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1 Abstract

In this thesis we investigate the transverse field Ising model (TFIM) by continuous uni-
tary transformations (CUT). First we will introduce a spin string algebra as operator
basis and show that we are able to reach very high orders with directly evaluated en-
hanced perturbative CUTs (deepCUT). A general expression for the flow equation up to
infinite order will be derived. Next static properties will be investigated including the
ground state energy per site, the energy dispersion, and the transverse magnetization.
Then we consider dynamical properties, namely the spin dynamical structure factor
(DSF). We will use the effective models and observables derived by the CUT method in
combination with the Lanczos algorithm and a continued fraction representation of the
Green function to calculate one-, two- and three-particle contributions to the DSF. To
our knowledge the three particle contributions in the TFIM have not been computed in

the literature before.



2 Introduction

Since the discovery of high-temperature superconductivity (HTS) in 1986 |1] in doped
cuprates, research on low dimensional spin system has become one of the most impor-
tant fields of many body physics [2,3]. In contrast to conventional superconductors,
high-temperature superconductors have transition temperatures above 30 K up to 138
K or even higher under pressure [4].

Many applications have been developed for superconductors including superconducting
coils in magnetic resonance imaging or very sensitive magnetometers called SQUIDs
(superconducting quantum interference device) [5]. This shows that the interest in su-
perconductors is not only motivated by scientific curiosity but also by technological
relevance.

While conventional superconductors are well explained by the BCS-theory [6], proposed
by John Bardeen, Leon Cooper and John Schrieffer in 1957, high-temperature super-
conductors can not be described by phononic interactions leading to the formation of
cooper pairs. The effect leading to superconductivity in these materials is still being
investigated and is one of the major open questions in condensed matter physics [2].
Most of these unconventional superconductors display a magnetically ordered phase
without doping [7,8], which means that the magnetic interactions dominate the elec-
tronic and thermodynamic properties. Doping these materials with charge carriers leads
to the superconducting phase, which suggests that the magnetic interactions play an
important role in the dynamics of additional electrons and holes, respectively. A typical
phase diagram for a high-T, superconductor is depicted in Fig. 2.1]

It has been suggested that the magnetic interactions between the electrons could lead to
a similar Cooper pairing effect like in conventional superconductors [9]. Hence a funda-
mental understanding of antiferromagnetic (and ferromagnetic) effects is important in

order to describe the underlying physics.
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Figure 2.1: Phase diagram for a generic high-temperature superconductor of the cuprate family.
T denotes the temperature and § the degree of doping.

2.1 Low dimensional spin systems

Since cuprate high-temperature superconductors consist of layers of copper oxid sepa-
rated by layers of other atoms, the physics of the magnetic excitations is mainly two-
dimensional. This justifies low dimensional microscopic models which describe the dy-
namics of these materials. Additional effects such as intra-layer couplings, impurities
or anisotropies are often considered of minor importance and are left out in theoretical
calculations.

A famous model to describe low dimensional spin systems is the generalized Heisenberg

model ,
H=-> Y "Jysesi+Y B-§ (2.1.1)

hj op

where 7, j are the lattice sites and «, 5 € {z,y, 2z} denote the spin vector components.
The spin-spin interaction is given by Jgﬁ and can also contain non-diagonal elements,
i.e. @ # (B, while B denotes an external magnetic field in suitable units, which couples
to all spins on the lattice.

For a low spin, i.e. S = 1/2, on a low dimensional lattice, quantum effects play a major
role and can result in complex correlations. Hence methods neglecting these features,
such as mean-field calculations, can miss a large amount of the physics in the system.
For a general lattice, coupling and external field, the Heisenberg model is usually hard
to solve. For certain cases however, analytical results are available and provide a solid
test ground with a variety of features to establish new methods and ideas. One of these
cases is the transverse field Ising model (TFIM) [11], which can be obtained from the
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generalized Heisenberg model by choosing

T = J6i140apba, (2.1.2a)
B=re, (2.1.2b)

on a one-dimensonal lattice. This leads to the Hamiltonian
Hypoy =T 87 —J> S7Sh,. (2.1.3)

The TFIM has been studied intensively in many aspects of condensed matter physics [12].
There are also experimental setups and materials which partly realize the physics of the
TFIM [13,14].

2.2 Quantum critical point

The TFIM shows a quantum critical point (QCP). A QCP is a phase transition from
an ordered state into a disordered state purely driven by physical parameters at zero
temperature 7' = 0. In contrast to conventional phase transitions, where the occurence
of thermal fluctuations lead to a fundamental change in the physics of the system, a
quantum phase transition is initiated by quantum fluctuations. This makes them an
interesting subject of modern condensed matter research.

In general a QCP can continue into the finite temperature range, connecting to a ther-
mal phase transition. This is, however, not the case for the TFIM, as we will see in the
following chapter.

As mentioned before the two phases separated by the QCP usually differ in an order pa-
rameter, which is non-zero in the ordered phase, while it is zero in the disordered phase.
This is connected to the occurrence of off-diagonal long range order (ODLRO) [15], which
implies that correlations are maintained even over a macroscopic number of lattice sites
(known as the divergence of the correlation length).

The system lacks an internal length scale at the critical point, because the correlation
length diverges. Here the energy gap for the elementary excitations closes and therefore
they can be created with infinitesimal energy cost. For this case Sachdev developed
a field theoretical approach to describe the dynamics and correlations even at finite
temperature [16], similar to the Landau-Ginzburg-Wilson approach to classical phase
transitions [17].

The description of dynamical correlation functions in these critical systems is an im-
portant task to explain experimental results, such as inelastic neutron scattering rates.
In particularly the so called dynamical structure factor is specific to the system under
investigation and therefore of significant importance in theoretical physics [18].
However, despite the fact that the TFIM is integrable, the calculation of dynamical

correlations remains a difficult task. Especially the calculation of longitudinal structure
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factors has been impossible for a long time. These are structure factors perpendicular to
the transverse field. In 2006, over 40 years after the introduction of the TFIM, Hamer et
al. used series expansion techniques to propose an exact expression for the one particle
contributions of the longitudinal dynamical structure factor at zero temperature [19].
One aim of this thesis is to verify the results of Hamer et al by using the technique of

continuous unitary transformations, which will be described in the following.

2.3 Continuous unitary transformations

Unitary transformations are an important tool to obtain physical information on a sys-
tem, because they do not change the eigenvalues of the Hamiltonian. Therefore many
properties, such as ground state energy or dispersion, can be obtained by applying an
appropiate unitary transformation. Examples include the famous Bogoliubov transfor-
mation in the BCS-theory or the Frohlich transformation [20] in electron phonon systems.
Often unitary transformations are applied one after another to diagonalize the Hamil-
tonian or to map the system onto an effective Hamiltonian with a smaller number of
degrees of freedom. This is also the basic idea of continuous unitary transformations
(CUT). Instead of applying a series of discrete transformations (or a single transforma-
tion) the transformation is performed in a continuous way. This transformation maps
the Hamiltonian onto an effective Hamiltonian, which still describes all the physics but
in an basis that is more suitable for evaluation.

The idea of CUT was first introduced by Wegner [21] and independently by Gtlazek and
Wilson [22,23]. Since then many different CUT variations have been developed and
applied to manifold physical systems. Examples include the dimerized and frustrated
S = 1/2 chain [24], spin ladder systems [25][26], the systematic mapping of the Hub-
bard model to the ¢-J model [27], the Kitaev honeycomb model [28] and the toric code
model in a parallel magnetic field [29]. Recently another CUT approach [30] has been
developed based on contributions from finite graphs (gCUT) and was also tested on the
TFIM.

In this thesis we will use the CUT method to derive effective models and observables
from the TFIM to calculate ground state properties as well as dynamical properties at

zero temperature.
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3 The transverse field Ising model

The transverse field Ising model (TFIM) was first introduced by de Gennes in 1963 [11] as
a pseudo spin model to describe the tunneling of protons in ferroelectric crystalls. Since
then the model has become a famous example for studying low dimensional strongly in-
teracting systems. It was applyied to multiple condensed matter systems. An overview
is given in Ref. [12].

The TFIM describes a chain of spins with S = 1/2, interacting through a ferromagnetic
exchange J along the x axis. A magnetic field is applied perpendicularly to the ferro-
magnatic interaction along the z axis.

Note that the ferromagnetic exchange can be replaced by an antiferromagnetic exchange
J — —J without significant influence. This coincides with a 7 rotation around S} for
every second site ¢. The main difference is the location of the energy gap, which is
erit = 0 for the ferromagnetic case and gejy = 7 for the antiferromagnetic case. In the
following chapter we will consider the ferromagnetic case, while our results are computed
for the antiferromagnetic case.

In the following we will consider a chain of infinite size, therefore we do not consider

boundary effects nor boundary conditions. This implies the Hamiltonian

Hyppa =T S —J> SISt (3.0.1a)
I >0, (3.0.1b)

where the sum 7 runs over all lattice sites. Note that we normalized the distance between
two sites to one. In the following we will also use the Pauli matrices which are just

multiples of the S operators,
0% =25% aec{xy,z}. (3.0.2)

Note that we have chosen h = 1 in all following chapters.

The model was solved exactly by Pfeuty in 1970 [31] based on the works of Lieb et al. [32]
and Niemeijer [33]. We will examine this exact solution in section [3.2] First we want
to establish a fundamental understanding of the TFIM by introducing a quasi-particle
picture and we will study two simple limits of the physical parameters. Later in this
chapter we will investigate the zero temperature characteristics. A detailed discussion

of the quantum critical point will follow.
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Note that the TFIM shows a discrete Z, symmetry

§¢ - —G* (3.0.3a)
H—H (3.0.3b)

on the level of the Hamiltonian. We will see later that this symmetry will spontaneously

be broken in the ordered phase.

3.1 Qualitative understanding using quasi-particle

picture

To obtain a fundamental understanding of the physics of the TFIM, we will consider
two simple limits, namely the strong field limit and the zero field limit. The first one
will also be our starting point for a perturbative description by means of CUT.

In the strong field limit, the external field is of much greater magnitude than the internal

ferromagnetic interaction
I'>J (3.1.4)

We can therefore set J = 0. Then the Hamiltonian is blockdiagonal in every spin
subspace and the local Hilbert spaces for every site ¢ decouple. The system describes
free spins with a magnetic field along the z axis, therefore the ground state becomes the

fully polarized state

l9) =1 Limadidjpn o) (3.1.5)

This is depicted in Fig. [3.1]

Figure 3.1: In the limit J = 0 the fully polarized state becomes the ground state of the TFIM.

Note that in this limit the Z5 symmetry is also provided by the ground state, because
M, = {glo"|g) =0 = —M, =0 =M, (3.1.6)

holds.

In this limit an elementary excitation is given by a single spin flip in the system, as
depicted in Fig. 3.2
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T

Figure 3.2: Elementary excitation of the TFIM in the strong field limit.

Under the influence of a finite but small J the excitations hop from site to site and show
an energy dispersion, which depends on the total momentum g¢.

Note that on a single site only one excitation can exist, which is similar to the Pauli
principle in fermionic systems. On the other hand the wave function of a multi-particle
state is symmetric under particle exchange, which is a bosonic property. Therefore the
elementary excitations are called hard-core bosons.

The complementary limit is the zero field or strong interaction limit, which means
that the internal ferromagnetic exchange is of much larger magnitude than the external
field,

I'< J (3.1.7)

We can therefore set I' = 0, i.e. the external field is deactivated. In this limit the model
is reduced to the classical one-dimensional Ising model [34]. At zero temperature the

ground state is twofold degenerate. A graphical representation of the two ground states

is depicted in Fig.

» —Pp —p —P Jnd E €t— €¢— <

Figure 3.3: The two ground states of the TFIM in the strong interaction limit.

Note that these states break the Z5 symmetry due to
M, = (glo"|g) = —M, #0. (3.18)

In contrast to the strong field limit, the elementary excitations are domain walls between
the two ground states. These excitations are extremely non-local in the spin picture,
i.e. a single domain wall is represented by an infinite number of spin flips. A graphical
illustration is shown in Fig. [3.4]

> > > <€ <€ <€ <€

Figure 3.4: Domain walls are the elementary excitations of the TFIM in the strong interaction
limit.

We will refer to the phase, where M, # 0, as the ferromagnetically ordered phase.
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3.2 Exact solution of the transverse field Ising model

In this section we will discuss the exact solution of the TFIM calculated by Pfeuty
in 1970 [31]. Starting point is the Hamiltonian in Eq. (3.0.1a). Expressing the spin
operators by St and S~ yields

1\ J
H = FZ (Sjsj— - 5) — 2 (/S the )+ (S Sk +hoe ). (3.29)
J

j
Next a Jordan Wigner transformation [35]
S; = exp (—m Z CL%) ;S = exp (m' Z chk) c} (3.2.10a)
k<j k<j

is applied, which maps the Hamiltonian onto a system of free fermions,

1 J
H = FZ (c;r-cj - 5) - ZZ (c}cj+1 +h. c ) + (c}c;ﬁrl +h c ) . (3.2.11)

Note that the Jordan Wigner transformation is highly non-local. Therefore the evalua-
tion of correlation functions is rather complicated, especially in the longitudinal case.
Next a Fourier transformation followed by a Bogoliubov transformation [36] is applied

to diagonalize the remaining Hamiltonian, resulting in the expression
T F
H=T) Amjn,— 5> A (3.2.12)
q q

with the energy dispersion A, given by

2
A, = \/1 + Ea— cos(q). (3.2.13)

Note that ¢ denotes the wave vector in the Brillouin zone. With the help of the dispersion

we can also obtain the energy gap A as a function of J,

J
A=T|1—-—|. 2.14
- (32.14)

The gap is located at g, = 0 in the Brillouin zone for a ferromagnetic exchange J.

The ground state energy per site is given by the expression
E r o Il
= 5 /Aqdq. (3.2.15)
T

This function is non-analytic for J = 2I".
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3.3 Zero temperature characteristics

The ground state energy per site in Eq. (3.2.15) is shown in Fig. 3.5

A
05 |
0.6 |

0]

08 |

0.9 |

_1:

_1.1-....I....I....I....I....I....I....I....
0 0.5 1 1.5 2 2.5 3 3.9 4

Figure 3.5: Ground state energy per site of the TFIM as function of J. The gray shaded region
shows the ferromagnetically ordered phase while the black dashed line indicates the
value of the groundstate energy at the phase transition, see section

The energy dispersion of the elementary excitations for various values of J is depicted
in Fig. 3.6 The dispersion is flat in the case J = 0 and begins to disperse with rising
parameter.

Note that the energy gap closes for the parameter J = 2I'. For higher parameters the
gap opens again and is only zero at a single point as a function of J. Note that the
ground state energy is also non-analytic for J = 2I'. This is hard to grasp by looking

only at Fig. 3.5
Another interesting property is the magnetization along the transverse field,

M, = (g|o|g). (3.3.16)

This property has also been worked out by Pfeuty

™

\ :l/l%—%cos(q)
4 Aq

d 3.3.17
- q, ( )

0

and is shown in Fig. 3.7
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Figure 3.6: Energy dispersion of the elementary excitatons of the TFIM for various values of
J as function of wave vector q. Note that the dispersion is symmetric in the region
q < 0, which is not shown here.

Figure 3.7: Transverse magnetization M, as a function of J in the TFIM. The gray shaded
region shows the ferromagnetically ordered phase while the black dashed line indi-
cates the value of the transverse magnetization at the phase transition, see section

B4
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For J = 0, all spins are aligned along the external field and the transverse magnetization
is at its maximum. With rising parameter J, the interaction disturbs the effect of the
external field and the magnetization begins to decrease. Note that the point J = 2T’
is clearly non-analytical, which can be extracted from the exact formula in Eq.

and also from the graph of the function.

3.4 Quantum critical point

As mentioned earlier, the energy gap of the system closes for J = 2I". This is one of the
key indications for a fundamental change in the underlying physics of the system. The
two limiting cases we have seen before differ strongly in their ground state symmetries
and a phase transition must occur between these two phases.

Another important feature is the existence of an order parameter M,, that describes
the degree of long range order in the system. This parameter differs from zero in the
ordered phase, as opposed to the disordered phase.

The appeareance of long range order is associated with a broken symmetry, as we have
seen in the zero field limit.

One way to deal with long range order is the calculation of correlation functions, such

as

G*(n) = (gl ojo},,19) - (3.4.18)

In general we expect that the correlation decreases with rising distance n. Therefore
lim (g| o507, |9) = C (gl o7 |9) (gl 05 19) (3.4.19)

should hold. In the ordered phase (g| o |g) differs from zero (if there is an infinitesimal
field along x), so that the correlation functions never drops to zero, which explains the
concept of long range order. Due to this fact the observable M, = (g| o7 |g) is the order
parameter of the TFIM.

Fortunately, Pfeuty calculated the longitudinal magnetization M, as a function of the

ferromagnetic interaction strength J,

1

—ﬁ)g o J>or
0 ,  J <20

(3.4.20)

which is depicted in Fig. [3.8] As we can see the order parameter is zero for J < 2" and
rises rapidly for J > 2I', which indicates the phase transition for the TFIM. This point
is generally denoted as a quantum critical point (QCP), which marks a phase transition
at zero temperature purely driven by the physical parameter .J.

Another important quantity in this context is the correlation length £. The correlation
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0.6 -

0.2 + i

Figure 3.8: Longitudinal magnetization M, as a function of J. The gray shaded region shows
the ferromagnetically ordered phase.

length is defined as the length in which correlation functions typically begin to vanish,

G"(n) o exp (%) . (3.4.21)

The concept of long range order is connected to the divergence of £&. For J < 2I' the

correlation lenght remains finite, but when approaching the critical point J — 2I"
§ — 00, (3.4.22)

holds.
Similar to the finite temperature case, we can also define critical exponents which de-

scribe the behaviour of observables O(J) close to the quantum critical point,
O(J) o (J —2I")?, (3.4.23)

where 6 denotes the critical exponent. For the order parameter the corresponding critical
exponent is denoted [ by convention and can be derived from Eq. (3.4.20)). It takes the

value

(3.4.24)

0| —

Note that the quantum critical point does not continue to 7" # 0 but induces a quantum
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critical region where the physics of the model is influenced by thermal as well as by
quantum fluctuations. We stress that for 7" # 0 no ferromagnetic ordered phase exists
because the elementary domain walls are non-local excitations that create a macroscopic
change of the magnetization. This is similar to the classical one-dimensional Ising model,
where there is no phase transition at 7" > 0 either, see Ref. [34].

With this information we can construct a phase diagram of the TFIM, see Fig. |3.9]
06
0.5
0.4

M, 03

0.2

0 spin flips qc

0

3
polarized

JII] °

fm order 40

Figure 3.9: Phase diagram of the TFIM. The red curve indicates the order parameter and is
only non-zero for T' = 0, i.e. in the My-J-plane. The green curves indicate the
quantum critical region (qc), here the physics is mainly dominated by quantum
and thermal fluctuations. The blue line shows the ferromagnetic ordered phase (fm
order) which does not extend to finite temperatures T' > 0. The elementary exci-
tations of the ferromagnetic ordered phase are domain walls. For small parameters
J < 2T the system is in the polarized state (polarized) with single spin flips as
elementary excitations.
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3.5 Spectral properties

Although the TFIM is analytically integrable, the evaluation of dynamical correlations
remains a difficult task. The main reason for this is the non-local Jordan Wigner Trans-
formation in Eq. (3.2.10al), which makes evaluation of Green functions of the kind

G*(n,t) = (g| afajﬁn(t) lg), (3.5.25)

challenging. This is due to the fact that for n — oo the Green function includes infinitely
many factors that need to be computed.

One important quantitiy in the study of spin systems is the dynamical structure factor
(DSF),

LU

1 [ df = ot
saff(w,cg)zﬁ / %Ze% QU= (S (1) S, (3.5.26a)

a?ﬁe{x7y72}7

which is the Fourier transformation of the real-space- and time-dependent correlation
function. For o = § = z exact results are known [37,38], but for & = § = = only the
one particle contributions have been calculated by Hamer et al. in 2006 [19].

The DSF is an important quantitiy because it is directly linked to the differential cross
section in inelastic scattering experiments, see Ref. [39].

A more detailed discussion will be given in chapter [7]
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4 Continuous unitary

transformations

In this thesis we will use the method of continuous unitary transformations (CUT) to
derive effective models, which allow for an easier evaluation of ground state properties
and dynamical correlation functions. The concept is also known under the name flow
equation method. The idea of CUT was first introduced by Wegner [21] and indepen-
dently by Glazek and Wilson [22,23].

In this chapter we will introduce the general concepts of CUT and focus on the enhanced
perturbative realization of the method (epCUT) [40,41]. Concepts such as the residual
off-diagonality (ROD) and the directly evaluated epCUT (deepCUT) will be presented.
Finaly we will give an overview on the numerical implementation of the CUT used in
this thesis.

4.1 Concept of continuous unitary transformations

The goal of many studies in strongly correlated systems is the diagonalization of the
Hamiltonian. One major problem that appears even for low dimensional quantum sys-
tems is the exponential growth of the Hilbert space when including additional degrees of
freedom, such as additional sites on a finite chain of spins. In one-dimensional systems
full exact diagonalization (FED) is limited to much less then 100 sites, even if the local
Hilbert space is only two-dimensional. This size is far away from real solid state physics
where 10?3 particles interact with one another.

In general a Hamiltonian can be diagonalized by the use of an appropriate unitary

transformation
Hging = UHUT, (4.1.1)

where U is a unitary matrix and H is the systems Hamiltonian. Many studies apply
unitary transformations to map the Hamiltonian into a more convenient form. This
corresponds to a change of basis in the Hilbert space of the Hamiltonian. In praxis it
is rather difficult to find a unitary transformation that directly yields a diagonal Hamil-
tonian. Furthermore there is no systematic method to obtain such a transformation

for different models, i.e., for every Hamiltonian we have to rethink on how to obtain a
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diagonalizing unitary transformation.

The idea of CUT is to use a more systematic way to find a unitary transformation that
maps the Hamiltonian into a diagonal representation. We therefore introduce a family
of unitary transformations depending differentiable on a parameter [ € R™, which makes

the Hamiltonian dependent on [ via,
H(l) = U)HU(I). (4.1.2)

To create an Hamiltonian that is differentiably dependent on [ we specify the initial

condition by
H(l)|_,=H=UQ|_, =1 (4.1.3)

Therefore the unitary transformation is performed in a continuous fashion. By taking
the derivative of Eq. (4.1.2)) we obtain the expression

OH(1) = (QU)HUN ) + U H (U (1)), (4.1.4a)

= (QU)UNHU) HUN() + U H U OU 1) (9,UT (1)), (4.1.4b)
T/ T

= (QUUTH(I) + HOU ) QU (1)), (4.1.4¢)

in which we introduce the generator of the CUT by

n(l) = (QU)U(1), (4.1.5a)
= U(l) =n)U). (4.1.5b)

A formal solution for the unitary transformation is given by
U(l) = Leh (4.1.6)

where L is the [-ordering operator, similar to the standard time-ordering operator. This
also explains why n(l) is denoted as the generator of the CUT.

It is easy to show that the generator is antihermitian,

0=01=0a(UNU 1)) (4.1.7a)
= (QUU) + UM(aUT (1) = n(l) +1(1). (4.1.7b)

Using Eq. (4.1.4c) we can compute the derivative of the flowing Hamiltonian H(l) with

respect to [. A short calculation yields

OH () = [n(l), H(1)] (4.1.8)
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which is the flow equation for the Hamiltonian H(l). It is a first order differential
equation with the initial condition given in Eq. (4.1.3).
For | — oo the Hamiltonian acquires its final form and it is denoted as the effective

Hamiltonian
Heg = H(l)|,_.. = U(c0)HU(c0). (4.1.9)

In this context the question of convergence of the expression above can not be answered
and depends on the specific form of the generator as well as on truncation criteria.
Note that observables O also need to be transformed into effective observables with the

same unitary transformation. This results in the flow equation for observables via
0,0(1) = [n(l),0(1)] . (4.1.10)
Finally, the effective observable is given by
O = O(1)|,___ = U(00)OU"(c0), (4.1.11)

where the effective observable is expressed in the same basis as the effective Hamiltonian.
Note that the generator characterizes the CUT and the flow of the Hamiltonian. The
choice of the generator is an important question and it still represents an active field of

research.

4.1.1 Wegner’s generator

The first choice was Wegner’s generator [21]. He decomposed the Hamiltonian into two

parts, one that is already diagonal H4q and the non-diagonal part Hq,
H = Hy+ Hyq. (4.1.12)

Wegner’s generator is then given by the commutator between the diagonal part and the

non-diagonal part,
nweg (1) = [Ha(l), Hna(1)] = [Ha(l), H(I)] - (4.1.13)

Notice that the second equality holds simply because the diagonal part commutes with

itself. The matrix elements of Wegner’s generator are given by

Nweg,ij (1) = (hii(l) — hj; (1)) hij(1). (4.1.14)
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To show that Wegner’s generator creates a diagonal Hamiltonian we calculate the deriva-

tive of the sum of the squared non-diagonal elements,

oY 1hy(D* = —QZ (ha(1) = Ry (D) [hig (D (4.1.15)

i#]

As we can see, the derivative is always negative or zero and the sum of the squared
non-diagonal elements is bounded from below, which proves the convergence of the gen-
erator.

There are two disadvantages associated with Wegner’s generator. First, the right hand
side of Eq. vanishes for degeneracies. Thus it is not possible to decouple degen-
erate subspaces with Wegner’s generator. Second, Wegner’s generator does not conserve
band diagonal structures. In second quantization this implies that if the initial Hamil-
tonian creates n quasi-particles at maximum, H(l) can create more than n during the
flow. The flow of Wegner’s generator is depicted in Fig. [4.1]

Figure 4.1: Illustration of Wegner’s generator. The boxes represent the matrix elements. The
red boxes indicate the initial non diagonal parts of the Hamiltonian. The grey boxes
indicate the Hamiltonian during the flow. The black boxes indicate the effective
Hamiltonian after the flow. Note that degenerate subspaces are not diagonalized,
represented by bigger black boxes.

4.1.2 Particle conserving generator

To overcome the disadvantages of Wegner’s generator and to apply the idea of CUT to
a more general context, Mielke [42], in the context of band-matrices, and independently
Knetter and Uhrig , in the context of many-body physics, developed the particle
conserving (pc) or MKU generator. The pc generator directly aims at the quasi-particle

picture. The goal is to eliminate terms that are not quasi-particle conserving, leading
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to the requirement
[Her, Q] =0 (4.1.16)

in which @) counts the number of quasi-particles in the system.

The pc generator in matrix representation, in the eigenbasis of @), is given by

77pc,ij<l> = sgn(q — Qj)hij(l)v (4.1.17)

where ¢; denotes the eigenvalues of the Operator (). An equivalent description of the pc
generator can be given by decomposing the Hamiltonian into parts that create, H* (1),

conserve, H°(l), and annihilate, H~(I), quasi-particles,
Hl)=H"()+H()+ H (1). (4.1.18)
Then, the quasi-particle conserving generator is simply given by
Nee = H (1) — H(1). (4.1.19)

The convergence of the generator is proven for finite-dimensional systems, where a state
of minimal energy exists. Note that the pc generator preserves the band diagonal struc-
ture, i.e., the maximum number of particles created during the flow remains constant.
This is shown in Fig. 4.2

Problems, however, can occur if the energies of multi particle states fall below the energy
of single or no particle energies. This is due to the fact that the pc generator attempts
to sorts all quasi-particle spaces according to energy, even if higher quasi-particle spaces
have less energy than lower quasi-particle spaces. For systems with a finite energy gap
this can be a minor problem, but for systems with a quantum phase transition, such as
the TFIM, the quasi-particle picture can break down and the validity of the CUT must

be questioned.
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Figure 4.2: Illustration of the pc generator. The boxes represent the matrix elements. The red
boxes indicate the initial non diagonal parts of the Hamiltonian. The grey boxes
indicate the Hamiltonian during the flow. The black boxes indicate the effective
Hamiltonian after the flow. Note that the band diagonal structure is preserved
during the flow.

4.2 Perturbative CUT and self-similar CUT

The CUT method consists of two fundamental steps. The commutator in Eq.
needs to be calculated, followed by the integration of the resulting flow equation. The
latter can easily be done with standard numerical integration algorithms or even ana-
lytically.

In general, commuting H with n will create new types of terms that were originally not
part of the Hamiltonian. For systems with a finite dimension the operator space acting
on that Hilbert space is also finite, therefore only a finite number of new terms might
appear. Then, if the size of the Hilbert space is not too large for numerical calculations,
the CUT can be achieved in full accuracy.

This differs from situations in which the Hilbert space of the system has infinite dimen-
sions. Examples include systems in the thermodynamic limit. Here, all sorts of new
terms might arise, connecting several sites over large distances. In a numerical calcula-
tion we cannot treat an infinite number of operators, hence we have to restrict ourselves
to operators which are physically relevant.

One particularly successful approach towards this goal was perturbative CUT (pCUT)
[43]. In this method the Hamiltonian is divided, according to standard perturbation
theory, into a simple part Hy and a perturbation xV. For pCUT, Hj needs to have an
equidistant spectrum, while there are no restrictions concerning the perturbation. The

perturbation V is divided according to the number m of quasi-particles it creates or
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annihilates,

m=N
V=Y T, (4.2.20)
m=—N

where T}, creates m quasi-particles and NV is the maximum number of quasi-particles that
is created by V. Note that pCUT is solely defined for the pc generator. Furthermore the
restriction to an equidistant Hj is a drawback. On the other hand, pCUT is described
in a very general context, therefore the flow equation can be solved independently for a
variety of models. Only the action of the effective operators for the considered model
must be calculated to obtain an effective quasi-particle conserving model.

Another approach is self-similar CUT (sCUT) [44]. Here the structure of operators in
second quantization is arbitrary and no equidistant spectrum is required. Furthermore,
we are not restricted to the pc generator. The crucial point of sCUT is to choose a cer-
tain operator basis and calculate the commutator for the flow equation in this operator
basis in a self-similar fashion. This also implies that certain terms, which are not part of
the operator basis, will be truncated in order to obtain a finite size flow equation. The
truncation scheme depends on the model under consideration und typically involves the
range of operators as well as the number of quasi-particles the operator acts on [45].
For example, in a system of low quasi-particle density, terms describing the correlated
hopping of multiple excitations over a long range will be dropped in favour of terms
describing the hopping of a single excitation over a short range.

The advantages of sSCUT are the free choice of the generator as well as the operator
basis. On the other hand the flow equation must be solved anew for each model and the
truncation scheme can include rather sophisticated considerations.

To avoid this variability in the truncation scheme the sCUT approach can be expanded
perturbatively, yielding the method of enhanced pCUT (epCUT). On the one hand it
contains the free choice of the generator and H, but also the perturbatively controlled
expansion of the flow equation. In the following we will explain the epCUT method
according to Ref. [41].

4.3 Enhanced perturbative CUT

The idea of epCUT is to calculate all contributions to the differential equation system
(DES) correctly up to a given order. We stress that the algorithm is independent of the
chosen operator basis, but can result in different flow equations depending on the form
of the operators. We will denote our operators by the basis-set {A;}. Then the flow

Hamiltonian can be written as

H(l) =Y hi(l)A; (4.3.21)
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where the coefficients depend on the flow parameter [. For the generator we choose the

same operator basis with different coefficients,
n(l) = Z ni(1)A; = Z hi(l)n [Ai] (4.3.22)

where 7 [] is a superoperator applying the generator scheme to the operator. For exam-
ple, if considering the pc generator, the fermionic creator ¢ would simply yield [CT} =cf
while its hermitian conjugate ¢ would yield n[c] = —c, see also Eq. (4.1.19)).

With this definitions we can obtain the flow equation for a given generator basis by
> oA =Y hi(hi(l) [ [A;], Ax]. (4.3.23)
i jok

Note that the commutator on the right hand side is in general a linear combination of
the operator basis {A;}. We can therefore compare the coefficients for all operators to

obtain a scalar flow equation
Ohi(l) = ZDijkhj<l>hk<l)- (4.3.24)
j.k

We call the D;j;;, € C the contributions to the DES. They are obtained by calculating
the commutator in Eq. (4.3.23) and expanding the results in the given operator basis.
The contributions are the prefactors in this operator basis,

Z Dijdi = [n[A)], Ax] . (4.3.25)

Note that this notation is still general and also applies to SCUT. The operator basis { 4;}
is not necessarily a multi-particle-representation. This fact will be used in the following
chapters.

Now we want to expand the flow equation in a small parameter . We thus write our

initial Hamiltonian in the form,
H=Hy+ 2V (4.3.26)

where Hj describes the unperturbed Hamiltonian and V' represents a perturbation. Note
that there are no restrictions concerning Hy, but we will see later that the method works
best for a local and block-diagonal Hj.

Next, we expand the Hamiltonian during the flow according to the order of the parameter

xz,

HD =Y H™  HM™ g™ (4.3.27)



28 Continuous unitary transformations

where n denotes the maximum order that our calculation aims at. By using the rep-
resentation in Eq. (4.3.21)) we also divide the coefficients h(l) according to orders in

hi(l) = %lxm Fma. (4.3.28)
m=0

Note that the initial values of fi(m)(O) are fixed by the starting conditions h;(0). Next
we insert this representation into Eq. (4.3.24)), which yields

oy a1 =D D Y a0 £ (1), (4.3.29)
m=0 7.k p,q
Comparing coefficients yields the perturbative expansion of the flow equation,
prg=m
a0 =" D Y KA. (4.3.30)
gk P,q

Note that the contributions D;;; do not depend on the order of calculation but only on
the algebraic relations between the operators {A;}. Furthermore Eq. (4.3.30) defines a
hierarchy for the coefficients of the flow equation, which means that a certain order is

only influenced by the same or by lower orders and not by higher ones.

4.3.1 Algorithm for the contributions

Once all contributions D;;;, and operators relevant for a certain order are known, the
remaining task is to integrate the flow equation . Note that certain prefactors
are influenced only in high order calculations, e.g., long range hopping terms in a nearest
neighbor Hamiltonian will only be created in high orders. This means that the corre-
sponding coefficient fi(m) is nonzero only for high enough m. Hence one of the remaining
tasks is to calculate all contributions that are relevant up to a given target order n.
An effective algorithm is sketched in Fig. [£.3] Because of the hierarchy for the coeffi-
cients, the calculation to obtain all contributions for a given order is based on the previ-
ous orders. First note that horizontal and vertical lines in boxes indicate self-consistent
runs, i.e., the commutation of [n(l), H (0)} might produce new first order terms that need
to be included into the generator ). Then the commutator must be recalculated to
include the new operators in the generator. This procedure must be repeated until
self-consistency is reached. If the local Hilbert space is finite and Hj is local, the self-
consistent runs are guarenteed to finish, because the number of operators on a finite
cluster is finite. If Hy contains non block-diagonal terms the commutators [n(o), H (m)]
also have to be carried out self-consistently.

If one of these self-consistent runs does not terminate, i.e., Hy is not block-diagonal and

not local, additional truncation criteria have to be introduced, which means that parts
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of the epCUT will be sCUT calculations.
When calculating the commutator [n [A;], Ax] new operators might appear that are not
yet part of the operator basis. In this case they will be included in the operator basis

and we define the minimal order of these operators Oy,n(A;) as the order in which they

(0) </©\ .
n %__ -
A -
==y
D
& ) «2,@
7 o

occur first.

77(4)

Figure 4.3: Tllustration of the algorithm used to determine all contributions for a given max-
imum order, here 4, from Ref. [41]. The boxes represent the calculation of the
commutator between the different orders of the generator n(™ and the Hamilto-
nian H™ to obtain the contributions to the DES. The calculation for every order
o is based on the previous orders and is achieved by calculating every commutator
with n+m = o.

4.3.2 Reduction of the DES

To save memory and computation time several optimizations have been introduced in
Ref. [41]. One possibility is the reduction of the size of the resulting DES by aiming only
at certain quantities of interest. For example, single hopping terms will not be influenced
by multi-particle interactions that only appear in very high orders. This means that if
we are only interested in single particle properties, such as the dispersion we can neglect
all contributions that do not influence our quantity of interest. The justification of this
approach lies in the hierarchy of the DES. We therefore introduce the maximum order
of an operator A; Opax(A;). It is defined as the maximum order in which an operator
still influences the quantity of interest.

For a more detailed discussion we refer the reader to Ref. [41], from which we take over

the expression

Omax(4;) =  max  (Omax(As) — Omin(Ar)). (4.3.31)
{ik D20}
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Note that this is an implict definition, which must be calculated self-consistently. The

starting point is given by

n, if A;istargeted
Omax(4;) = (4.3.32)
0, otherwise

4.3.3 Directly evaluated epCUT

So far, the epCUT algorithm produces an effective Hamiltonian as a power series in x.
In recent studies, see Ref. [41], a non-perturbative evaluation of the DES showed a very
robust integration even beyond the point at which the bare series begins to diverge.
The idea is to apply the epCUT algorithm in Fig. to obtain all contributions D,
as well as the operator basis. Then, the reduction of the DES is applied. In contrast to
the epCUT the flow equation is now solved for the h;(l) in Eq. for all x anew,
rather than for a power series in the f](p )(l). Therefore, the method is called directly
evaluated epCUT (deepCUT).

The method can be viewed as a SCUT calculation with a perturbative truncation scheme.
One main difference between sCUT and deepCUT is that contributions will be also
truncated in the deepCUT method, whereas sCUT only truncates the operator basis.
This allows deepCU'T to achieve a very robust integration similar to sCUT.

Due to the recent positive results with deepCUT, we will use this method in all follwing

chapters.

4.3.4 Transformation of observables

As mentioned before, the transformation of observables is similar to the transformation
of the Hamiltonian, with the simplification that the generator is already known from the
Hamiltonian transformation. The starting point is the flow equation for observables in
Eq. (4.1.10). Equivalently to the expansion of the flowing Hamiltonian according to the
order in x, the same can be done for the observable via

o(l) = Z 0i(1)B; = Z zn: FimObs(ygm B, (4.3.33)

Employing this expansion in the flow equation yields

Q0:(1) = > DO hi(Do(1) (4.3.34)

Jk
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and accordingly

ptg=m

o™ (1) Z Z DO P (1) £ (1) (4.3.35)

where the contributions DO};S can again be calculated by the algebraic relation

Z DOEB; = [n[A;], Byl. (4.3.36)

Note that the operator basis {B;} must not be the same as the Hamiltonian operator
basis {A;}, if the commutation relations between them are known.

The algorithm to calculate the contributions DSES is depicted in Fig. . The calculation
is alike to the Hamiltonian case, with the simplification that no new generator terms can
appear, which reduces the number of self-consistent runs. For n(® = 0 the algorithm
is guaranteed to finish without introducing any additional truncation schemes. As in
the case of the Hamiltonian, the observable DES can also be reduced. For a detailed

discussion see Ref. [41].
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Figure 4.4: Illustration of the algorithm used to determine all contributions for the observable
transformation for a given maximum order, here 4, from Ref. [41]. The boxes
represent the calculation of the commutator between the different orders of the
generator 7™ and the observable O™ to obtain the contributions to the DES.
The calculation for every order o is based on the previous orders and is achieved
by calculating every commutator with n +m = o.
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4.4 Implementation

To analyze the convergence of the CUT we introduce the residual off-diagonality (ROD).
The ROD is the square root of the sum of all off-diagonal prefactors squared,

ROD = /Z Inhi(1)[? (4.4.37)

where nh;(l) only denotes complete coefficients that appear in the generator as well.
The ROD measures the distance to diagonality and describes the speed of convergence.
If [ is large enough, the ROD should decrease exponentially and numerical integration
can be stopped, once a critical threshold has been undercut. Several studies, however,
show that the ROD does not necesserily converge if we consider a truncated system.
Therefore, we will carefully study it in the case of the TFIM.

The numerical integration of the deepCUT flow equation is done by using an adaptive
Runge Kutta algorithm. The flow is considered finished once the ROD falls below a
critical threshold, here 1071°. The typical integration range for this value is [ < 200,
however this strongly depends on the parameter J and the order of calculation.

To reduce the necessary memory several symmetries are used, see also Ref. [46,/47]. On
the one hand, the number of operators to be tracked is reduced by using the same coef-
ficient for an operator and its hermitian conjugate, due to the fact that all transformed
operators show this feature. For local observables a mirror symmetry is implemented.
It maps operators on the site ¢ + k to the site ¢ — k, if ¢ is the position of the local
observable.

The algorithm to determine all contributions for a given order |41] as well as the calcu-

lation of dynamical correlations is implemented parallely, using the openMP library [48].
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5 String operator algebra

In the previous chapter, we explained how continuous unitary transformations are ap-
plied in a general context, for example for a hard-core bosonic algebra.

However, for the transverse field Ising model, the normal multi-particle-representation
is highly disadvantageous for describing the elementary excitations. Specifically, if one
aims at higher orders, the number of operators to be tracked grows exponentially, in-
creasing the numerical effort of storing all contributions to the DES. Therefore, we will
introduce a modified operator basis, which we will call string algebra. Note that this
algebra is similar to the Jordan-Wigner |35 representation of the Hamiltonian.

In the following chapter we will first give a definition for the string algebra. Next we
will prove that the algebra closes under the commutator. We can therefore obtain a
closed form of the flow equation for the Hamiltonian. Finally, we evaluate the action
of string operators on different states. This is especially interesting when transforming

observables, which are not part of the string algebra.

5.1 Definition

A string operator is given by the following product of Pauli operators

J+n—1
T = Zof ( H cr,f,:) Oty = ZanjHUJZ.H SO 10 (5.1.1a)
j k=j+1 J
{¢. e} € {+,—}, (5.1.1b)
n € N*. (5.1.1c)

We can see that each string operator is a string of o, matrices, framed by spin flip
creation- and/or annihilation-operators. We will refer to n as the range of an operator.
Here, we have already chosen the translationally invariant form of string operators.

When dealing with local observables it is also useful to introduce local string operators,

j+n—1

O]dj; = 0’? ( H O'Z) O'§+n = O-?O-j+lo-j+2 e O-;Jrnv (5.1.2&)
k=j+1

{¢7 6} S {+7 _}7 (512b)

neN* (5.1.2¢)
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Note that a translationally invariant string operator is given by a sum of local string

operators,
T =Y 0%, (5.1.3)
J

For n = 1, these definitions correspond to a normal hopping term or pair creation-

/annihilation-operator. For n > 1, the situation is slightly different. For example the

case n = 2, ¢ = + and € = — can be rewritten in multi-particle-representation,
o= ZU;FU;HUJM (5.1.4a)
J
- ZU;_(20;+1U;+1 — 1oy, (5.1.4b)
J
- 220;_0;_+103'_+10J'_+2 - O-;_O-j_Jer (5.1.4c)
J

which is the sum of a quartic interaction term and a hopping term.

This simple example already illustrates the computational advantage of the string alge-
bra. If we tracked all operators in multi-particle-representation, a single string operator
of range n would be equal to 2"~ ! multi-particle-operators. Therefore, if the model pre-
serves the algebra, it is convenient to describe all operators by using string operators.

It is also useful to define a string operator of range 0 consisting of a single 0 matrix.
Ty == Zaj, (5.1.5a)
J
Oj70 = UJZ-. (515b)

Note that with these definitions, the Hamiltonian of the transverse field Ising model can

be rewritten in terms of string operators

r J
Hrpv = 5205 + ZZJ;TJ]-_H + o0, +hec (5.1.6a)
i i
r S e —+ ++ ——
:§%+Zg;+ﬂ,+ﬂ +177). (5.1.6b)

Note that we have taken the antiferromagnetic model for J > 0. As mentioned before
this changes the properties of the model only slightly.
The computational difference between the multi-particle-representation and the string

operator basis is that all local operators are represented by the basis

{U;_,Uj_,aj,]l}, (5.1.7)
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while in the multi-particle-representation the local operator basis is given by

{0}, 07,007 1}. (5.1.8)

J71790

To further investigate the differences between the multi-particle-representation and string

operators, we define a quasi-particle vacuum by

0) = |+ bymadibyar ), (5.1.9)

which means that all spins in the chain point downwards. Note that this corresponds
to the strong field limit in the TFIM. A single spin excitation can be created by the
operator o;. We denote this state by

1) = o7 |0) . (5.1.10)

So far, this corresponds to a normal hard-core boson multi-particle-representation pic-
ture. The difference, however, comes into play, when string operators are applied to

excited states. Let us first look at the action of hopping terms on single excited states,

T, ") = ZU;U;HUJ%H 0y, D) (5.1.11a)
J

= 05071072 0 0) (5.1.11b)
J

=(=1)" i +n). (5.1.11c)

In the second line we used the property o} [l) = d;;(0). Next we know that o7 [0) =
—|0), which gives us the final result. If there is only one quasi-particle in the system,
the main difference to normal hopping operators is the factor (—1)"!.

For higher quasi-particle spaces we have to take into account that there might be particles
on the sites [ + 1,1+ 2...l +n — 1. They will modify the exponent of (—1) and can

therefore change the sign of the resulting state.

5.2 Proof of closed algebra property

In chapter [6land [7] we will apply the method of continuous unitary transformations to the
transverse field Ising model. The flow of operators is determined by commutating the
Hamiltonian with the generator of the unitary transformation. Therefore it is reasonable
to examine the string algebra characteristics under this operation.

In the following, we will show that the string algebra closes under the commutation.
This means that the result of the commutation of two string operators can again be

written as a linear combination of string operators.
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ot ot |o*

Figure 5.1: Graphical representation of a single string operator.

[ ]

Figure 5.2: Graphical representation of the commutator of two string operators. The position
of the blocks represent the different sites upon which a local string operator acts.

As we have already seen, the Hamiltonian of the transverse field Ising model can be
written in terms of string operators. Later we will see that also the generator will be a
sum of string operators. Therefore, our method preserves the string algebra and high
order evaluations are easily accessible.

In order to simplify the proof of the closed algebra property we will introduce a graphical
representation for the string algebra. A single string operator is depicted by the block
in Fig. 5.1l The ends of the block represent the spin flip operators while the middle
part shows the string of o* matrices. For commutating two string operators we write
one block above the other. The positions of the blocks then represent the different sites
that a local string operator acts upon.

For example Fig. [5.2] shows the commutation of two local string operators, where the
lower one begins in the middle of the upper one. First, we will show that on a chain,
two string operators commute if neither of their start-/end-blocks are on the same site.
Without loss of generality that means that all commutators in Fig. vanish. The last
one is simply zero because operators acting on completely different sites always commute

in a bosonic algebra.

D

‘ ’ ‘ ‘j+77

7] >4, l+m<j+n

] >3, l+m>j+n

l>j+n
‘I+m:|

Figure 5.3: Vanishing commutators of string operators on a chain.
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[m,] g—e &

Figure 5.4: Simplifying the first commutator by factoring out (red) and multiplying the inner
string operators to identity (blue).

7]-

The expression for the first commutator is given by

ot

Jm?

Of§1:| — |:O-j) ce O-lz e Ulz-i-m . U;+n7 UZX - Ul£+m] , (5212)

with
[>j, l+m<j+n, o¢ex,&€{+ —} (5.2.13)

First, all operators on sites smaller than [ and greater than [ +m commute with all
other operators and can therefore be factored out. Second, all inner parts of the string
operators are o” matrices and therefore commute with one another. On each inner site,
we have a product of two ¢* matrices, yielding 0*c* = 1, see also Fig. Therefore,
only the edge operators remain. Now we use the identity [A, BC] = [A, B]C + B[A, C]
to simplify the result,

|:Oj>,:l7 Ol%fni| (8 |:Ulzalz+m7 O-lxo-lg-i-mi| (5214&)

= (07071 ms 0Y] 07y + O [crfaf+m, Jlim} (5.2.14b)

= Ulz+m [0_1,27 O-lx] O-ls_t,_m + O'ZXO-IZ |:0'1Z+m, O'Z£+mi| (5214(})

= (0)207,n070% + ()0} 207 05, (5.2.14d)

= 2{(0(©)o7 01 = ()00 | (5.2.14e)

=0, (5.2.14f)

using [0%, 0X| = x20X, 0%0X = xoX and oXo® = —yoX, if all operators act on the same
site.

For the second commutator the starting point is the expression

with

>3, l+m>j+n. (5.2.16)

First note that all operators on sites smaller than [ and greater than 7 + n commute
with all other operators and can therefore be factored out. Secondly all operators on

sites [+ 1...7+n — 1 are 0 matrices yielding again 0°0* = 1, see also Fig. [5.5]
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[N Ny ]_,-[[-j

Figure 5.5: Simplifying the second commutator by factoring out (red) and multiplying the inner
string operators to identity (blue).

7]-

Now we can simplify the result again,

[0}”2,0"5} S [Uz 07 s O Um} (5.2.17a)
= [af 01 oﬂ Oy + 07 [ . ojm} (5.2.17b)
= Ufm o7, 071051 + 0707 [Uﬁm 0§+n] (5.2.17¢)
= 2{=(0(©@)o o + (W(@)0}e.. | (52.17d)
= 0. (5.2.17¢)

Finally the case n = 0 is trivial, because ¢* commutes with all inner string operators.
So far we have proven that only commutators for which string operators touch each other
at the edge can contribute. In the following, we want to calculate these contributions
exactly.

The relevant commutators are represented in Fig. 5.6, Note that all contributions com-
ing from mirroring symmetries are also included by exchange of the arguments of the
commutator. Furthermore, the edge operators of two string operators need to be differ-
ent, because otherwise the identity cto™ = 670~ = 0 would yield a zero contribution.
The relevant expression for the first commutator is,

[0‘1’60“5’5} [0¢...Uz e UL ] (5.2.18)

g gm j jtm g+nr g j+m
with
m < n. (5.2.19)

Again, we factor out commutating parts and combine inner ¢* matrices, see also Fig.
.7 That implies

[O¢E 07¢£} = [Uf05+m, oy ¢a§+m] O tma1 ™ Oign (5.2.20a)

Jmr 2 jm

{ [Uj)’ g ‘75} sz+m Jj+m + U ;5 [U]+m7 OJEer} } aj—&—m-{-l T U;—I—n (522013)
(5.2.20¢)
(5.2.20d)

f— z .« .. €
- £Jj+m0-j+m+1 Tjtn

]—i—mn m?

which is again a string operator of range n — m.
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‘]‘ ’Hn ) >4, l+m=j+n
T 14 ]

B o

L ) l=j+n, m>0

Dz

B ]

L l=j4n, m=0

| )

‘j‘ j+n ,

] l=j, m=n

Figure 5.6: Contributing commutators of string operators on a chain. The single box in the
third commutator represents a single o* matrix.

-2l

Figure 5.7: Simplifying the first contributing commutator by factoring out (red) and multiply-
ing the inner string operators to identity (blue).

The second commutator is given by

Pe —€§ _ 9 € —e I3
|:Oj,n7 Oj+n,m:| =05 [Uj+n: Uj+n] 05 intm (5221&)
= 60;5 e UJZ'—HL o Ujg'Jrner (5221]3)
= O pm (5.2.21¢)

and it is therefore a string operator of range n + m.

The third commutator is given by

[Oi;’ Oj+n70:| = O";z) T |:O'§+n7 U;+n:| (52223)
_ ¢ €
= —€207 - 054, (5.2.22Db)
= —e207,, (5.2.22¢)

which remains a string operator of range n.
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[E-j7 [Dj7
W] ]

Figure 5.8: Simplifying the last contributing commutator by multiplying the inner string op-
erators to identity (blue).

—

In the last case we again use the identity o*c* = 1 for all inner ¢* matrices, see also
Fig. Then we obtain the result

[Of’;,O ¢ } = [U]d)ajirn,aj ¢O'J+ni| (5.2.23a)
[ 05 s T } 0 o7 [ OO aj;n} (5.2.23b)
= ¢o; {2 Oiin + ;} + €074 n {_TQSU; + %} (5.2.23¢)
_ 05y Eor (5.2.23d)
2 % 2 %

= (5 0+ Om,o (5.2.23¢)

which is by definition ([5.1.5b]) the sum of two string operators of range 0.
This concludes our proof of the closing of the string algebra. We use the results for
the local string operators in order to derive commutator relations for the translational

invariant string operators. We begin with the case n,m € Nt n <m

(T, =T, + — T T (5.2.24a)
[T, T ] =T, — T+ i (5.2.24b)
[T, T, =T, - TH, (5.2.24c)
[T T =T, + T, (5.2.24d)
[T T, =T, + T, (5.2.24e)
[T, Ty | = 4T, (5.2.24f)
[T++ T++] —
Next we consider the case n = m
(100, T 7] = T + Tt + T (5.2.25a)
(T4, T =Toht (5.2.25b)
(T35 T =150 (5.2.25¢)
(T4, Tx "] = 0. (5.2.25d)
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All remaining cases can easily be derived by conjugating these commutator relations.
With these results, we can examine the flow of the transverse field Ising model under

the continuous unitary transformation.

5.3 Closed form of flow equation

Consider the representation of the transverse field Ising model in the string algebra in Eq.
(5.1.6b). Without the non-particle-conserving terms 77" 4+ 77 ~ the Hamiltonian could
simply be diagonalized by Fourier transformation. Therefore, we choose the particle
conserving generator 7,. to deduce an effective particle conserving Hamiltonian which
we can diagonalize more easily.

To reach a better understanding of the continuous unitary transformation, we will first
derive the three leading orders for the flow equation. Here we will already see how the
flow for the transverse field Ising model is built up.

Next, we will derive a closed form of the flow equation up to infinite order. This is
a remarkable step, because in general it is not possible to obtain such a closed form
of the flow equation due to the large number of operators that appear in a high order
calculation.

First we define the Hamiltonian during the flow by

Hypra(l) = to()To + > 4~ (1) (T~ +he) £ ) (1) (T, +he).  (5.3.26)

n=1 n=1
Note that the flow of the real coefficients of T,/ and T, ~ must be the same to obtain
a hermitian Hamiltonian. The same applies to 7,/ and T,;". For the sake of clarity
we omit the dependence of the coefficients on the flow parameter [ in the following

examinations.

Comparison of the coefficients with Eq. (5.1.6b)) yields the initial conditions

to |io= g (5.3.27a)
|, = %, (5.3.27b)
L, = g, (5.3.27¢)
]y =ty = 0,n > 1. (5.3.27d)

We start our study in the strong field limit J — 0. Therefore, the energy scale is given

by I' and the dimensionless perturbation parameter is x = % Observe that all non

particle conserving terms are at least of order one, hence we have no generator term 7).



42 String operator algebra

Furthermore we can identify the starting blocks

HO =T, (5.3.28a)
HY = (7" +hee) + (T +he), (5.3.28b)
) =T#* —he. (5.3.28c¢)

Following the epCUT algorithm in Fig. , we first calculate the block [17(1), H (0)] until

self-consistency is reached,

[V, HO] = [T} — h.c., Ty] (5.3.29a)
=—4 (T +he). (5.3.29b)

Obviously no new terms appear and the result is self-consistent. Because we have no

term 7(?), our first order calculation is already finished, resulting in the first order flow

equation
ot, =0, (5.3.30a)
ot~ =0, (5.3.30b)
ot = —4t{ " t,. (5.3.30c)

Note that all other coefficients 5+ n > 1 remain constant in first order. This differ-
ential equation has the exact solution t, = const, t{~ = const, t{" = —J/4exp(—4tyl),

resulting in the final values

r

to i = 5 (5.3.31a)
_ J

ol = 7 (5.3.31h)

], =0 (5.3.31c)

This simple calculation shows us that on the one hand the CUT indeed decouples the
vacuum state from multi-particle states. On the other hand it, shows us that there are
no corrections to the ground state energy in first order, because the term t; remains
constant.

For the second order we begin with the block [n(l), H (1)} to obtain second order terms,

[nY, HV] = [T7" — he,, T + T + hec.] (5.3.32a)
=2 (175 +he) 42Ty + 2 (T3 +hee) (5.3.32b)

Here we see that the new terms T, ~ +h.c. and T, * + h.c. appear. They are of minimal

order Oy, = 2. The latter one is not particle conserving and must be added to the
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generator . Furthermore we have a first correction to the ground state by the term
Tp. Now we calculate the block [7®, H®] self consistently,

[, HO = [Ty + hee, Ty (5.3.33a)
= —4 (75" +he.). (5.3.33b)

Again, no new terms appear after the commutation, therefore we have obtained all

contributions for the second order. This implies the following set of flow equations

ot, =251, (5.3.34a)
ot~ =0, (5.3.34b)
oty = 2tF T, (5.3.34c)
ot = —4t{ ", (5.3.34d)
Oty ™ =265t — 4t3 T 4. (5.3.34e)
For the third order, the relevant commutators yield

(n W, H®] = [T7"F —he,, T, + Ty + he], (5.3.35a)
= 2T\ + 2T, + 275~ — 277 + hee,, (5.3.35b)
(@, HY] = [T —hee, T + T4 + heel], (5.3.35¢)
= 2T, + 2T+ + 2T~ — 277 + hee,, (5.3.35d)
(&, HO] = [T5+ —hee., Ty] (5.3.35¢)
= —4(T5* +he). (5.3.35f)

Thus, we obtain the flow equation up to the third order
ot, =27, (5.3.36a)
ot~ = -4t Ttdt, (5.3.36b)
oty ~ =207, (5.3.36¢)
oty =415, (5.3.36d)
oyt = —dtf Tt — 267ty + 205 T (5.3.36e)
Oty =2t — 4ttt (5.3.36f)
)

Oty =275~ + 205t — Atd .

—~

5.3.36g
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Evaluating these first three expansions, it is possible to find the pattern for the contri-

butions to the flow equation. We extend the flow equation up to infinite order

at, =23 ()", (5.3.37a)
n=1
k-+l=m lk—1|=m
atim =2 Y -2 Y g (5.3.37h)
k. k,l
|k—l|=m k+l=m
otht=—atito+2 > sgn(k— DT 2 > i (5.3.37¢)
k,l k,l
m, k,l € NT. (5.3.37d)

To prove this expression we will proceed in two steps. First, we show that all kinds of
string operators of arbitrary range will be created during the flow. Next we show which
contributions to the DES are created.

Our starting point for step one is the Hamiltonian of the TFIM in string operators in
Eq. . By induction we show that once we have a complete set of operators of
maximum range n, 1g, Tlii, T;i, - T,:—Li we can create a new complete set of operators

of range n + 1 by commutation with a string pair-creation-operator,

(LT =T+ T - T - T (5.3.384)
[T, T = T,04 - T, (5.3.38h)
[T, 7] = -1, 0+ T, (5.3.38¢)

As we can see, we have created all new string operators of range n + 1. Because the
Hamiltonian in Eq. already comprises a complete set of range unity we can
deduce that all ranges n € Nt will be created during the flow. Hence, we can conclude
for the generator of the TFIM

n=>Y tH (T -1T,7). (5.3.39)
n=1

For step two we consider the relations in Eq. (5.2.24) and Eq. (5.2.25)). We start with
the contributions to the operator Ty. As we can see Ty will be created only in the case

m = n. For a given range n there are two contributions from the commutators

T, | =To+..., (5.3.40a)
T, T, = -To+ ... (5.3.40D)

both with prefactor one. Note that 7,/ and T, ~ share the same prefactor up to a

sign due to hermiticity /anti-hermiticity. Finaly these considerations yield for the flow
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equation for the prefactor of Tj
ate =23 ()" (5.3.41)
n=1

Next we consider the operator 77~ and T, respectively. They are created by two

m

different kinds of commutators, first

[T, T ] =T} +... with k+1=m, (5.3.42a)
[T, T =T +... with k+1=m, (5.3.42D)
and second
(155,777 = =Tt +... with |k—1I]=m, (5.3.43a)
[T, T ] =T} +... with |k—I]=m, (5.3.43b)

all with prefactor one. Note that the operator T, * shares the same prefactor as T,/ .

These calculations yield
k+l=m |[k—l|=m

Oty =2 > =2 > i (5.3.44)
k,l k,l

Last we consider the operator 7.t and T, —, respectively. They are created by three

different kinds of commutators, first

[T T =T +... with k+1=m, (5.3.45a)
[T T =T +... with k+1=m, (5.3.45b)
second
(5T =sgn(k = 0)TF + ... with |k—1]=m, (5.3.46a)
[T+, 17 %] =sgn(k — )Tt +... with |[k—1] =m, (5.3.46b)

note that the sign function comes from the different signs in the cases [T,)*,T.F~] and

T4+, T.77] in Eq. (5.2.24)). Finally the third case is given by

(T4, To) = 4T+ (5.3.47)

Now we can write down the flow equation for the prefactor ¢},

|k—l]=m k+i=m
Ot = =4t o +2 > sen(k—DtfHT 42 Y (5.3.48)
k.l k.l
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which concludes our derivation for the flow equation for infinite order.

This result is remarkable considering that it would include tremendously more flow
parameters if we formulated the problem in multi-particle-representation. It also allows
us to evaluate the Hamiltonian transformation for very high orders, which is espacially

interesting in the vicinity of the quantum critial point J = 2T".

5.4 Evaluation of effective models within the string

algebra

In this section we explain how to evaluate the resulting effective Hamiltonian, for example
how to obtain the ground state energy per site or the dispersion relation. Additionaly, we
want to elaborate on how the CUT transforms observables. This is interesting regarding
measurable quantities such as the magnetization or spectral properties.

After the CUT, the effective Hamiltonian takes the form

H(D)|,_, =to(00)To + >t (c0) (7~ +h.c.) (5.4.49)

Note that terms of the form T,/ + h.c. are rotated away by the CUT and do not
contribute to the final Hamiltonian. Therefore, the particle vacuum |0) now represents
the ground state of the effective Hamiltonian. This leads to the ground state energy per

site with the expression

1 1
~H(09)[0) = to(00) Ty [0) (5.4.50a)
1
= (= N)to(o0) [0) (5.4.50b)
= —to(c0) [0} . (5.4.50¢)

is simply given by the coefficient £2 = —t;(c0) and can easly be read out after the CUT.

Next, we consider the dispersion relation for a single excitation in the system. Thereby

We have used the property 7.7 |0) = 7., 7 |0) = 0. As a result the ground state energy
0

we define a Fourier transformed spin flip with momentum @

1 )
Q) =7 Zn: e n) | (5.4.51)
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and examine the action of the Hamiltonian on this state

Q) = Z ' {to(oo)To + Zt:{,_ (00) (T~ + h.c.)} In) (5.4.52a)

= & {to(OO)(—N +2) ) + Dt (00)(=1)" (I —n') + n + n’))}

(5.4.52b)

= (Eo + 2to(0)) |Q) + ZZ# 1)1 {efQ<n+"’> +eiQ(”_”/)} |n)
(5.4.52¢)
= (E[) + 2to(00) + Z 2t (00) (—1)" ! cos(Q)) Q) , (5.4.52d)

which is again an eigenstate of the Hamiltonian. The dispersion is therefore given by

the Fourier sum of hopping coefficients except for a sign

w(Q) = 2tg(c0) + Z 2t ( D"t eos(Q). (5.4.53)

To obtain quantities such as the magnetization we also have to transform observables
via the CUT to effective observables. If the observable is part of the string algebra, the
problem is again simplified due to the closed algebra property. For example, this is the

case for the transverse magnetization

M, = (0| 0% |0), (5.4.54a)
o = U (1)o*U(I) (5.4.54b)

‘l:oo’

Another possibility to obtain the transverse magnetization is via the groundstate energy,

S H JdH
B, J dE,
= M. = 5~ o ag (5.4.55b)

In contrast to this, the magnetization along x is more complicated, because the corre-
sponding observable 0% = o + ¢~ is not part of the string algebra. But due to the fact
that the flow of the Hamiltonian is very compact in the string algebra, we stay within
the local basis in order to transform such observables.

This observation is in agreement with the fermionic representation of the transverse field
Ising model employed by the Jordan-Wigner transformation. There the observable o*
is represented by an extremely non-local string of operators acting upon an extensive

number of lattice sites. By staying in the spin picture, we avoid this problem at the cost
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of a more complex, but local operator structure. Specifically, such an observable can

have terms of the form

O X Z ( H orofol e+ h.c.> (5.4.56a)
J

Imn...
+ Z (0 ool H orojor, h.c.) (5.4.56b)
jko Imn...
+ Z (0;“0,':00_ H opojon o+ h.C.) (5.4.56¢)
jko Imn...
+..., (5.4.56d)

after the CUT. Here the indices j, k, [, m,n, o denote lattice sites that are not necessary
adjacent. In a finite order calculation the number and range of operators remain finite,
hence they are not extensive.

Note that the generator includes only even numbers of creation-/annihilation-operators.
Therefore, the generator preserves the parity of an observable, i.e., the number of par-
ticles is only changed in multiples of two. If such an operator acts upon the vacuum |0)

we can easly calculate the resulting state

ol [0) o< > (=1)#7 i) +) (=1)* |jko) + (5.4.57)

J ]ko
NG > v
Vv TV

1 particle excitations 3 particle excitations

where #0* denotes the number of ¢* matrices in an operator.
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6 Static results

In this chapter we present and evaluate the static results for the transverse field Ising
model. The expression ’static’ refers to properties which are time-independent, such as
the ground state energy per site, the energy dispersion or the magnetization. At first,
we look at the residual off diagonality (ROD). This gives us an overview for the numer-
ical errors we can expect due to the fact that we can not integrate up to [ = co. We
investigate how the CUT behaves directly at the critical point J = 21", where the energy
gap closes.

Next we discuss the ground state energy and compare the results for different orders with
the exact results given by Pfeuty [31]. The energy dispersion is evaluated for different
orders and values of J and it is again compared to the exact results. With the help of
the dispersion we can also obtain the energy gap as a function of J.

Finally, we look at the transverse magnetization M, obtained by an observable trans-

formation.

6.1 Convergence of CUT

To monitor the convergence of the CUT, we previously introduced the residual off diag-
onality (ROD) in (4.4.37)). Since all off diagonal terms also appear in the generator, the
ROD also serves as a norm for the generator.

For a system of finite size and a finite energy gap we generally expect that the ROD
decreases exponentially. We will see that this also holds for the TFIM if we stay below
the critical value J = 2I'.

Once the ROD reaches a critical threshold (here 1071%), we consider the CUT completed
and stop the integration. The point in [ where the threshold is reached strongly depends
on our expansion parameter J and the order of calculation.

A generic behaviour of the CUT is depicted in Fig. [6.1] Notice that the ROD is de-
creasing exponentially. The effect of different orders becomes conspicuous above [ & 2.
Increasing the parameter J has an even more significant effect, as we can see in Fig.
[6.2] On the one hand, the initial value of the ROD at [ = 0 rises, because the initial
Hamiltonian has a larger off-diagonal part. On the other hand, the speed of the expo-
nential decay decreases with higher values of J. This is expected, because the energy

gap begins to decrease.
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residual off-diagonality

residual off-diagonality
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Figure 6.1: ROD for different orders and a fixed value of J = 1.0I".
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Figure 6.2: ROD for different values of J and a fixed order.
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Figure 6.3: ROD at the critical point J = 2I" for different orders.

In general, for J # 2I', the CUT always converges exponentially. Therefore, we do not
need to introduce special generators such as the n : m generators in Ref. [26]. On the
other hand, upon approaching the critical point J = 2I', the threshold value of | begins
to rise, resulting in more time consuming numerical integration.

At the critical point the energy gap of the TFIM closes. In an exact CUT calculation
we would now only expect an algebraic decrease of the ROD. Due to the fact that we
exclusively consider finite order calculations, this behaviour is only true for small values
of [.

This effect is depicted in Fig. It shows the ROD at the critical point J = 2T
for different orders. First, note that both scales are logarithmic, which implies that
straight lines represent power laws. Therefore, the envelope of all orders is an algebraic
declining function, as expected for an exact CUT. The power law fit reveals an exponent
of 1.5+ 0.4. For higher values of [ all RODs show an exponential decay, which implies
that for all finite orders the CUT still “sees” an effective gap. Due to the truncation of
the differential equation system, this error is suppressed with increasing order. Finally,
note that the threshold value of [ for an order 256 at the critical point is about a factor
50 greater than the threshold value for an order 9 at J = 0.5I'. This reinforces our
previous statement concerning the rise of the threshold value of [.

When going beyond the phase transition, the ROD again declines exponentially, but
much more slower than in the disordered phase. Furthermore, much of the weight is
concentrated in matrix elements connecting high ranges in real space. Therefore our
perturbative truncation scheme ignores many of the important physical processes. This

can be explained by the fact, that in the limit J — oo, the elementary excitations are
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non-local domain walls. Within our localized description based on spin-flips, the CUT
is not able to catch this feature of the TFIM.

This should, however, not be seen as a general disadvantage of our method, because with
an adapted quasi-particle picture, such as a Kramers-Wannier duality transformation
[49], it should also be possible to describe the ordered phase with CUT.

6.2 Ground state energy

To evaluate the ground state energy of our effective, quasi-particle conserving model, we
refer the reader to Eq. . An exact expression for the ground state energy per
site was calculated by Pfeuty [31], see Eq. (3.2.15). As mentioned before, it is possible
to reach very high orders within the string operator framework. We were therefore able
to obtain the ground state energy per site up to order 256.
In the context of perturbative expansions for more complex models, this is a very high
order. Due to the fact that the number of representatives only rises linearly even higher
orders are accessible. Higher orders, however, do not improve the results significantly,
therefore we restrict ourselfs up to order 256. It is worth emphasizing that the phase
transition at J = 2I" can not be described with any finite order calculation.
Figure [6.4) shows the exact result for the ground state energy per site in comparison to
various orders for the CUT. As expected, the precision of the CUT increases with higher
orders. Even close to the QCP the CUT of order 128 and the exact results can barely
be separated from each other.
To make a more quantitative statement we investigate the absolute difference of the
CUT calculation to the exact curve,

Ey ‘Eo — Eoy,cum)

Ary " . (6.2.1)

This quantity is depicted in Fig. [6.5] First, note that we have taken the logarithm of

both, Af—]‘)v and .J. Consequently straight lines represent power laws,

AFN = Az, (6.2.2a)
E
= log <Aﬁ> = log(A) 4+ Plog(z). (6.2.2b)

In this logarithmic scale, the QCP is located at log;, (%) = 0. A closer analysis reveals
that with increasing order, the ground state energy is obtained more and more accurately.
Furthermore all orders follow a power law whose exponent increases with the order.
This is reasonable because in a perturbative expansion we expect the errors to be in
O (xorderJrl) .

By fitting the curves to linear functions, using the Levenberg-Marquardt algorithm [50,
51|, we obtain the exponents of the power laws. They are reported in Tab.
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Ground state energy exponents

Order Exponent Fitting Error
9 10 £3
16 21 +4
32 33 +3
64 72 +6
128 132 +£5
Table 6.1: Exponents of the power laws for the ground state energy obtained by fitting linear
functions.
-0.5 . . —_—_—
[ Order 3
I Order 9
-0.52 i Order 32
I Order 64
I Order 128
-0.54 ¢ Exact
I -0.634
— -0.56 I
= - .
S [ -0.635
T 58 : ;
-0.636 |
-0.6 I
[ 0637 L— 1+ .
-0.62 1 1.99 1.995
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Figure 6.4: Ground state energy per site as function of J. Comparison of the exact result with

various CUT orders.

As expected, the exponents are at least above and close the order of the calculation.

Additionally we want to investigate how the ground state energy of the effective model

evolves above the QCP. As explained before, beyond this point our quasi-particle picture

breaks down and we can not expect to obtain a quantitatively correct answer. For low

orders < 64 this holds true but surprisingly the ground state energy for higher orders is

described qualitatively correct, see also Fig. [6.6] Naturally, we are not able to achieve a

precision of < 107!° as we did in the disorderd phase. Nevertheless, the value is correct

up to 1072 for an order 256 even at the point J = 4T

A possible explanation is the fact that the ground state energy is a fairly robust quantity

even beyond the QCP.
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6.3 Dispersion

In this section we consider the results for the energy dispersion of the TFIM. We refer
the reader to eq. (5.4.53) on how to obtain the energy dispersion from the effective
Hamiltonian.

The exact dispersion is given by the simple expression

()—F\/1+J—2+£COS() (6.3.3)
w\q) = 4F2 T q), L.

see also Ref. [31]. Expanding this expression in the Parameter x = J/T" yields

@ =1+ %COS(q)x + %(1 — cos(2q))2” + 6i4(— cos(k) + cos(3q))z” + O(a").
(6.3.4)

This shows us that hopping processes of even/odd parity appear only in even/odd orders.
The dispersion is an important quantity that can also be measured in experiments. We
will later see that the dispersion determines the position of the one-particle dynamical
structure factor in frequency space.

As before we were able to reach order 256 for the CUT calculation. Therefore we obtain
hopping matrix elements up to a maximum range of 256. For small parameters J, a low
order calculation is sufficient to achieve a good agreement with the exact result. This is
depicted in Fig. [6.7 and Fig.[6.8] Closer to the QCP this changes distinctly, see Fig.
and Fig. [6.10] , which makes higher order calculations necessary. Directly at the QCP
we are able to obtain the correct result within 10™° over a large part of the Brillouin
zone.

This behaviour is expected, because the excitations become more and more dispersive
with increasing parameter J. Consequently, the correlation length increases rapidly
close to the QCP and hopping processes over more and more sites become important.
To include these physical processes we need higher orders, because the maximum range
that we can describe directly corresponds to the order of calculation.

A closer look exactly at the QCP also reveals that our calculation of the dispersion is
worst in the region of the critical wave vector ¢ = w. Here, the energy gap closes and
our quasi-particle picture breaks down, see insets of Fig. and Fig. [6.10}

Similar to the ground state energy we investigate how CUT predicts the dispersion
above the QCP. In the limit of J — oo the elementary excitations become domain walls.
Domain walls are non-local in terms of spin flip excitations and they are not expected to
be described correctly by the CUT. Figure shows the exact dispersion at J = 2.5I
and the CUT calculation of order 256. Interestingly, the CUT describes the upper half
of the dispersion with a precision of 0.001, but when approaching the critical wave vector

q = m the result strongly differs from the exact one.
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Figure 6.7: Energy dispersion for J = 0.2I'. Comparison of the exact result with the CUT
calculation.

1-6 :""I""I""I'"'I""I

" Exact J = 1.0 —— ]
Order 2 B
Order 6

0.5§ ]
0.4:....|....|....|....|....|....|....|....|....|....:

o 01 02 03 04 05 06 07 08 09 1

Figure 6.8: Energy dispersion for J = 1.0I'. Comparison of the exact result with the CUT
calculation.



6.3 Dispersion 57

w(q) [T

2 T T T T LA DL L DL L R B
i Exact J =1.9' ——— |
1.8 | Order 6 ——— 1
- Order 32 ==--
1.6 | ]
1.4 F ;
1.2 - e ]
1L Order 32 ——
L 0.1 Order 6 ——
0.8 F = 0.01
S 0.001
06 F 3 :
< 0.0001
04 F
i le-05
0.2} 0 0.5 1
0 1 1 1 q[7lr] 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

Figure 6.9: Energy dispersion for J = 1.9I'. Comparison of the exact result with the CUT
calculation. The inset shows the difference between the exact result and the CUT

calculation.
2 T T T LA DL DL LA LA
[ Exact J =2.0I' ——— |
1.8 F Order 32 ===--
- Order 256 —---
1.6 | .
14 .
— 1.2 - 1 - .
5 1L 0.1 Order 32 —— ]
= = 0.01 Order 256 ————
0.8 b= 0.001 ]
0.6 Y 0.0001 ]
“ P a4 le05 ]
0.4 L 1e-06 J
[ 1le-07
0.2 0 0.5 1 ]
[ q[7]
0 1 1 1 Ll A I | A 1 1
0 0.1 02 03 04 05 06 07 08 09 1
q [7]
Figure 6.10: Energy dispersion at the QCP J = 2I". Comparison of the exact result with the

CUT calculation. The inset shows the difference between the exact result and the
CUT calculation.



58 Static results

24 T et J = 28T L
99 = Order 256 —--- ]

T Order 256 filter 16

Figure 6.11: Energy dispersion at the QCP J = 2.5I'. Comparison of the exact result with the
CUT calculation. The second CUT curve was filtered by a low pass so that only
the first 16 Fourier-coefficients contribute.

We therefore filtered the first 16 fourier-coefficients of the CUT calculation and compared
the resulting curve with the exact one. This improves the result significantly, especially
at the critical wave vector. However, this is a purely numerical observation and can
not be justified analytically. In particular the Fourier coefficents ¢~ above 16 are not

converged, which is shown in Fig. [6.12

Another interesting quantity that we can obtain using the dispersion is the energy gap
A of the lowest lying excitations. For all parameters J the gap is located at ¢ = 7 in
the Brillouin zone. Using the exact dispersion yields the following expression for
the gap as a function of the parameter J

A(J) =T '1 _JI0 (6.3.5)

2T

Due to the linearity of this expression, all orders above zero of the CUT yield this graph
exactly up to numerical errors < 1071% and up to the QCP. Figure shows the exact
energy gap in comparison to the CUT calculations. Above the QCP the CUT continues
with the linear curve, which is expected in a perturbative truncation scheme in the small
Parameter J. The CUT is not able to catch the non differentiable point at J = 2I".
This fact also explains the above deviations of the dispersion for J > 2I'. Because the
gap is forced to be a linear function, there is a constraint that forces the dispersion at

q = 7 to become negative above the QCP.
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6.4 Magnetization

6.4.1 Transverse magnetization

Last we examine the transverse magnetization given by the expression,
1 z 1 z
M. = -+ > {glajlg) = —5 {9l > 0} 19) (6.4.6)
J J

Note that 'transverse’ refers to the direction of the external field, which is in our model
the z-axis.

Here |g) denotes the ground state of the Hamiltonian, which is the zero particle state
after the CUT. In the limit J — 0 all spins are aligned along the external field. As a

result,

lim M, =1, (6.4.7)
J—0

holds.

In the case J > 0 the spins are disturbed by the antiferromagnetic interaction, reducing
the transverse magnetization. An exact expression for this quantity was calculated by
Pfeuty in Ref. [31] and is given in Eq. (3.3.17).

To acquire the transverse magnetization in context of the CUT calculation, we transform
the observable o7 with the same unitary transformation onto an effective observable.

Note, that the corresponding operator can be expressed by a string operator by means
of

Y oi(l=0)=T (6.4.8)

Due to this identity and the fact that the string algebra closes under the commutator,
we know that the final effective observable can be written as a linear combination of

string operators,
o =Y _oi(D)],_. (6.4.92)
J

= 0p(00)Ty + Z o~ (00) (T~ + hec.) + 0, (00) (T;FF + hec.). (6.4.9b)

Note that all coefficients o'~ and 0" do not contribute to the zero particle expectation
values. However, they can not be ignored during the flow of the observable.

Finally, the transverse magnetization after the CUT is given by

1 z J—
M, = = (0] 010} = oo(oc). (6.4.10)
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Figure 6.14: Transverse Magnetization as a function of J. Comparison of the exact result with
the CUT calculation. The inset shows a close view on the QCP.

Transverse magnetization exponents
Order Exponent Fitting Error

16 15 £1
32 31 +£1
64 65 £ 2
128 129 £ 2

Table 6.2: Exponents of the power laws for the transverse magnetization obtained by fitting
linear functions.

Due to this simple form of the observable we could again reach very high orders even
for the observable transformation. For an order of 128 and J < 1.8I" the results agree
up to the numerical precision of 1071, The transverse magnetization calculated by the
CUT is shown in Fig. |6.14] in comparison to the exact result.

As expected the result improves with increasing order. For J > 2I' we again see an
agreement for higher orders but with a systematic offset. This can be accounted to
the non-analytical point in the magnetization at J = 2I', which can not be described
properly by the CUT calculation in its present form.

To analyze the errors more quantitatively, Fig. [6.15] shows the difference between the
exact curve and the CUT calculation, similar to Eq. . First, notice that we have
taken the logarithm of both, AM, as well as J. Consequently straight lines represent
power laws, see also (6.2.2b)). By fitting the curves to linear functions we obtain the
exponents of the power laws. They are reported in Tab. [6.2] As expected, the exponents

are at least above and close to the order of the calculation.
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6.4.2 Longitudinal magnetization

Note that the order parameter in the TFIM is given by the longitudinal magnetization,
1 X
M, === {9l lg). (6.4.11)
J

For J < 2I' the longitudinal magnetization is zero, but it acquires a finite value for
J > 2I'. Due to the fact that the observable o} creates or annihilates an odd number
of excitations and the generator of the CUT preserves the parity of observables, the
longitudinal magnetization will always be zero within the CUT calculation, even above
the QCP.

One possibility to avoid this problem is to introduce symmetry breaking terms in the
Hamiltonian of the TFIM, such as a longitudinal field h,o,. However, such terms would
not be part of the string algebra and would therefore prevent access to higher order
calculations. Therefore, we concentrate on the transverse magnetization. Results, how-
ever, for dynamical longitudinal correlations are accessible and will be given in the next

chapter.
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6.5 Conclusions of the present chapter

In this chapter we investigated the static properties of the TFIM. First we analyzed the
convergence of the CUT by evaluating the ROD for various orders and parameter val-
ues. In general all RODs decayed exponentially, while the envelope at the QCP showed a
power law, as expected for an exact CUT. As a result we could already see the influence
of the QCP in the speed of convergence for the CUT.

It was shown that we can obtain the ground state energy per site in a high numerical
precision up to the QCP. Even above the QCP the results are still in a qualitative agree-
ment with the exact results, which was accredited to the robustness of the ground state
energy.

For the dispersion the results are in good agreement below the QCP. Above the QCP
the dispersion was only valid for small values of the wave vector ¢q. Presumably, the
reason for this is a contstraint to the energy gap that forces the dispersion to become
negative at the critical wave vector ¢ = m. A low pass filter was applied, which could
improve the results significantly even at the critical wave vector.

Last, we investigated the transverse magnetization, which was obtained by an observable
transformation. For high orders we achieved a good agreement with the exact results
up to the QCP. Above the QCP the transverse magnetization obtained a constant error,
which was attributed to the non-analytical point at J = 2I".

It is worth emphasizing that all results above the QCP have to be considered carefully,
because our local quasi-particle picture breaks down at this point. It is therefore remark-
able that many quantities, like the ground state energy, the transverse magnetization

and parts of the dispersion, are at least in qualitative agreement with the exact results.
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7 Dynamic results

In this chapter we will present and evaluate the dynamic results for the transverse field
Ising model. Here, ’"dynamic’ refers to spectral properties such as the dynamical struc-
ture factor (DSF). The DSF is an important quantity because it is directly measurable
in scattering experiments. Furthermore, dynamical correlations strongly depend on the
model under study and often exhibit features which rely on the microscopic interactions
in the Hamiltonian. Examples can include bound states in antiferromagnetic spin lad-
ders [52] or the finite-temperature low-energy Villain’ modes [53}54].

In this chapter, we will concentrate on zero temperature dynamics, which is a valid ap-
proximation for the experiment as long as k,T' < A, where A is the energy gap of the
system under study.

Despite the fact that the TFIM is integrable, the calculation of dynamical correlations
remains a difficult and complex problem. For the transverse DSF, exact expressions can
be found for example in Ref. [38]. 2006 Hamer et al. proposed an analytic expression
for the one-particle longitudinal DSF [19], but to our knowledge there are no results
concerning higher quasi-particle spaces.

In the following, we will show our results for the transverse as well as for the longitudi-
nal DSF. For the transverse DSF our results agree very well with the exact expressions,
within numerical errors of the order of 107°. The one-particle longitudinal results co-
incide with those proposed by Hamer et al. and therefore support their expression.
Furthermore, we will show three-particle longitudinal results for the TFIM. Hence we
will also investigate the higher particle spaces.

Other methods, such as the tDMRG [55] and exact diagonalization of finite chains, can
also yield expressions for the DSF. They are, however, often limited by finite size effects
or problems when transforming time dependent data into frequency space. This prob-
lem is avoided in the CUT calculation, because the calculation is done directly in the
thermodynamic limit and in frequency space.

Additionally, many other methods depend on the Jordan-Wigner-Transformation to map
the spin Hamiltonian onto fermions. Therefore, it is not possible to obtain longitudinal
correlations within this framework, because they are represented by an extensive string
of Fermi operators on the chain.

This problem is also avoided by the CUT, because we stay within the spin picture and
do not need extensive operators to describe these correlations.

Nevertheless, one disadvantage of our description is that our effective Hamiltonian is
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obtained by numerical integration, so we can not calculate analytical expressions for the
DSF.

7.1 Dynamical structure factor

The dynamical structure factor is defined as the Fourier transformation of the correlation

function (S®(¢)S4) in time and space,

5w / S ete S (1)), (7.1.1a)

INY

a, B € {r,y, 2}, (7.1.1b)

where () denots the total momentum. In the following we restrict ourselves to the
diagonal part of the DSF, namely a = f.
The DSF is linked to the imaginary part of the retarded, zero temperature Green function

by the fluctuation-dissipation theorem at zero temperature, see for example Ref. [56],

S w, Q) = —%ImGo‘a(w, Q). (7.1.2)

In our context, at T' = 0, it is useful to write this Green function as a resolvent

G*w,Q) = lggl+<9|5a( )w — (H(Q)l_ Ey) +id

weRT,

5%(Q)lg), (7.1.3a)

in which Ej is the ground state energy and
1 )
54Q) = 7% D sy (7.1.4)
!

is the Fourier transformed spin operator S;*.
When integrating (7.1.1a) over energy we obtain the static or equal time structure
factor,
1 —iQ(-=1l" a Qo
5e(Q) = NZG QUA) (G gy, (7.1.5)

LU

Integrating again over the wave vector () yields the total spectral weight, i.e., the sum

rule

=¥ Z Se80) = (89 = i (7.1.6)
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The sum rule allows us to evaluate how much weight is concentrated in certain quasi-
particle spaces [57].

Now we introduce the CUT framework, see also Ref. [52,/58|, by inserting several iden-

tities UUT = 1 into Eq. ([7.1.3al),

1
G = li uuts (-Q)uut uutsy(Q)uut
(©.Q) = Jim (GlUU'S* (~QUU s = UUTS QUL ),
(7.1.7)
where U denotes the continuous unitary transformation at [ = oo

U = Ucur|,_.. (7.1.8)

Applying these unitary transformation to the states and operators yields
Utlg) =10), (7.1.9a)
U'S*(Q)U = Sex(Q), (7.1.9b)

1 1

ol (7.1.9¢)

o (HQ B 1w (HaQ Bt id

Note that the new ground state is given by the quasi-particle vacuum |0), because our
effective Hamiltonian is quasi-particle conserving and the pc generator sorts the quasi-

particle spaces according to energy. Furthermore we expect that the ground state does

not break particle conservation. Combining these expression with Eq. (7.1.7) and (7.1.2))

yields

ao — 1 1 o L o
S (w, Q) = —;Im 61—1>%1+<0| eﬂ(_Q)w — (HefT<Q) _ EO) + 145 eff

(Q)]0), (7.1.10)

which depends only on our effective Hamiltonian and effective observable obtained by
the CUT.

7.2 Splitting different quasi-particle spaces

In this section we specialize our consideration above to the string operator basis, see Eq.
(5.1.7). To calculate S**(w, @) in our effective model, we need to Fourier transform the
effective observables Sg;. We therefore split the effective observable into terms according

to the number of particle creators o™ and particle annihilators o~ they contain.
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Figure 7.1: Graphical illustration of the local observable transformation by the CUT. The ini-
tial observable is located at site r. Due to the CUT new terms appear in the
effective observable, which also act on neighboring sites. In this model the maxi-
mum range of the effective observable is given by the order of the calculation, but
most of the weight will be located near the site r if we are not to close the QCP.

The notation

= > Se| (7.2.11)

c=0,a=0

introduces the operators Seff‘z, which create ¢ particles and annihilate a particles. First
note that every operator with a # 0 simply yields

Seft 0 10) = 0 (7.2.12)
if it acts on the quasi-particle vacuum. Therefore, we can ignore these operators in the
case T' = 0, because they do not contribute to the DSF.
Next we examine how the Fourier transformed effective observable acts on the quasi-
particle vacuum. First, note that according to Eq. we need a local effective
observable in order to define the Fourier transformed observables. Due to the CUT this
local observables acquires a finite extension, depending on the observable, the parameter
J and the order of calculation. This is depicted in Fig. Investigating the action of

the effective observable on the zero-particle state |0) yields

1 . c
Q10 = 7= 3¢S Sl 10)
T c=0
=ﬁszw

Z Qrgde Jr + do) (7.2.13)
rdo,j
1 do.,d
+ — Z QT g eg’; |1+ do, 7 + do + dy)
\/Nﬁdmdhj
1
+ Vi Z 9 s r - do, 1+ do + di, 7 + do + dy + da)

r,do,d1,d2,j
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where we have introduced several new notations. First |r + do) , dy € Z denotes a single
excited state at site r + do, see also Eq. (5.1.10). Analogously, |r + do,r + do + d1) is a
state with two excitations at sites r+dy and r+dy+d; and so on. Note that dy,dy--- > 0
due to the hardcore constraint and the indistinguishability of the particles. The effect
of the operator Seff|g is split into the different sites it creates excitations. The values
Seffj SZ% g sgi?f’?l, ... are the different prefactors of the operators. Note that in contrast
to the multi-particle-representation we need an additional index j because it is possible
to obtain two operators that create excitations on the same site without being the same
operator. For example take the two operators S and S;S?, ,. They both create an
excitation on site r, but the latter one might changes the sign of the energy, depending
on the state of the neighbouring site. Thus, the index j is a multi-index to distinguish
all of these operators.

Because the effective Hamiltonian in Eq. is particle conserving, we can now split
the DSF according to particle number,

5w, Q) = S§°(w, Q) + 57w, Q) + 5(, Q) + ... (7.2.14)
where S§*(w, Q) = S$ denotes the on site correlation, like M? for a = z.
7.2.1 One-particle case

For the one-particle structure factor, the state

Se]y(@) Z Qrgds i+ do) (7.2.15)

7" ,do,J

must be considered. Shifting the r» sum by dj results in the expression

Seﬁ“é< Z —iQdo ,iQ(r+do) Sd ff] |7, + d0> (7.2.16&)
rdo,]
- Z Seff] —@do |Q> (7216b)
doyj ——~—""
—s‘jg](cz)
= si,(Q (7.2.16¢)
do,j

which is in fact a one-particle state with momentum ). From now on we refer to
this one-dimensional Hilbert space as Hé, which stands for the one-particle excitations
with total momentum ). In this case the evaluation of the resolvent in Eq. (7.1.10]) is
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analytically possible,

e _ 1 ) ) 1 do
S, Q) = = lm lim (Q (% et ) w— (H(Q) — Ey) + 10 (% Seff,j(@) @)
(7.2.17a)
2
=—|> 5% Q) lIm lim ! (7.2.17hb)

o T 60t w—w(Q)+ i’

2

—— Y st (@) L (P; — imb{w — w(Q))) , (7.2.17¢)

PR

2

Zseffj

do,j

d(w —w(Q)), (7.2.17d)

which is just the one-particle static structure factor multiplied with a delta function in

energy space. Note that we have used Dirac’s identity,

1 1
—P

5£o+ Sl imd(w — wy), (7.2.18)
in Eq. .
7.2.2 Two-particle case
For the two-particle structure factor the state
Ser|2(Q) |0) = L > @Ust I + do,r + do + i) (7.2.19)

,do,d1,J

must be considered. Shifting the exponent by dy + d; /2, the center of mass, results in

the expression

Se|y (@) [0) = Y e At \/—Z GRUHHA/2) | o dy + dy)
do,d1,j . B
::|Q7d1>
(7.2.20&)
— Z e—zQ do+d1/2) ;l%CJll |Q d1> (7220b)
do,d
05 1] :s:gzjl(Q)
= > 55 (Q)1Q,dy) (7.2.20¢)
do,d1,j

where we have introduced |Q, d;) which is the Fourier transformation of a two-particle
state with distance d;. From now on we refer to this Hilbert space as H2, which stands

for the two-particle excitations with total momentum (). Note that the action of H.g is
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trivial in the zero and one-particle case. But it must be carefully analyzed in the multi-
particle case due to the hardcore constraint. We emphasize the structure of the effective
Hamiltonian in Eq. . Hence we analyze the action of the operators Ty, T,F =, T,-*
separately. Starting with the simple operator Tj yields

1 )
tO(OO)T(] ‘Q, d1> = tQ(OO)Toﬁ Z 62Q(T+d0+d1/2) ‘7" + do, r -+ d[) -+ d1> (7221&)

1 .
= to(00)(—N + 4)ﬁ D QU | 4 dy v 4 dg + dy) (7.2.21D)
= (Ep +4to(o0)) |Q, d1) - (7.2.21c)

Note that we substract the ground state energy in Eq. (7.1.10) which can therefore be

left out in the action of Heg. Next we analyze the action of the operator T,/ ~,

Zﬁ Q. di) =) (=) (00)e' 2 |Q, dy + n)

n

+ ) (F)"HE (00)e 2 Qi — ) (7.2.22)

and of the operator T, T,

Do GO 1Qud) = B0 (0 Qi+ )

n

+ 37 (=) (00)e T2 |Q, dy — ) (7.2.23)

Note the different signs of the second and third term due to string operator property.
The remaining task of evaluating the resolvent in Eq. (7.1.10) will be considered in
section [7.3

7.2.3 Three-particle case
For the three-particle structure factor the state

S| (Q) [0) = > dUsEEE b do,r+do+ dy, v+ do + dy +dy) (7.2.24)

T7d0’d17d2 7j

%\H
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must be considered. Shifting the exponent by dy + 2d; /3 + dy/3 results in the expression

Serg(@) [0y = D iU /Srdaf) i (7.2.25a)
do,d1,d2,j

1 . ,
v D QUSRS |1 o v+ dy + dy, v+ do + dy + dy)

J

:=\Q§1»d2>
(7.2.25b)
_ Z o~ iQ(do-+2d1 [3-+d2/3) Z%t]hd2 1Q, di, ds) (7.2.25¢)
s
= D0 QR o) (7225
do,d1,d2,j

where we have introduced |Q,dy,ds), which is the Fourier transformation of a three-
particle state with distance d; between the first two particles and distance dy between
the second two particles. From now on we refer to this Hilbert space as H2,, which stands
for the three-particle excitations with total momentum (). Similary to the two-particle
state we examine the action of the effective Hamiltonian on the three-particle state. The

simple operator T} yields

to(OO)TO |Q, dl, d2> = to(OO)(—N + 6) |Q, dl, d2> (7226&)
= (Eo 4 60(00)) |Q, d1, d2) - (7.2.26b)

Next we analyze the action of the operator T,/

Zﬁ 00) T, |Q, di, do) = Z(_l)nfltif(ook@n/g Q. di + n, do)

n

+ Z (=) (00)e M |Q, dy — m,dy + n)

+ ) (=1t (00)e M Q,n — dy, dy + di) (7.2.27)

+ Z (_1)%1?7(00)6@”/3 Q,dy +dy —n,n — dy))

di+da>n>ds

+ Z )T (00)e M Q n — dy — da, dy))

n>dy+da
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and of the operator T, T,

Zt* 1@ dy do) =Y (=)t (00)e MR |Q, dy, dy + )
+ Y (=) (00)e OB Q, dy +n, dy — n)
n<ds
+ ) (1)t (00)e M Q dy + dy,n — dy)  (7.2.28)
n>do

n<di

+ ) (DT (e0)e P |Qun — dyydy + dy — )
di+d2>n>d;

+ Z n 1t+ )67iQn/3 |Q, dg, n — d1 — d2> .
n>di+dsa

The remaining task of evaluating the resolvent in Eq. (7.1.10) will be considered in
section [7.3

7.3 Lanczos algorithm and continued fraction

representation

As we have already seen in Eq. (7.2.14]) the DSF can be divided into different quasi-

particle subspaces. Furthermore we have shown that,
Hg : Hy — H; , ¢ e,NT. (7.3.29)

holds for the effective Hamiltonian.

We use this property to evaluate the resolvent in Eq. by means of a Lanczos
tridiagonalization and a continued fraction representation of the resolvent, see Ref. [59,
60]. The basic idea is to transform the effective Hamiltonian into a basis, in which its
action on the states in H, is given by a tridiagonal matrix. Then the resolvent can be

expressed as a continued fraction of the kind

(01S5]5(~Q) - ! «5(Q)[0) = e (1350)

—(Heff(Q)—E) w— ag —
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where the coefficients a,, and b,, are the matrix elements of the tridiagonal matrix rep-

resentation of the effective Hamiltonian

Qo b1 0 0
bl aq b2 0
Helg = Eo=|0 b2 ax ™ . (7.3.31)

Here, the matrix itself depends on the momentum () and the quasi-particle space c¢. To
obtain these matrix elements we use the Lanczos tridiagonalization, see Ref. [59,/60].

It is worth emphasizing that we only need to know the action of the effective Hamiltonian
on a state v € Hf, in order to obtain the required continued fraction coefficients a, and
b,. This action was already calculated in the previous two sections and can now be
used for the Lanczos tridiagonalization. For a more detailed discussion of the Lanczos
algorithm, see Ref. [61].

The pattern to obtain the continued fraction coefficients reads

To = Serr|,(Q) |0) (7.3.32a)
by = |vn] (7.3.32b)
@, = Z—" (7.3.32¢)
an = U, Hogl,, (7.3.32d)

~ H.gu,, — apt, — bpt,—1 if n>0
U1 = (7.3.32¢)
Heffﬁo — aoﬁo if n=0

with n € Ny. As we can see, the algorithm consists of the multiple application of the
Hamiltonian H.g on the start vector vy and a Gram-Schmidt orthogonalization. Note

that the starting vectors were already calculated in the previous sections.

7.3.1 Errors

In the following sections we investigate one-, two- and three-particle spectral densities.
The one-particle case can be treated fairly simply as we have seen before. For the
two- and three-particle cases, however, we need to employ the Lanczos algorithm, which
induces additional numerical errors. On the one hand, it is impossible to achieve an
infinite depth in the continued fraction in Eq. . We deal with this problem by
the use of appropiate terminators [52,594/60].

On the other hand, the Hilbert spaces H{, ¢ > 1 are of infinite dimension and the action

of the effective Hamiltonian must be truncated to a suitable subspace. This is done by
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introducing a maximum range between the multi-particle excitations. This means that
the relative distances d;, in the case H%, and d;, ds, in the case H3,, will be restricted

to a maximum range d,ax,

Q,d1) — di < dmax (7.3.33a)
Q,d1,dy) — di,dy < diax- (7.3.33b)

To obtain a negligible computation time, the maximum range in the two-particle case
will be around 4000, while we restrict ourselves to a maximum of 200 in the three-particle
case.

The error introduced by this truncation becomes significant once the correlation length
times the maximum number of considered continued fraction coefficients is greater than
these values. Otherwise we would truncate a large amount of the physics we want to
describe. It is therefore negligible if we restrict ourselves to parameters J < 1.91".

A more quantitative analysis of this fact will be considered in the following sections.

7.3.2 Termination

The result of the tridiagonalization is a finite set of continued fraction coefficients a,
and b,. Considering the form of the DSF in Eq. and the continued fraction
(7.3.30)), we still have to take the imaginary part of the limit 6 — 0+. For any finite
continued fraction this results in the sum of d-functions. This is correct for any finite
size system, but in the thermodynamic limit we expect the spectral density to be a
continuous function of w and ) with d-functions only located at discrete states such as
bound states.

The position of the upper and lower edge of multi-particle continua is determined by

the single particle dispersion through

W =  nax Z w(q;) (7.3.34a)

q1+q2+...qc=Q -
=1

[

weiy = min Z w(q), (7.3.34b)

q1+q2+...qc=Q -
=1

in which the max/min is obtained under the constraint of total momentum conservation.
For a connected continuum it can be shown that the corresponding continued fraction
coefficients approach limits which are directly connected to the position of the upper
and lower edge of the continuum 52,59, 60|,

wrcnax + w?ﬂin

g = it (7.3.35a)

we o —we

boo = 02X i (7.3.35b)
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One way to achieve a finite broadining is to take 0 as a finite value. Then all delta
functions will become Lorentzians. This can be applied when trying to simulate finite
resolution effects in experiments. An example is depicted in Fig. [7.2]

Another way is to use a suitable function to terminate the continued fraction and to
obtain a continuous spectral density. The easiest way to explain this is the following

example: Let

a, =aVn (7.3.36a)
by = bV (7.3.36b)

then the Green function can be written as

v? v’
G(w) = lim . = = , (7.3.37)
5H0+w+25—a—m w—a—T1(w)

where 7(w) denotes our terminator. Due to the self-similarity of the terminator and the
Green function in Eq. ([7.3.37]) we can deduct

= 7(w) = G(w) (7.3.38)
for this special case. Then,
7 (w) + (a — w)T(w) + > =0 (7.3.39)

holds. In this case we can calculate the corresponding spectral density exactly by

1
= S%w) = ——ImG(w) (7.3.40a)
7r
1 1
e Im o (w—a— /12 — (0 —a)2
= 7TImQ (w a—i\/4b? — (w — a) >, (7.3.40b)
(W)

This simple example shows the main advantage of terminators in comparison to trun-
cation of the finite continued fraction, see Fig. For our simple example spectral
density the calculation with a terminator even obtains the exact spectral density. In
practice the condition ([7.3.36a)) and (7.3.36b)) does not hold exactly, however once the
continued fraction coefficients have converged close enough to the limits a., and b, we
can insert the square root terminator to obtain a smooth continuous function
of w. Furthermore it is possible to check the level of convergence, because we can obtain

the limits a., and b, from the one-particle dispersion analytically.



76 Dynamic results
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Figure 7.2: Graphical illustration of the finite broadening effect. The exact spectral density is
shown as the black curve. This is also the curve obtained by the use of the square
root terminator. The parameters of the exact density are a = 0 and b = 1. The
red curve is the finite continued fraction of depth four with a finite broadening of
6 =0.1.

7.3.3 Band edge singularities

Another piece of information that can be obtained from the sequence a,, and b, are the
exponents of the band edge singularities, see also Fig. [7.3] They are directly connected
to the asymptotically terms in a,, — a and b, — b,,. A more detailed analysis reveals
that

ﬁQ _ Oé2 1
1 — 202 — 232 1

holds for algebraic singularities at the band edges, see Ref. [59]. This relation allows us

to obtain the band edge singularities up to the signs by fitting a function of the kind

fla)=C+ g (7.3.42)

to the obtained continued fraction coefficients.
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Figure 7.3: Graphical illustration of the band edge singularities in the DSF.

This approach is limited by two facts. On the one hand we need to choose a lower
bound for n high enough, so that the terms in O (%) are already small to obtain a
useful fit. On the other hand we need to choose a upper bound for n low enough, so
that the limitation of the Hilbert space in the Lanczos tridiagonalization does not spoil
the convergence of the sequences {a,, b, }.

Due to these complementary requirements, the obtained exponents can contain rather
large numerical errors.

For two free hardcore particles on a chain, the band edge singularities are known to be
a = [ =1/2, see Ref. [62,/63]. We expect this behaviour also to be true in the case of
the TFIM because here the particle interaction does not exist in the exact solution. In
general we expect to see a change in the singularities once a bound state merges with a

continuum of states, see also Ref. [52].

In the case o = § = 1/2 the constraints ([7.3.41a}) and ([7.3.41b)) yield

1

Uy = Goo + O (ﬁ) (7.3.43a)
1

by, = b + O (E) . (7.3.43b)

We confirm this assumption in the two-particle case later in this chapter.
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7.4 S?* dynamical structure factor

In this section we investigate the transverse structure factor S**. Due to the fact that
the observable ¢* stays local in the Jordan-Wigner representation of the TFIM, the DSF
can also be obtained analytically. Exact expressions can be found in Ref. [38] and in the

zero temperature case read

1_fiQ’k1)5(w—w(/€1 —Q/2) —w(ky +Q/2)), (7.4.44)

57(Qw) = ]dkl

—T
with

(T + £ cos(ks — Q/2)) (T + £ cos(ks + Q/2))
w(ky — Q/2)w(k1 + Q/2)

As we can see in the d-function in Eq. (7.4.44]) the DSF only consists of a two-particle

continuum. Note that even with rising parameter J, no weight is shifted towards higher

fQ, k) = (7.4.45)

particle spaces. We emphasize that this fact can easily be explained within the string
operator algebra. The corresponding local operator of = Ojq is part of the string
algebra, therefore our effective observable after the CUT consists of a linear combination

of string operators,

e =Y 05240i1a0 + Y 0Fran(Ofig, +hec) + 07 (O, +he)  (7.4.46)
d d,n

where the maximum range n is limited by the order of calculation. Therefore, our
starting vector can at most create two excitations in the system.
Another side effect of the string property is that we can again reach very high orders,
even for our local observable transformation. Because we have to transform a non
translational-invariant operator, we additionally have to consider the positions j +d and
the starting site j. Therefore the computation time increases significantly but we were
still able to achieve a maximum order of 128.
Once the local observable transformation is completed, we calculate the starting vector
eﬁ‘ )|0). Note that for computational reasons we consider the Pauli matrices o
instead of the spin operators S. This modifies our sum rule in Eq. (7.1.6). Then we
apply the Lanczos algorithm in order to obtain the continued fraction coefficients. Note
that we also need the effective Hamiltonian H.g for the Lanczos tridiagonalization. With
the help of the continued fraction coefficients and the square root terminator we finally
obtain the DSF.
Note that the restriction to a fixed quasi-particle subspace is only possible with the
effective Hamiltonian and the effective observable, because in the original Hamiltonian
particle number conservation does not hold.
Overview plots for the DSF obtained in this way are shown in Figs. and [7.6]
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all for an order 128. In these plots we see the two-particle continuum in dependence of
total momentum ) and energy w.

First note that the overall two-particle intensity rises for larger parameters J. This is
due to the fact the transverse magnetization decreases and therefore spectral weight is
gained in the two-particle channel.

Furthermore we see that for small parameters most of the weight is concentrated in the
lower branch of the Brillouin zone while this swaps upon going to larger parameters.
Note the singularity inside the continuum on the right side of the Brillouin zone that
separates two regions with low and high spectral weight, clearly visible for the case
J = 1.9I'. Knowing the exact expression we can argue that this originates
from the J-function and therefore from the two-particle density of states, as the function
f(@Q, kq) is smooth and differentiable everywhere as long as J < 2T.

An additional feature is the rise of the two-particle bandwith of the DSF upon increasing
J. For J = 0 the two-particle continuum is zero everywhere. Then, a finite particle
hopping creates a two-particle contiuum centered around the line w = 2I". This can
be attributed to the one-particle energy w(q) becoming more and more dispersive with
rising parameter. Note that the minimal two-particle energy is always located at ) =0
which can be explained by two particles having momenta ¢; = 7w and ¢ = —7 and

therefore an energy which is twice the energy gap.
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Q [r]

Figure 7.4: The DSF S%? for the parameter J = I'. The maximum range for the Lanczos
algorithm is dpax = 1000 sites, the continued fraction was evaluated to a depth
of 50 and then terminated by the square root terminator. The color indicates
the spectral density, see legend to the right. The upper and lower edge of the
two-particle continuum are indicated by white lines.
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Figure 7.5: The DSF S?? for the parameter J = 1.5I'. The maximum range for the Lanczos

algorithm is dpyax = 1000 sites, the continued fraction was evaluated to a depth
of 50 and then terminated by the square root terminator. The color indicates

the spectral density, see legend to the right. The upper and lower edge of the
two-particle continuum are indicated by white lines.
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Figure 7.6: The DSF S%* for the parameter J = 1.9I'. The maximum range for the Lanczos

algorithm is dpyax = 1000 sites, the continued fraction was evaluated to a depth
of 50 and then terminated by the square root terminator. The color indicates

the spectral density, see legend to the right. The upper and lower edge of the
two-particle continuum are indicated by white lines.
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We want to investigate more profoundly how the CUT calculation differs from the exact
calculation by examining the DSF for fixed parameters J and total momenta (). This
is depicted in Figs. and [7.9 The plot shows S** for the parameters J = T,
J = 1.5 and J = 1.9T" and for the momenta ) = 0.17, @) = 7/2 and @) = 7, calculated
by the CUT in order 128 in comparison with the exact result.

First note the very good agreement for all parameters and momenta. The form of the
DSF is very close to a half ellipse, which is reasonable because the continued fraction
coefficients converge very quickly towards their final values a., and b,. This fast con-
vergence is close to the case in Eq. , where the exact DSF is given by a half
ellpise.

With rising parameter J more spectral weight is concentrated at the lower band edge,
which can be attributed to a complex interplay between momentum- and energy-conservation.
For the parameter J = 1.9 and () = 7/2 we also see the singularity inside the continuum

of the DSF which separates the two regions of spectral weight.

02 —mr————————————————— s
i Exact Q@ = 0.171 ——
Order 128 Q = 0.17r ——---
Exact Q = /2
0 Order 128 Q =7/2 —=== |
0.15 Exact Q =1 —— 1
— ' Order 128 Q =7 1
E
= 01 _
n
o
)
E
0.05 |+ i
i |
0 L 1 . ,
0.5 1 1.5 2 2.5 3 3.5 4

Figure 7.7: DSF S%? for the parameter J = I' for three total momenta (). The maximum
range for the Lanczos algorithm is dpax = 4000 sites, the continued fraction was
evaluated to a depth of 100 and then terminated by the square root terminator.
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Figure 7.8: DSF S%* for the parameter J = 1.5I" for three total momenta ). The maximum
range for the Lanczos algorithm is d,.x = 4000 sites, the continued fraction was
evaluated to a depth of 100 and then terminated by the square root terminator.
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Figure 7.9: DSF S%* for the parameter J = 1.9I" for three total momenta ). The maximum
range for the Lanczos algorithm is dp,.x = 4000 sites, the continued fraction was
evaluated to a depth of 100 and then terminated by the square root terminator.
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To investigate the numerical errors in more detail, we look at the absolute difference
between the exact DSF and the CUT calculation. This quantity is depicted in Figs.

[7.10}, [7.11] and [7.12] for the same parameters and momenta as above. Note that the left

hand scala is logarithmic. By comparing the different graphs it becomes obvious that
the error strongly depends on the total momentum (). The error is lower in the middle
of the continuum than at the band edge singularities. This is expected due to the strong
change of the DSF at these points.

On average the error is below 107°T~! even for large parameters J. We deduce that
the errors are mainly produced by inaccuarcies in the Lanczos tridiagonlization and the
limitation of the maximum range in the transformation of the observable by the CUT.

Nonetheless the errors are still very small and justifiy our approach.

0.001 L B B B B S B BSOS R AL B L AL B R R R
g Order 128 Q = 0.17
[ Order 128 Q =7/2 —— |
0.0001 3 Order 128 Q =7 3
. 1e05 |
Ib i ]
z i ]
L 1e-07 3 4
k= ? ?
T e0s |
1e-09 |
f N f
0.5 1 1.5 2 2.5 3 3.9 4
w[I']

Figure 7.10: Difference of the exact DSF 5%% and the CUT calculation for the parameter J =T.
The maximum range for the Lanczos algorithm is dy,,x = 4000 sites, the continued
fraction was evaluated to a depth of 100 and then terminated by the square root
terminator.
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Figure 7.11: Difference of the exact DSF S§%* and the CUT calculation for the parameter J =
1.5I'. The maximum range for the Lanczos algorithm is d,.x = 4000 sites, the

continued fraction was evaluated to a depth of 100 and then terminated by the
square root, terminator.
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Figure 7.12: Difference of the exact DSF S§%* and the CUT calculation for the parameter J =
1.9". The maximum range for the Lanczos algorithm is dpax = 4000 sites, the

continued fraction was evaluated to a depth of 100 and then terminated by the
square root terminator.
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Figure 7.13: Continued fraction coefficients for the case J = 1.5I" and total momenta @ = 0
and Q = 7/2. The upper plot shows the first ten coefficients converging rapidly to
their limit values indicated by horizontal lines. The lower plot shows the absolute
difference between the coefficients and their final values.

Next we investigate how the continued fraction coefficients approach their limit values
and how the limitation of the considered Hilbert space hampers the convergence. The
continued fraction coefficients for the case J = 1.5I' and total momenta ) = 0 and
Q) = 7/2 are shown in Fig. [7.13

The coefficients for the case () = 0 approach their limit even exponentially. Therefore
we know by Eq. and Eq. that the exponent of the band edges are
both 1/2, as expected.

For the case () = 7/2 the coefficients do not converge so rapidly, which is still plausible.
Therefore we plotted the coefficients for this case versus 1/n? to check if they are in
O(1/n?), see Fig. [7.14] Both coefficients oscillate around the final value which can not
be described by Eq. and Eq. . This again verifies that the exponents
are 1/2.

Note that the limitation to a finite Hilbert space can have a strong effect on the conver-
gence of the continued fraction coefficents. This is shown in Fig. [7.15] By reducing the
maximum range to 200 sites the convergence of the continued fraction coefficients is first
lowered and finally spoiled completely at n ~ 55, which supports our previous statement

concerning the extraction of exponents from the continued fraction coefficients.
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Figure 7.14: Continued fraction coefficients for the case J = 1.5I" and total momentum @ =
7/2. The upper plot shows the coefficients a,, and the lower one the coefficients
bn- The limit values are indicated by horizontal lines. Note that the x-axis scale
is 1/n2.
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Figure 7.15: Continued fraction coefficients for the case J = 1.5I" and total momentum @ =
/2. The maximum range for the Lanczos algorithm is lowered to dpyax = 200
sites. At n = 55 the restriction of the Hilbert space spoils the convergences of the
coefficients.
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7.5 S™ dynamical structure factor

In this section we discuss the results for the longitudinal structure factor S**. Since o*
creates an odd number of particles and the generator of the CUT preserves the parity
of an observable, the DSF S%* consists of 1,3,5,... particle contributions.

In Ref. |[19] Hamer et al. proposed an analytic expression for the one-particle contri-
bution. To our knowledge no data is available in literature for higher quasi-particle
contributions.

In the first part of this section we present our results for the one-particle contribution
to the longitudinal DSF. We compare our results to those of Hamer et al. In the second
part we consider the three-particle contribution to S** as an example of higher quasi-
particle spaces.

Note that the local observable o} transforms into a non-local operator under the Jordan-
Wigner transformation, acting on an extensive number of sites. Therefore, no easy anal-
ysis of this observable in fermionic terms is possible. This problem is avoided in the
string operator basis . On the other hand, the observable o7 is not part of the
string algebra, therefore its structure is more complicated, see Eq. (5.4.56a]). This com-
plicated structure prevents us from achieving very high orders, because the number of
representatives to track grows exponentially with every order.

We were, however, able to obtain results up to order 38. Here the computational effort
reaches its limit, because the contributions to the differential equation system take more

than 8 GB of memory.

7.5.1 One-particle contributions

As explained in section the one-particle structure factor consists of the equal time

structure factor and a J-function in energy space,

2

SP(w, Q) = | ) s (Q)] d(w —w(Q)). (7.5.47)

do »j

S577(Q)

Therefore our quantity of interest is the one-particle equal time structure factor S7*(Q).
Within the CUT framework this quantity can be exctracted from the effective observable
07 o, Dy Fourier transformation of the terms that create exactly one particle. Note that
for computational reasons we consider the Pauli matrices o instead of the spin operators

S. This only modifies our sum rule in Eq. (7.1.6)).
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Figure 7.16: Overview of the one-particle equal time structure factor S7*(Q) for different pa-
rameters J. For J — 2I" the value at () = «w diverges although the integral remains
finite.

In 2006 Hamer et al. analyzed the one-particle spectral weights of the TFIM and pro-
posed the analytic expression

seQy=Lt 271 (7.5.48)

In the following we refer to this expression as the exact one and compare it to our results.
An overview of the exact equal time structure factor is given in Fig. [7.16, We can see
that the structure factor at ) = m diverges when J — 2I'. Note that the divergence
of the structure factor is expected and the exponents can be described within a general
scaling theory developed by Sachdev [16].

In Figs.[7.17, [7.18 and [7.19) we compare the CUT results with the exact expression for the
parameters J =I', J = 1.5I' and J = 1.9I". As expected the results become worse upon

approaching the QCP. A closer analysis reveals that the highest absolute error occurs
at the critical wave vector () = m. The DSF diverges at this point, so that the relative
error, not shown in the graphs, remains essentially constant over the whole Brillouin
zone.

The plot for the parameter J = 1.9I" also shows that the results improve on passing
to higher orders. Consequently our results differ only by about of 1% even close to the
QCP at J = 1.9I'. Therefore, we agree with the results obtained by Hamer et al.
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absolute difference between the exact curve and the CUT.

Another quantity of interest is the integrated equal time structure factor, known as the

one-particle spectral weight,

S % / S7(Q)dQ. (7.5.49)

0

As explained before, the absolute spectral weight for all particle channels is fixed by a
sum rule. Therefore the relative one-particle spectral weight measures the intensity of
one-particle excitations in comparison to the weight in higher particle excitations.

This quantity is depicted in Fig. [7.20l As we can see, this quantity shows a very sharp
edge at J ~ 2I' and has a singularity at the QCP. To explain this sharp edge we also
display the correlation length £ on the upper x-axis. This quantity is given approximately

by the expression

E~ % (7.5.50)

where A is the energy gap and v is the spin wave velocity. The latter can be obtained
by fitting 2v cos(Q/2) to the maximum of the dispersion. Hence the correlation length
diverges at the QCP when the energy gap closes. The CUT agrees very well with
the exact results as long as the order of calculation is below the correlation length,
because with every order we can describe approximatly one additional range of physical

processes.
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Figure 7.20: One-particle spectral weight as function of the parameter J. Comparison of the
exact expression with the CUT results. The inset shows the absolute difference
between the exact curve and the CUT.

In our previous considerations this was no problem because we were able to achieve
orders > 100. Due to the very sharp edge of the one-particle spectral weight the CUT

is not able to capture this feature. But the agreement improves on increasing order.

7.5.2 Three-particle contributions

As in the two-particle S**(w, Q) case, the three-particle case S§*(w, @) consists of a con-
tinuum of states. We are again limited to a maximum order 38, including the reduction
of the DES, due to the complicated structure of the local observable o*.

Once the local observable transformation is completed, we calculate the starting vector
0% ‘z(Q) |0). Then we apply the Lanczos algorithm in order to obtain the continued frac-
tion coefficients. Note that we also need the effective Hamiltonian H.g for the Lanczos
tridiagonalization. With the help of the continued fraction coefficients and the square
root terminator we then obtain the DSF.

In contrast to the two-particle case we have to deal with two relative distances d; and
dy. If we restrict these distances to d.y, the considered Hilbertspace has a size of dfnax
and it is therefore limited to smaller values than in the two-particle case. Therefore
the coefficients must be carefully checked to avoid spoiled convergence due to the finite
range in the multi-particle states.

We again stress that the restriction to a fixed particle number space is only possible with

the effective Hamiltonian and the effective observable, because the original Hamiltonian
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is not particle number conserving.
Overview plots for the DSF obtained in this way are found in Figs. [7.21} [7.22] and [7.23],

all for an order 38. In these plots we see the three-particle continuum in dependence of

total momentum @) and energy w.

Note that the overall intensity rises when increasing the coupling .J, because spectral
weight is transferred from the one-particle sector to the higher quasi-particle channels,
compare Refs. [24-26].

In addition we notice that most of the spectral weight is concentrated in the lower half
of the Brillouin zone for small parameters J. This slowly shifts for growing parameters
similar to the S** case.

For J = 1.91' most of the spectral weight is concentrated rather sharply at the lower edge
of the continuum. This is in partial agreement with the S** case, where this tendency
can be observerd as well. Still the shape of the DSF differs strongly from the semi ellipse
case.

Furthermore, we notice a slight wiggling for the case J = 1.9I', which must be attributed
to the finite order calculation and to inaccuracies due to the restriction to a finite Hilbert
space. Still we expect the errors to be rather small, especially when comparing it to the
results for the one-particle structure factor.

Another observation is that the minimal three-particle energy is now located at Q) = .
This can be understood in terms of three particles having momenta ¢; = 7, go = —7

and g3 = 7, all with the minimal energy A.

6 0.01
0.009
5 0.008
A 0.007 =
N 0.006
=3 0.005 &
3 0.004 £
2 0.003 =
. 0.002
0.001
0 0

0 01 02 03 04 05 06 07 08 09 1
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Figure 7.21: The DSF S5* for the parameter J = I'. The maximum range for the Lanczos
algorithm is dpax = 100 sites, the continued fraction was evaluated to a depth of
50 and then terminated by the square root terminator. The color indicates the
spectral density, see legend to the right. The dispersion is indicated by the white
solid line. The upper and lower edge of the two-particle continuum are indicated
by white dashed lines.
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Figure 7.22: The DSF S5 for the parameter J = 1.5I". The maximum range for the Lanczos
algorithm is dyax = 100 sites, the continued fraction was evaluated to a depth of
50 and then terminated by the square root terminator. The color indicates the
spectral density, see legend to the right. The dispersion is indicated by the white

solid line. The upper and lower edge of the two-particle continuum are indicated
by white dashed lines.
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Figure 7.23: The DSF S5 for the parameter J = 1.9I". The maximum range for the Lanczos
algorithm is dpax = 100 sites, the continued fraction was evaluated to a depth of
50 and then terminated by the square root terminator. The color indicates the
spectral density, see legend to the right. The dispersion is indicated by the white

solid line. The upper and lower edge of the two-particle continuum are indicated
by white dashed lines.
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Figure 7.24: DSF S5* for the parameter J = 1.75I" for three chosen total momenta (). The
maximum range for the Lanczos algorithm is dy.x = 200 sites, the continued
fraction was evaluated to a depth of 100 and then terminated by the square root
terminator.

To investigate the errors more quantitativly consider Fig. Here we see S3* for the
parameter J = 1.75I' and momenta Q = 0, @ = 7/2 and @) = = for different orders.
For this case, the results differ only slightly depending on the order of calculation and
show good agreement even close to the QCP. We can also observe again, that most of
the spectral weight is concentrated at the lower band edge for large values of J. For the
two-particle case S#*(w, @)), we saw that the band edge singularities are 1/2 as expected.
Now we investigate the three-particle case S§%(w,@). As in the two-particle case we
use the constraint and by fitting a linear function to the continued
fraction coefficients in dependence of 1/n?. This is shown in Figs. [7.25],[7.26/ and [7.27],
for the case J = 1.5I" with total momentum @ =0, @ = 7/2 and @ = 7.

Note that no divergence is observed in Fig. [7.24] therefore we expect the exponents of

the band edge singularities to be positive. In contrast to the two-particle case we clearly
see no exponential decay towards the limit values. For all momenta both a,, and b,, show
a linear behaviour for small enough 1/n% We stress that the O(1/n3) terms matter
strongly up to 1/n? ~ 0.0002 = n ~ 70.

Interestingly the slope for a,, differs from zero for () = 0, which indicates that the lower
and upper band edge singularity differ, cf. Eq. . On the other hand, the slope is
close to zero for () = 7, which indicates that the band edge singularties strongly depend

on total momentum ().
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Figure 7.25: Continued fraction coefficients for the case J = 1.5I" and total momentum @ =
0. The upper panel shows the coefficients a,, and the lower panel shows the
coefficients by,. The limit values are indicated by horizontal lines. The red/green
lines indicated linear fits for small 1/n2. Note that the x-axis scale is 1/n2.
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Figure 7.26: Continued fraction coefficients for the case J = 1.5I" and total momentum @ =
/2. The upper panel shows the coefficients a,, and the lower panel shows the
coefficients b,. The limit values are indicated by horizontal lines. Note that the
x-axis scale is 1/n?.
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Figure 7.27: Continued fraction coefficients for the case J = 1.5I" and total momentum @ =
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Band Edge Singularities for S§*(w, Q)
Q o B
0 (247 £0.05) (0.98 £ 0.02)
7/2 (2.97 £0.04)  (2.70 £ 0.04)
7 (2.95 + 0.05) (2.82 £ 0.04)

Table 7.1: Exponents for the Band Edge Singularities for S§*(w, Q)

The values for the band edge singularities obtained by the linear fit, using the Levenberg-
Marquardt algorithm [50,51], are shown in Tab. [7.1] For @ = 7 and @ = 7/2 both
exponents seem to be 3 while in the case () = 0 the exponents differ and we assume that
a=2.5and § =1 holds.

In Ref. [64] a general expression for the multi-particle band edge singularities is derived

for a hardcore boson toy model. It reads,

2

S, xw'z forn>1, (7.5.51)

independent of total momentum . For the three-particle case this yields S, o w?,

which is in agreement with our results for @ = 7 and @ = 7/2, but differs for @ = 0.
A possible explanation for this could be the more complicated structure of our effective

Hamiltonian.
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7.6 Conclusions of the present chapter

In this chapter we investigated the dynamical structure factor for the longitudinal and
transverse case of the TFIM. With the help of the CUT it is possible to divide the DSF
into contributions from different quasi-particle spaces that are not mixed by the effective
Hamiltonian. We then used a continued fraction representation of the resolvent and the
Lanczos tridiagonalization to find results for the DSF.

For §%* exact results are known and could also be reproduced by the CUT. We investi-
gated how the numerical limitations, such as the restriction of the Hilbert space, affects
the results. These findings are useful for cases, in which no exact expression is known.
For the one-particle contributions of S** Hamer et al. [19] proposed an exact expression
in 2006 . Our results are in good agreement with this expression and verify their findings
at least for small parameters J.

Subsequently new results are shown for the three-particle case of S™. It strongly differs
from the semi elliptic two quasi-particle continuum in the S** case. For higher parame-
ters, most of the spectral weight is concentrated at the lower band edge. With the help
of the continued fraction coefficients we also extracted information about the band edge
singularities.

These results show that higher particle spaces are also accessible with the help of effec-
tive Hamiltonians and observables derived by the CUT method. For parameters J > 2T,
the present perturbative approach is of course not useful anymore, however we are still

able to describe relatively long correlation lengths in the polarized phase.
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8 Conclusion

In this thesis we investigated the transverse field Ising model (TFIM) by means of

continuous unitary transformations (CUT).

8.1 Results

First the general framework of continuous unitary transformations was introduced, with
a special focus on the enhanced perturbative realization of the method (epCUT and
deepCUT). The string algebra was introduced as our operator basis on which we perfom
the CUT. The closing property of the algebra under the commutator was shown for a
one dimensional chain. Next the TFIM was written in terms of string operators and the
CUT method was applied in this operator basis. We have shown that the derivation of
effective models up to very high orders in the parameter J is possible. Furthermore, it
was possible to derive the flow equation up to infinite order. This is a remarkable step,
because the TFIM is a non-trivial model in the thermodynamic limit.

Next we investigated the static properties of the TFIM and compared them to the exact
results calculated by Pfeuty. The ground state energy per site, the transverse magneti-
zation as well as the energy dispersion agreed very well up to the critical point J = 2T".
Above the critical point only the ground state energy and the transverse magnetization
were close to the exact calculation. For this case the dispersion was only in partial
agreement. Still, this is a remarkable result, because our quasi-particle picture breaks
down at the quantum critical point (QCP) and the elementary excitations for J > 2I"
are non-local domain walls, hard to describe by means of local spin flips.

Next we investigated the dynamical structure factor (DSF) for the TFIM at zero tem-
perature. We started by introducing the general framework to calculate Green functions
within our effective model. We used the Lanczos algorithm and a continued fraction
representation to calculate the resolvent representing the DSF.

In the next section the transverse DSF was calculated and compared to the exact results.
For these spectral properties, high orders are available within the string operator basis.
All results agree well with the exact results. Many of the small deviations were located
at the edges of the continuum, which can be explained by the square root singularity
located at these points.

Next, the longitudinal DSF was considered. Here the order of calculation was limited

to a maximum of 38. However we were still able to confirm the results by Hamer et al.
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for small enough parameters J.

A novel result is the calculation of three-particle contributions to the DSF. This is a very
complicated problem, because the interaction of multiple particles on the chain must be
considered. Still all results show good convergence for sufficiently high orders and are
therefore considered to be quantitatively correct. The three-particle continuum shows
an accumulation of spectral weight at the lower edge. We also obtained exponents for
the band edge singularities by investigating the convergence of the continued fraction

coefficients.

8.2 Outlook

Further investigations could include the S¥” DSF or finite temperature effects, leading to
a broadening of single particle lines as well as low frequency responses due to intraband
scattering. However this remains a difficult task, because the full statistical operator
must be considered in order to calcultate the needed Green functions.

Furthermore, the method of CUT is not restricted to one dimensional systems, therefore
higher dimensions can be considered to further investigate multi-particle excitations in
these systems. For example the 2d transverse field Ising model should be in the same
universality class as the 3d classical Ising model, which is not exactly solvable so far.

Therefore, calculation of critical exponents could be an interesting research topic.
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