2) Averages (O) of a time-independent
quantity O can also be calculated as time averages over
long time scales. (3) If O = N=!1 3", O; is the density of
an extensive quantity, we can average over all particles,
in addition to sample averaging (1) or time averaging (2).
We have to check for all three types of averages how they
are affected by particles having slightly different, individ-
ual times in the kKEC simulation technique. In particular,
the approach (2) to take time averages has to be applied
with care.

To control the errors of any sample, time, or parti-
cle average, we have to investigate the time distribution
of particles for different EC lengths, timescales, system
sizes, and different phases of the system such as the dense
MIPS phase or a dilute phase. We focus on two systems
of N = 5000 particles in different parameter regimes: (i)
a dilute system (Pe = 10,7 = 0.20), where MIPS does
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FIG. 5. Snapshot of the two systems mentioned in Fig. 4
(upper: Pe = 10,7 = 0.20, N = 5000, lower: Pe = 20,7 =
0.40, N = 5000) color-coded with respect to the individual
particle times At at pua: = 1007 using fgc = 1.000. Re-
gardless of the presence of MIPS no spatial difference in the
individual particle times can be observed, implying the same
time passes in each phase.

not occur, and (ii) a dense system (Pe = 20,1 = 0.40),
where MIPS does occur. Exemplary snapshots can be
found in Fig. 4.

First of all, we want to investigate the distribution of
passed times At of the particles in the dense system snap-
shot just mentioned. In Fig. 5 one can find the particles
color-coded with respect to their individual time. It is
worth noting in the case MIPS occurs one cannot find a
systematic difference between the individual times of the
particles in the dilute phase and the dense one. This is
significant, as it proves the same time passes in the entire
system regardless of the local density.

In Fig. 6, we show the distributions p(At) of parti-
cle times At on short timescales (mean time per par-
ticle par = 0.17): regardless of whether MIPS occurs
the time distributions that are measured using large EC
lengths are rather wide and everything but sharp. Ad-
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FIG. 6. Time distribution p(At) depending on the EC length
for the dilute system without MIPS on the left and the dense
system that exhibits MIPS on the right. We focus on short
timescales as the mean time passed per particle is ua: = 0.17.
For decreasing ¢rc the time distribution function p(At) be-
comes a sharp bell-like function. Therefore the kEC algorithm
can be set up in a way that for every particle almost the same
time has passed.

ditionally one can observe multiple equidistant maxima,
separated by the mean time per EC step (Atgc). These
maxima appear particularly in the dilute phase, if no
collisions and subsequent lifting moves take place dur-
ing one EC move, which results in the total time (Atgc)
being assigned to each single particle move according to
Eq. (6equation.2.6). Reducing the EC length leads to an
increase in the number of maxima. The reason for this
is related to the non-linear relationship between (Atgc)
and the EC length. By decreasing /gpc the mean time
per EC step also gets smaller and therefore the num-
ber of EC steps per time interval increases. This im-
plies that each particle is at least on average more often
the starting point of a new EC step and due to the in-
crease of the total displacement length more lifting moves
take place. Consequently both the relative and abso-
lute height of each peak shrinks. Because collisions (and
therefore lifting moves) are in general way more frequent
in a dense system, smooth shapes of the time distribution
are reached for larger EC lengths as it is less probable to
assign (Atgc) to a single particle. Finally, reducing the
EC length even further leads to bell-shaped time distri-
butions, centered around the mean time per particle pag,
whose standard deviation oa; appears to follow a power
law ot o< G with an exponent o > 0. The shape of
these distributions is in some way to be expected, as we
anticipate the total displacement length of each parti-
cle and therefore also the individual time to be approx-

FIG. 7. Time distribution p(At) for the dilute system without
MIPS on the left and the dense system that exhibits MIPS
on the right. We focus on medium (mean time passed per
particles is pa: = 0.57) and long (ua¢: = 507) timescales. For
increasing pa¢ the time distribution function p(At) becomes
a bell-like function, whose relative standard deviation ca: =
oat/ua steadily decreases. The apparent convergence of the
relative values of the individual particle times in the limit
uatr — o< is key to satisfy the requirement that for all particles
the same time must have passed.

imately the same if the total number of EC steps and
therefore the total displacement length is large.

Concerning medium (pa; = 0.57) and long (ua; =
507) timescales (see Fig. 7), we notice - regardless of
the particle density - the relative and absolute values of
the equidistant peaks separated by the mean time per
EC step (Atgc) to decrease steadily by increasing the
mean time per particle puas. This appears to be a rather
fast process, as the maxima are barely visible already at
puar = 0.57. Additionally and similar to reducing the EC
length /g, a growing mean time per particle leads to the
time distribution to become bell-shaped. Furthermore
the relative standard deviation oa;/ua¢ that corresponds
to the visible width in the plots in Fig. 7, decreases as
a power law oat/par X ,ugi/z as ua¢ increases, imply-
ing the individual times of the particles are converging
relatively.

Based on these observations, we investigate the re-
lationship between the mean time per particle and the
standard deviation of the time distribution and the in-
fluence of both the number of particles N as well as the
EC length for the dense system Pe = 20 and n = 0.40.
Fig. 8 reveals the standard deviation oa; of the time dis-
tribution to be proportional to the square root of the
mean time per particle, oa; ulA/f. Additionally one
may notice oy to initially increase with IV, reach an EC
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FIG. 8. Relationship between the mean time per particle and
the standard deviation of the time distribution for different
system sizes and displacement lengths ¢gc (Pe = 20 and n =
0.40).

length dependent peak (Npeak = 2500 for ¢gc = 1.000,
Npeax = 1000 for lgc = 0.100 and Npeax = 100 for
lrc = 0.010) and afterwards to drop slightly, settle and
thus become independent of N. We find

oar = a(N)geud! (42)

with a only weakly depending on NV and the exponent of
lgc ranging from « =~ 0.46 for N = 10 to a ~ 0.56 for
N = 40000.

As mentioned before we require the individual parti-
cle times to roughly coincide, which can be quantified
by the loosely defined criterion oay < 7, which assures
that particles remain within one persistence time, i.e.,
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the propulsion directions will not be affected by the time
spread. For fgc = 0.010, the standard deviation satis-
fies oar =~ 0.17 at puar = 1007 and clearly fulfills this
criterion. This implies further that we can simulate the
system for several thousand persistence times using the
kEC algorithm with fgc = 0.01c without ever violating
the criterion.

The result (42) enables us to discuss the three types
of statistical averages mentioned in the beginning of the
section systematically: First, we notice that a width
oat of the time distribution also implies measurement
errors of an observable AO(At) ~ oa; after a time
At. (1) Averages over N samples of a time-dependent
quantity (O(At)) = N1 Zil O;(At) are based on
the fact that the mean over Ny samples has an error
oo = Ns 2A0(At) ~ Ny Y?0a;, which can be
controlled by the sample number as long as samples are
statistically independent. The result of the additional
time distribution of particles in the kEC simulation is
simply that we have to average over more samples Ny
for larger At to reduce the error of the mean. (2) Time
averages over N; times of a time-independent quantity
(0) = Nt Zg;l O(ndt) in intervals ot that should be
larger than one autocorrelation time of the system have
to be treated with more care because errors o5 o n'/2

grow in time according to Eq. (42). Therefore, the er-

ror ooan) = (N 2 Zg;l 025.)1/2 oc N of such a time

. . —1/2
average is no longer reducing o« N, as usual, but ac-
tually saturating to an N;-independent value. (3) Av-
erages O(At) = N~13Y°. 0;(At) over all particles will
still be effective and reducing the error of the average
To(At) X N~1/2 because AO(At) ~ oa; is essentially
N-independent according to Eq. (42).

Taking all of these information into account, our al-
gorithm appears to be suitable to deal with many-body
simulations. One can simply decrease the displacement
length /gc to align the individual particle times, both
their relative and also absolute values. This allow us
to satisfy the condition oa¢ < 7 for very long simula-
tion times. Typically, we only need simulation times
of 20 — 50 persistence times to reach stationary states
(in case of N = 5000) and observe phenomena such as
MIPS. Therefore we can set up the kEC algorithm in a
way that for every particle (almost) the exact same time
passes. This is true regardless of the presence of MIPS.
Moreover, averaging over many samples or over particles
are still effective ways to reduce errors of mean values.
Only time averages have to be treated with care as errors
of mean values saturate (with respect to the number of
samples). Errors of all averages, including time averages,
can be controlled by shrinking ¢gc. To avoid confusion,
it should be emphasized that statistical averages - solely
taking the time distribution into account - can only con-
verge to correct values in the limit fgc — 0. For large
displacement lengths some of the mean values are con-
verging, but to values related to distorted dynamics.



IV. DERIVATION OF THE N-BODY
FOKKER-PLANCK EQUATION IN THE DILUTE
LIMIT

In order to prove our kKEC algorithm also to be exact for
general N-body problem there are two problems, which
one needs to overcome: (1) different individual times as
a consequence of the time distribution and (2) complex
algorithmic dynamics due to lifting moves. While we are
currently not able to handle the second problem, one can
ignore this issue in the dilute limit n — 0. Admittedly,
the system does not exhibit interesting physical phenom-
ena such as MIPS in a pure dilute state. Nevertheless, we
still want to explore this limit, because one may argue, if
our algorithm is correct for the dilute N-body system it
does not become discontinuously incorrect, if the packing
fraction is increased to finite values.

Before dealing with the N-body Fokker-Planck equa-
tion itself, we need to make sure the exact same time
passes for every particle. Let us say, we want our sys-
tem to evolve for the time interval At (At/7 < 1). For
a given EC length, we would require m EC steps for a
single particle to satisfy

At = m<AtEc> (43)

and therefore N - m steps so that for each particle the
time evolves on average by At. After N - m steps, the
time distribution of the entire system - as demonstrated
in the previous section - would be a Gaussian. We expect
the standard deviation of the time distribution to shrink
if one reduces the EC length, similar to the configura-
tion we discussed in Sec. III. In other words: fgc — 0
automatically leads to ooy — 0. However, a Gaussian
distribution with vanishing standard deviation is a §-
distribution

lim Gaussian(pat, oat) = 0(t — piat). (44)

O'At—)o

This way, we can make sure that all individual particle
times are exactly the same.

Let P(ry,....,vN,01,...,0N,t1,...,tn) be the probability
density of the dilute (non-interacting) N-body system. In
the limit fgc — 0 all individual times are the same and
t; = t holds. To find the N-body Fokker-Planck equation
we need to find an expression for P({r;},{0;},t + At) =
P(ry,...,rN,01,....,0n,t+ At). In Sec. II B we found

P(r,0,t + (Atgc))
~ P(r,0,t) — vo(Atgc)e(0)V,.P(r,6,t)
+ D (Atgc)0; P(r,0,t) + D{(Atgc)VEP(r,0,t). (45)

We can use this formula iteratively and ignore all terms
smaller than O({Atgc)), which leads to

P(r,0,t + m(Atgc))
~ P(r,0,t) —vom(Atgc)e(0)V,.P(r,0,t)

+ Dym(Atgc)03 P(r,0,t) + Dm(Atgc)VZP(r,0,t).
(46)
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In the dilute (non-interacting) limit all coordinates are
completely independent of each other. This allows us
to employ the same procedure, we just used for a single
ABP, to obtain

P({ri},{0:},t + At) = P({ri}, {0:}, ¢ + m(tuc))
~ P({ri},{0:},1)
N

+ m<tEc> Z ( — Uoﬂ'eivn -+ Drﬁgi + DV’?%)

i=1

P({ri}, {6:},1). (47)

This can easily be transformed to
atP({ri}7 {91}7 t)

N
~ 3 (- voiei Ve, + Du05, + DV ) P({ri}, {6:}, 1),
i=1
(48)

which we identify as the correct N-body Fokker-Planck
equation of non-interacting ABPs.

V. DETAILS OF THE KEC SIMULATIONS FOR
THE PHASE DIAGRAM OF HARD DISKS

To construct the large phase diagram in Fig. 6Left:
Phase diagram of active hard disks (kEC: N = 19500 and
area A changing according to the packing fraction n) from
kEC simulations using /gc = 1.000. The kEC results for
the binodal in general agree with EDBD simulation re-
sults (N = 2000 — 4000) of Levis et al. [1] except for
some deviations around the critical point. Right: Phase
diagram of active hard disks (kEC: N = 5000) using
different values for the EC length. In agreement with
the previous observations, reducing fgc leads to better
results, especially around the critical point. The remain-
ing deviations are most likely an artifact of different sys-
tem sizes and ways of calculating the binodalfigure.6 in
the main text, we simulate N = 19500 particles using
¢gc = 1.000 in a square box with area A = L? and peri-
odic boundary conditions. We change the global packing
fraction n = Nm(0/2)?/A by changing the system size
L at a fixed particle number. Depending on the Péclet
number Pe = vy/(cD,) = L,/o and the global packing
density, the phase behavior is classified and the binodal
is determined.

A. Calculating the distribution of the local packing
fraction

The investigation of the MIPS phase and its stability is
performed via calculating the probability density distri-
bution p(niocal) of the local packing fraction, see Fig. 9.
In order to calculate this quantity, we first divide the sim-
ulation volume into multiple subvolumes, each of which
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FIG. 9. (a) Snapshot of a system exhibiting MIPS at Pe = 30
and n = 0.60 (N = 19500, ¢ec = 1.000). (b) Corresponding
histogram of local packing fractions 7iocal using cells of area
Ah ~ (70’)2.

has the area Aj, ~ (70)%. We calculate the local den-
sity in each of those subvolumes and (by averaging over
many snapshots) use this data to construct the proba-
bility density distribution p(nica1) of the local packing
fraction.

B. Determination of binodal and spinodal lines

To determine the binodal line, we calculate the prob-
ability density distribution p(mieca1) of the local packing
fraction. If MIPS occurs, p(niocal) exhibits two distinct
maxima corresponding to the dilute and dense phase (see
Fig. 9). The binodal lines indicate the coexisting densi-
ties and are determined by averaging the coexisting den-
sities (the positions of the two maxima of p(Meca1)) for
different global packing fractions at the same Péclet num-
ber.
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FIG. 10. Results of additional simulations with phase-
separated initial state in the phase region enclosed by the red
rectangle. The red circles are simulations with final states
that show MIPS as indicated for some examples in the insets.
This confirms that the boundary between blue and orange
points represents a spinodal line.

Orange points in Fig. 6Left: Phase diagram of active
hard disks (kEC: N = 19500 and area A changing accord-
ing to the packing fraction n) from kEC simulations using
lgc = 1.000. The kEC results for the binodal in general
agree with EDBD simulation results (N = 2000 — 4000)
of Levis et al. [1] except for some deviations around
the critical point. Right: Phase diagram of active hard
disks (kEC: N = 5000) using different values for the EC
length. In agreement with the previous observations, re-
ducing /g leads to better results, especially around the
critical point. The remaining deviations are most likely
an artifact of different system sizes and ways of calculat-
ing the binodalfigure.6 of the main text, which lie within
the region spanned by the binodal line, correspond to
global packing fractions, where the homogeneous initial
state is only metastable. They should become unstable
to MIPS by strong perturbations, such as strong density



fluctuations. To check this, some systems are simulated
with 7 < 0.32, similar to Ref. [1], with an already phase-
separated initial state, which we prepared by placing a
dense and approximately square-shaped particle cluster
in the center of the system. In addition, all initial driving
forces are aligned in the direction of the system center.
The results are shown in Fig. 10, where red circles rep-
resent systems with phase-separated final states (see in-
sets). We find that the phase-separated state is globally
stable, while the homogeneous state is only metastable,
for most of the orange points, which lie between the co-
existence lines. Small deviations, especially near the bin-
odal, are due to finite-size effects cf. to a free energy
barrier of homogeneous nucleation.

The method to calculate the binodal lines, which was
previously explained, does not work close to the criti-
cal point. This is because in proximity of (crit, Peerit)
one cannot determine the peaks related to the dilute and
dense phase, as they are barely set apart from the rest of
the distribution and become virtually indistinguishable
from small fluctuations of p(Mocar). Of course one can
deal with these problems by increasing the sample and
system size, which would lead to an increase of the overall
computational effort.

VI. HANDLING OF NON-PERIODIC
BOUNDARY CONDITIONS AND EXTERNAL
POTENTIALS

Throughout this work we have focused on periodic
boundary conditions, however certain problems require
non-periodicity via soft or hard walls. Since soft walls
can be viewed as short-ranged external potentials and
hard walls are the infinitely steep limit of the former,
we will briefly address how to incorporate external one-
particle potentials into our algorithm.

Before dealing with the kEC algorithm, we should take
a closer look at the dynamics of the new setup. In the
presence of an external potential the equation of motion
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for an isolated particle takes the form

. 1

7(t) = voe(t) + €(1) — Fex(r), (49)
which leads - in the limit of small timesteps - to the mean
displacement

(Ar) ~ (voe — %Fext('r))At
= (voe - vexteext>At. (50)

As mentioned in the beginning, a rejection caused by
an external potential leads to a reflection of the displace-
ment direction at the potentials equipotential surface.
There are two possibilities of adjusting the mean time
per EC move for an active particle: One could either cal-
culate the mean move vector (Argc) during one ECMC
step for an algorithm that handles the active force and ex-
ternal potential separately, or we consider an algorithm
that combines both active and external force into one
potential. The first option keeps up the idea that each
interaction can be handled entirely independently in the
ECMC algorithm through factorization of the Metropo-
lis filter, but it is also way more complicated to calculate
(Argc) for such a factorized version of the algorithm.
Therefore, we strongly suggest to use the second option.
As the previous analysis proved, the dynamics of a sin-
gle free ABP is correct in the limit ¢gc/o — 0. As we
expect the same to be true in the presence of an exter-
nal potential, we can approximate any potential during
a single EC step as a linear potential (this is the same
idea as the assumption of small timesteps in Eq. (50)).
This allows us to calculate (rgc) analogously to Sec. IB
using the combined total force Fiot = |Fpe — Foxt€oxt| in-
stead of Fy and eyor = Fiot/Fior instead of e. In case of
short-ranged potentials and/or nonlinear potentials this
procedure causes the mean time per EC step to depend
on the position of the particle (Atgc(r)). This may raise
the concern, that the individual particle times may vary
greatly. However, because of the shape of the time func-
tion f(z) we expect the particle times to coincide at least
in the limit z — 0 and therefore the limit of vanishing
EC lengths.

[1] D. Levis, J. Codina, and I. Pagonabarraga, Active Brown-
ian equation of state: Metastability and phase coexistence,
Soft Matter 13, 8113 (2017).



