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Abstract

The energy gap for single charge excitation A in a half-filled Fermi-Hubbard model in
the regime of strong interactions is studied for both a one-dimensional chain and two-
dimensional squared lattice. Charge fluctuations in this regime are suppressed. Therefore,
it is appropriate to use an effective model, namely the t-J model. Here, the model is
used in the limit of 0 < J < T < A to describe the movement of a hole in a disordered
spin background. The energy spectrum connected to this movement provides information
regarding the energy gap.

In this context, the iterated equations of motion approach represents a tool to gain
insights into the dynamics of a hole and thus to resolve the energy spectrum connected
to the energy gap. As in previous studies, an ansatz with a scalar product is used,
which is slightly modified here. Results for the energy gap gained with this approach are
compared to results from former studies using different approaches. Occurring differences
are attributable to not considering spin correlations in this approach.

Kurzfassung

Im Hinblick auf die vorliegenden Arbeit wird die Energie Liicke A fiir eine einzelne
Ladungsanregung in einem halbgefiillten Fermi-Hubbard Modell in Bereich starker Wech-
selwirkung sowohl auf einer eindimensionalen Kette als auch auf einem zweidimensionalen
quadratischen Gitter untersucht. Ladungsfluktuationen sind in diesem Grenzbereich stark
unterdriickt, sodass es moglich ist ein effektives Modell herzuleiten, das ¢t-J Modell. Der
Grenzbereich 0 < J < T < A soll dieses Modells in dieser Arbeit dazu dienen die Bewe-
gung eines Loches in dem paramagnetischen halb gefiillten Zustand zu beschreiben und so
Informationen iiber die Energie Liicke fiir eine einzelne Ladungsanregung zu erhalten.

Es wird eine Methode vorgestellt die es ermdglicht in Form von iterierten Bewegungsglei-
chungen das Energiespektrum aufzulsen und so Riickschliisse auf die Energieliicke fiir
Ladungsanregung zu ziehen. Dafiir wird ein Ansatz mit Operatorskalarprodukt verwendet,
der in Vergleich zu vorigen Studien zur iterierten Bewegungsgleichungen modifiziert wird.
Die resultierenden Energieliicken werden mit Ergebnissen anderer Methoden verglichen.
Auftretende Unterschiede werden auf die Nichtberiicksichtigung von Spin Korrelationen
bei diesem Ansatz zuriickgefiihrt.
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1 Introduction

The field of physics investigating phases and phase transitions in a condensed-matter
systems is a broad research area. While the variety of phases is very limited in daily life,
there is a multitude of phenomena in the lower temperature range. The spectrum goes
from phases which are characterized by their magnetic properties like the antiferromagnetic
and ferromagnetic phase to phases determined by their electronic properties like metal,
superconductor, semiconductor and Mott-Insulator or other exotic phases as the Bose-
Einstein condensate only to name a few [1]. Phases characterized by different interactions
and properties are of course able to overlap so there are e.g. paramagnetic Mott insulating
and antiferromagnetic Mott insulating phases. All those phases despite their different
behavior and form of appearance in condensed-matter physics share the property that
they are built of the same building blocks electrons, protons and neutrons which then
form different Atoms and Molecules. In which way those particles interact with each
other in the system has an influence on the phases of the system. Due to the incredible
amount of particles in a condensed-matter system, it is necessary to break down these
interactions into tangible mathematical models, which still provide a sufficient description
of the reality. Since in reality different phases transit into each other if parameters in the
environment change, the wish to describe those transitions also in theoretical models is
deeply rooted in the field of condensed-matter physics. For example superconductivity
has been successfully described with the help of the BCS theory [2].

But already models considering only the bare necessary interactions can be full of physical
behavior and therefore they are essential for a better physical understanding. One famous
model falling into this category is the Ising model [3] which considers only spin interaction
of nearest neighbors on a rigid lattice in an external magnetic field. It brought an
understanding for anti- and ferromagnetic behavior. Further, it is possible in the model
in two dimension to find a thermal driven phase transition of its magnetic phase. Where
for a vanishing external field an analytical exact solution [4] was found, the study of
other parameter regimes or higher dimensions rely on approximate approaches e.g. density
matrix renormalization group [5], mean field theory [6] or Monte Carlo simulations [7].
Hence, models that at fist glance appear quite simple can become a separate field of
research whose problems are anything but easy to solve. So investigating new approximate
approaches in order to reach a better understanding in areas where an analytical solution is
not possible is always of relevance in basic research. The results of those new approximate
approaches are mostly evaluated against available analytical solutions or other establish
methods and should be able to reproduce them.

This outlined procedure is part of the present work. Here, a new approach is studied
in the context of a phase transition in a model also well-established in the field of
condensed-matter, namely the Fermi-Hubbard model [8H10]
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The Fermi-Hubbard model is capable to describe a phase transition between a Mott-
insulator phase and a metal phase by considering only electrons hopping on a lattice with
an on site electron-electron-interaction. Where in one dimension an exact solution of the
model is possible [11], this holds not for other finite dimension. So the situation is quite
similar to the Ising model and the model is study with different approximate approaches
e.g. dynamic mean-field theory |12], perturbation theory [13] and variational Monte Carlo
method [14]. In some borderline cases of the model deriving an effective model is also a
commonly used means [15]. Regardless of the theoretical approaches, due to the progress
made in the experimental physics in recent years, this first purely theoretical model can
be investigated also in real systems [16, [17]. So the research on the Fermi-Hubbard model
is far from complete and the application of this new approach promise new insights.

This new approach is based on the iterated equation of motion approach [18] which
already was successfully applied in the context of non-equilibrium physics in the Fermi-
Hubbard model [19] and large central spin models [20]. In this thesis, the iterated equation
of motion approach is applied to an effective model of the Fermi-Hubbard model, the
t-J model [21], to determine the motion of a hole and thus investigated the transition
between the Mott-Hubbard insulating and the metal phase.

The work is structured as follows. In chapter 2| first an introduction to the Fermi-Hubbard
model is given and its basic properties are discussed. After that the ¢-J model is introduced
whereby all necessary terms in the model are discussed in detail. Then, the tool kit used
in this thesis, the iterated equation of motion approach, is presented and accompanied
by first considerations to connect the results of the iterated equation of motion approach
with an energy spectrum. After this different approaches to determine an operator basis
are discussed. In the beginning of chapter [3| the foundation is laid to apply the approach
to the real problem and determine the dynamics of a hole in a disordered spin background.
Here, two different cases are presented with different consequences for the applied method.
Additionally, a further operator representations for this approach is discussed in more
detail. Concluding the chapter |3| a form in which the results are presented is established.
In chapter 4| contains all calculated results in this thesis starting with a simple model in
one dimension as a testbed for this approach where the two different cases are compared
to each other. Then the simple model is extended to a two-dimensional squared lattice.
The approach is applied to the t-J model in both one and two dimension. In chapter |5|a
summary of all obtained results within this work is given followed by an outlook.
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2.1 Fermi-Hubbard model

This section considers the Fermi-Hubbard model, which serves as the foundation for the
derivation of a ¢-J model in the further sections. Here an overview of the model is given
and its properties are discussed. Onward all calculations are done in natural units within
which 7 is set to unitary.

The Hubbard model was first independently proposed in the year 1963 by John Hubbard
[8], Junjiro Kanamori [9] and Martin C. Gutzwiller [10]. It delivers a description for
correlated electron systems with narrow energy bands in a solid state system and serves
as an important ingredient in other topics such as high-temperature superconductors,
transition metals and their oxides, polymers, heavy Fermionic materials, fullerenes and
liquid Helium [22].

The model is based on the assumption that electrons face a coulomb repulsion if they are
located at the very same site. Otherwise, they can move freely. Furthermore, electrons are
tightly bounded at the atomic sites. So in the real space representation of the model the
electron wave functions are highly localized Wannier functions |23| taking into account the
periodicity of the system and form a complete set of orthogonal function. Furthermore,
it is reasonable to describe the model in the second quantization where the operators
flTa and f, & either create or annihilate an electron at site [ and with spin o € {1,]}. In
second quéntization the Hamiltonian of the model in real space reads

H' = H,+ Hj, (2.1a)
Hy=—tY> fl f, (2.1b)
(i.j)o
Hy =U> gy (2.1c)
%

where (i,7) indicates that i, j are nearest neighbors to each other. Here, H; is the
kinetic part describing simple hopping processes between two nearest neighbor sites with
the hopping amplitude ¢ > 0 and Hj,; denotes the interaction part which considers the
repulsive Coulomb interaction of electrons at the same site with the strength U > 0.
Due to the Pauli exclusion principle in the Fermionic system the number operator fzi’g

is limited to the values of {0,1}. If the number operators 1, , and 7, | both count an
electron, two electrons occur on the same site and the system receives an energy penalty
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of U. In this thesis we are dealing with a system near half-filling and thus it is convenient
to make an energy shift in the Hamiltonian by the means of

N L

with the overall number of particle N and number of sites L in the system. This leads to
a Hamiltonian of the form

H = H; + Hint (2.3a)
Ht =—t Z fi“;o'fj,o' (2‘3b)
(ij)o

R 1 R 1
Hiy = UZ (niT - 2) (nii — 2) (2.30)

where the chemical potential is set to zero at half-filling. Furthermore, the Hamiltonian in
the representation of equation (2.3)|is particle-hole symmetric since in this representation
empty or doubly occupied sites hold both an energy penalty of U/4 Here, empty sites are
associated with holes in the system. Whereas a single occupied sites lower the energy
by a value of —U/a. Apparently, removing or adding an electron in the half-filling case
described by lequation (2.3), so that a hole or doubly occupied site remains, requires both
an energy of U/2. This two processes are associated with a charge excitation of the system.
If we talk about the Hamiltonian of the Fermi-Hubbard model, we refer to the operator
in equation (2.3)). In figure 2.1| the Fermi-Hubbard model for an one-dimensional chain is
illustrated.

Figure 2.1: Illustration of the Fermi-Hubbard model for an one-dimensional chain.
Empty or doubly occupied sites cost an energy of % while single sites set free an energy
of %. Also, hopping processes are rewarded with an energy of t.

Contrary to higher finite dimensions the Fermi-Hubbard model in one-dimension d = 1
is analytically solvable via Bethe ansatz [11]. As a result of the missing analytical
solution in higher finite dimension borderline cases for the model are often discussed. The
Fermi-Hubbard model has two interesting borderline cases. On one side with a vanishing
interaction U = 0 the system collapses to an effective one-particle problem and can be
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solved exactly by a transformation of the kinetic part H; into the momentum space. For
a hypercubic d-dimensional lattices this results in a dispersion relation

d
€ = —2t Z cos (ka;) (2.4)
i=1

with k denoting the momentum vector and a; representing the primitive translation vector
of the used lattice. One property of interaction-free system is the bandwidth W = 2zt
where z = 2d is the coordination number z of the underlying lattice. For half-filling
this case describes a metal. Hereafter the interaction strength is expressed as a relation
between U and bandwidth W in the form of W/u. The counterpart is the atomic limit
t — 0 where two difference energy levels are present. One is located at —U/2 and the other
at U/2, which can be calculated for this case with one-electron Green function [8]. For
a not vanishing hopping it can be shown with an approximation done in Ref. [24] that
these two energy levels broaden into two bands, the lower (LHB) and the upper (UHB)
Hubbard band. Each band has the bandwidth of Wg leaving us with a spectral density
p(FE) presented in a simplified manner in |figure 2.2 for U > W. The UHB contains
the energy spectrum of adding one electron whereas the LHB contains the spectrum of
removing of an electron from the half-filled ground state and the energy difference between
the energetically lowest state in the HUB and the highest in the LHB determine the gap
size |22]. Due to the particle-hole symmetry in the Hamiltonian of equation (2.3) LHB
and UHB are completely symmetric around zero. As shown in [figure 2.2| there is an energy

p(E)

E

Figure 2.2: Simplified illustration of the spectral density p(E) of the Fermi-Hubbard
model in the case of U > W. With the lower LHB and the upper UHB Hubbard band
have an effective bandwidth of We.g and the gap for single charge excitations A.

gap for single charge excitation of A in the parameter regime of U > W. Hence, the
Fermi-Hubbard model at half-filling for U > W describes an insulator with the band
gap A. In the case of decreasing interaction strength U the energy gap A separating
LHB and UHB also decreases up to a point of critical interaction strength U, where LHB
and UHB finally touch and the energy gap A for single charge excitation vanishes. At
this critical value the system undergoes a phase transition between the Mott-Hubbard
insulating and metal phase. In this context, describing this transition and determining a
critical interaction strength U, is a quite difficult topic. At least in one dimension it is
possible due to its integrability to generate exact results [25]. Other approaches study
for example a Bethe lattice with infinite connectivity by using e.g. perturbation theory
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[13] or dynamic mean-field theory [12} 26]. As mentioned in chapter |1, in this thesis a
different approach to determine the critical interaction strength U, is used by describing a
hole motion in a disordered spin background.

In the limit of strong interaction U > W doubly occupied sites and holes are highly
suppressed and therefore a mapping of the Fermi-Hubbard model at half-filling in second
order perturbation theory to an antiferromagnetic Heisenberg model with the coupling
constant of J = 2t*/u is possible [27]. Whereas in the vicinity of half-filling it is possible
to describes movements of holes and doubly occupied sites for U > W with an effective
model, the t-J model which is introduced in section 2.2l Furthermore, to realize the
disordered spin background the ¢-J model is considered for 0 < J < T <« A with the
temperature 7' [25].

2.2 Generalized t-J model

As mentioned in section [2.1, in the limit of strong interaction U > W it is possible to
map the Fermi-Hubbard model at half-filling to an antiferromagnetic Heisenberg model.
Also, for values up to W/u ~ 0.8 it is justified to map the Fermi-Hubbard model to
another effective model, a generalized ¢t-J model [21]. The following section introduces
the t-J model and gives an overview about the model essential for this thesis.

Starting with the Hubbard model at half-filling in the limit of strong interaction all sites
each are occupied with only one electron. By reducing the interaction strength electrons
are gradually allowed to move leaving some sites empty or doubly occupied. These sites
are deviations from the previous one electron per site state and are referred to as a sort of
charge fluctuations in the system. Here, both doubly occupied and empty sites are called
double occupancies DO. In the regime of reducing the strong interaction it is possible to
a certain point of the interaction strength to derive an effective Hamiltonian conserving
the numbers of DOs. There are different approaches to reach an effective model which
eliminates the creation of charge fluctuations in the system. One possible approach is to
create an effective Hamiltonian through a degenerate perturbation theory in the scheme
of [28] for the half-filled Hubbard model for t <U. Done e.g. in Ref. [29] up to the seventh
order for the linear chain or in Ref. [30] for the simple cubic (sc) lattice up to the fifth
order. Another approach is to use a continuous unitary transformation CUT to derive
an effective Hamiltonian e.g. done in Ref. [21, 31]. Here we refer to the Hamiltonian
of a generalized t-J model from the work done by A. Reischl, E. Miiller-Hartmann and
G. S. Uhrig [21].

Now we sketch the steps to obtain the effective model via a CUT. Within the derivation
the focus lays more on the obtained effective model than the theory behind the CUT. So
if a more detailed description is sought, we again refer to the studies done in Ref. [21].
Generally speaking the energy sector of different numbers of DOs are well separated
for strong interaction. So through the CUT a disentanglement of the different sectors
belonging to different number of DOs is achieved resulting in an effective model. By
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starting to alter the representation of the normal Fermionic creator and annihilator as
shown below by the means of

it is possible to identify terms in the hopping part of the Hubbard model [2.3b depending
on the effect on the count of DOs in the system. The hopping part Hy now reads

Hy=Ty+Tio+T-2 (2.7a)
Ty = to Z [(1-2, ) I i (1= 1035) + i Pl fity + | (2.7b)

Ty =tis Z i fin i (1= 035 ) + oS Fi (1= 105 ) | (2.7¢)
Too=t_ QZ [(1—71 o) I Fioie + (1= 055 ) £l Fioftis] (2.7d)

where & = —o and T; denotes terms which change the number of DOs of the system by
i. The coefficients tg, t_2 t+2 do not differ at the beginning of the CUT from the bare
hopping parameter ¢ of the Hubbard model. Here, the transformation —¢ — ¢ is performed
beforehand to the Hamiltonian of equation (2.3). Due to its particle-hole symmetry on
bipartite lattices, its spectrum is invariant under such transformation [32]. The |figure 2.3
shows possible processes of Ty describing only movements of a DO on the lattice while
figure 2.4 illustrates process that change the number of DOs in the system.

(a) (b)

Figure 2.3: Two different process for a DO movement on the lattice. First in figure 2.3a,
via a doubly occupied site and second in [figure 2.3b|via an empty site. With the difference
that in latter case electron and DO movement take place in opposite direction and in
the former in the same direction.
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(a) (b)

Figure 2.4: Processes that change the number of DOs in the System. In figure 2.4a|the
creation of two DOs is shown while ffigure 2.4b| shows the annihilation of two DOs.

As mentioned above, we are looking for an effective model conserving the DOs. So terms
like T"_5/5 should not be presented in the effective Hamiltonian. The continuous unitary
transformation uses the flow equation

d

W) =), H(1)] (2.8)

with the flow parameter [ and the generator n(l) = [f), H (l)} to transform the Hamiltonian
into such a model. Here, the operator

D=3 gy, + (1=y) (1-7,) | (2.9)

counts the number of DOs in the system. Starting with H(l = 0) = H the effective model
is obtained for [ — oco. Apart from that a truncation scheme is necessary to restrict to
important terms arising during the flow. Therefore, in Ref. [21] the truncation is done
according to the locality of new terms referring to a two-dimensional squared lattice. The
result is an effective model contains different terms describing different processes conserving
the number of DOs in the system. Hopping of DOs, Spin couplings or interaction between
two DOs are for example part of those processes. For this thesis terms describing the
movement of one DO on a lattice are of great interest. Therefore, only spin couplings in
the order of J = t*/u and hopping of one DO are terms occurring in the Hamiltonian.
In the limit 0 < J < T <« A we assume that terms describing spin couplings can be
neglected. In the following, all DO-hopping processes, which are necessary to describe a
t-J model for a two-dimensional squared lattice according to Ref. [21], are discussed, which
includes simple nearest neighbor (NN) Tj and both simple T{; and spin dependent Té,s
next nearest neighbor (NNN) hopping on a two-dimensional squared lattice. Where for
the NNN hopping a further distinction is made between diagonal 7, and linear 7)) NNN
hopping. This distinction is necessary for use of the Hamiltonian on a one-dimensional
chain, since the diagonal NNN hopping does not exist in one dimension. Starting with
the simple NN hopping of a DO which is equivalent to the T term of equation (2.7b)
with the amplitude ty = t being equal to the hooping amplitude of the Fermi-Hubbard
model. The diagonal NNN hopping has almost the same form as Ty with the difference of
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a factor -1 between the hopping of a hole and a particle DO to ensure the particle hole
symmetry. So the diagonal NNN hopping reads

— Y [(1 _ ng) i (1 - ﬁﬁ) fig S Fojy + D, (2.10)
W

where ((i, 7))q denotes the diagonal NNN sites. Two possible processes are illustrated in
the The spin dependent diagonal NNN hopping reads as

o=t 5 [(1na) ot (15,) 5

<i,k,j>d0£,8 (211)

with a, 8 € {1,1}. In the equation above S;, is the spin vector at site k& and it is
advisable to use the representation Sy = 5 (ak + O'k yi(oy, a,j), O'Z)T with a,j = f,Iﬁfk’i,

o, = f,C 1 f,CT and o} = Mgy — Ny |- Furthermore, o denotes a vector consisting of the
three Pauli matrices (o, 0y, 0) where the 1ndex af refers to the corresponding matrix
element with 1= 0; /= 1. As in equation (2 7 and j are diagonal NNN and in addition
k is NN of both sites which is written as <2', k,j)q. For example in a two-dimensional
square lattice the path connecting the sites i, k£ and [ forms a right angle as shown in

|
i

Figure 2.5: Two possible processes for a diagonal next-nearest neighbor hopping T} of
a DO according to (2.10) on a two-dimensional square lattice, illustrated via movements

firstly of a doubly occupied site in [figure 2.5aj and secondly of an empty site in |figure 2.5b

| |
| i

(a) (b)
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Ut |
-t i1

(a) (b)

Figure 2.6: Two possible processes out of various spin dependent diagonal next-nearest
neighbor hopping of a DO described by T ; in equation (2.11). In ffigure 2.6a|the hopping
of a doubly occupied site or in [figure 2.6b| the hopping of an empty site results in a spin
flip on the site k.

Furthermore, both simple and spin-dependent linear NNN hopping has to take into
consideration. The simple linear NNN hopping

1y =t 3 [(1tip) £y (1= i) = g o gy + i (2.12)
(G

read like Tf) with the different that ((7,j)); indicates ¢ and j are 3NN sites to each other.
Possible processes of T are shown in figure 2.7. As well as the diagonal NNN hopping
holds a spin-dependent part Ty, the linear spin-dependent hopping T}, exists too with

1 1 " .
Tio =t Z [(1 - ”z‘a) fiTaU'aﬁfjﬁ (1 - ”jg) Sk
(ik.g)10B (2.13)
F0 ST apfigh 5 Sk+he] .
It also contains the vector of Pauli matrices and the spin vector on site k which is also
NN site to ¢ and j. But now ¢ and j are linear NNN to each other displayed by (i, k, j);.

| A1 11

(a) (b)

Figure 2.7: Two possible processes for a linear nearest neighbor hopping T of a

DO according to equation (2.12) on a two-dimensional square lattice, illustrated via

movements firstly a doubly occupied site in and secondly an empty site in

~

10
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Carried over to the 2D squared lattice the sites ¢, j and k lie all on one straight line in
the lattice as shown in [figure 2.8 where possible process of T;’ o are displayed.

(a) (b)

Figure 2.8: Two possible processes out of various spin dependent linear next-nearest
neighbor hopping of a DO described by T in|equation (2.13). Infigure 2.8a the hopping
of a doubly occupied site or in [figure 2.8b|the hopping of an empty site results in a spin
flip on the site k.

So overall the effective Hamiltonian H.g reads as
Hep =To+Ty+Tig+ Ty +Tio + Hing - (2.14)

The strength for all the different hopping amplitudes ¢Z of the various hopping terms in
equations (2.10) to|(2.13) is related to the simple hopping tg in Ty and changes depending
on the relation of W/u|21]. But as mentioned at the beginning of this section the model is
only capable of describing the situation for values up to W/u =~ 0.8. So all in all we are
able to describe the dynamics of one DO in the Hubbard model on a two-dimensional
squared lattice in the parameter regime W/u < 0.8 with the in Hamiltonian described
equation (2.14)| of an effective t-J model.

2.3 lterated equations of motion approach

The section [2.1) already gave a brief overview about the methods used to determine the
energy gap for single charge excitation and the critical value U, for which the gap closes.
As mentioned above, an analytical solution for the Hubbard model is only possible using
the Bethe ansatz in one-dimension and in infinite-dimension, where in infinite-dimension
a mean field approach is used. So for finite dimensions greater than one-dimension, a
semi-analytical treatment is necessary. In this section we deal with such semi-analytical
approach, the iterated equation of motion approach, which will be referred to as the iEoM
approach in the following. Mostly in literature, the iEoM approach is applied to calculate
the time dependency of an operator A(t). Nevertheless, in this thesis this approach is used
to calculate a value for the energy gap for single charge excitation of the system. As the
name suggests, the approach is based on an iterative scheme, where with each iteration
the number of appearing equations increases steadily. For the purpose of applying the
iEoM approach in this thesis this section gives an overview about the iEoM approach. The
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questions how to determine the energy gap using the iEoM approach will be addressed
later in section (2.4l

Since the iEoM approach dealing with time evolution a short summery of the pictures
used for in quantum mechanics to describe time dependencies is given beforehand. There
are three equivalent used pictures: The Schrodinger picture, Heisenberg picture and the
Dirac picture [33], where the last one is only listed for the sake of completeness and
finds no use in this thesis. In the Schrédinger picture the time dependency is contained
in the bras (¥(t)| and kets |¢(t)) and operators are constant in time except they have
explicit time dependence.In contrast, the operators in the Heisenberg picture contain the
time dependency and the states are constant in time. When Ag denotes an operator
in the Schrodinger picture and Apy the corresponding in the Heisenberg picture, the
transformation between these two equivalent pictures is made via

Ap(t) = UL(t, to) AgUg (1, to) (2.15)

with the unitary time evolution operator Ug(t,p). In its most general form, the time
evolution operator has the following representation

Ug(t,to) = Tp exp (—i/tt dt’Hs(t’)) (2.16)

0

where T is the Dyson time ordering operator with the property

A(tl)B(tz) if t7 > 1o

_ (2.17)
B(ta)A(t1) otherwise

Tp (A(t1)B(t2)) = {

and Hg(t') indicates an explicit time dependence of the operator. In this thesis we do
not make use of the explicit form (2.16]). Despite this, the equation describing the time
dependence of an operator in the Heisenberg picture is derived form equation (2.15).
Leaving us with the Heisenberg equation of motion in its most general form

d . 0
AR () = 1 [Hi(0), An(0)] + ULt o) 5 Ag(OUs(10) (2.18)
For a time dependence of the operator without explicit occurrence of time ¢ in the

Schrédinger picture Ag(t) = Ag the Heisenberg equation of motion reduces to

S Au(t) = 1 [Hi (1), An(0)] = 1L(Ax(0) (2.19)
whereby for future reference the Liouville superoperator £ (.) := [Hg(t),.] is introduced
as a shorthand notation for the commutation with the Hamiltonian Hpy (t) of the system.
Furthermore, all operators of interest in this thesis are missing an explicit time dependence.
Therefore, lequation (2.19) is used as a starting point for the following calculations. In
the following, all operators in the Heisenberg picture are noted as A(t), where all other
operator A without time dependence are operators in the Schréodinger picture.

12



2.3 Iterated equations of motion approach

After this brief excursion regarding the different pictures in quantum mechanics, we now
turn to the derivation of the iEoM approach. Starting with an arbitrary operator A(t) in
the Heisenberg picture. The operator can be written as an operator expansions

A() =) hi(t) A (2.20)

consisting of complex prefactors h;(t) which contain all time dependencies and time
independent operators A; in the Schréodinger picture taken from a certain operator basis
O ={Ai,..., A,} [1§]. The Heisenberg equation of motion (2.19)) for the operator (2.20))
reads

d

AW =1L AW) =137 k(L) (2.21)

where £(A;) can also be written as a linear combination of other operator A; in the given
Basis O

L(A) = Z Mj;A; . (2.22)

Combining all previous equations (2.20) to|(2.22) and considering that the time dependence
is only stored in the prefactors h;(t), the following equation results

d .
Zi: E (hi(t)) Ai = 1%: Mjihi(t)A;. (2.23)
A coefficient comparison for an operator in lequation (2.23)|yields
d .
hi® = ) Mjihi(t) . (2.24)

Writing all prefactors h;(t) in a vector h(t) the relation in equation (2.24)|is writable as a
matrix vector product

d .
—h(t)=1iM h(t) . (2.25)
dt
The matrix M consists of the prefactors which arise by applying the Liouville superoperator.
Thus, it will be called the Liouville matrix in the following. The equation (2.25) describes
the effect of the so called Liouville matrix on the time-dependent prefactors h;(t) of the
operator expansion in equation (2.20). So the time evolution of the operator A(t) is
obtained by solving the first order differential equation system in equation (2.25) for h(t).
This can be done of course using either a numerical or analytical approach. In both cases
necessary for the complete solution of the differential equations are initial conditions for
the operator A(t = 0). For the starting point ¢ = 0 the operator A(t) should be equal to
the operator in the Schrédinger picture

At=0)=A . (2.26)

13
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Therefore, the operator A needs to be included in the operator basis O. Presuming the
operator A is the first operator Ag in the operator basis O, the first element in the vector
h(t) is associated with the operators Ag. So the initial condition for h(t) reads

hi(t = 0) = {(1) : 2;8 . (2.27)

With the iEoM approach we are capable to calculate the evolution in time of an operator.
Hence, with this method we can study for example time dependent observables like the
local occupation number or calculate time average for an operator as done in Ref. [19].

In this thesis we are not interested in the explicit time evolution of an operator but more
in the energy gap of the Mott-Hubbard insulator described by the t-J model in the regime
of 0 < J < T <« A as mentioned in section [2.1. Hence, we need to find parameters in
the iEoM approach that provide insights into the energy values connected to the energy
gap of the model. Therefore, in the next section, we consider possible approaches to the
solution of the differential equations in equation (2.25) and their applications to determine
the energy gap of the model.

2.4 Addressing the solution of the iterated equations of motion
approach under consideration of the energy gap

As mentioned above there are two general approaches to solve the differential equation
of lequation (2.25)l The first is a numerical solution and the other one is an analytical
solution. Here the two approaches are brief summarized and it is evaluated whether they
are suitable for calculating the energy gap of the system.

Numerical solution

In the numerical solution the vector h(t) is calculated for discrete time steps t,, = nh,
n € Np. To give an estimation for a next step h(ty,) the previous step t,_; is taken into
account. Whereby the initial vector of equation (2.27) serves as the start vector for this
process. Well-known methods for this type of solutions are the Runge-Kutta methods
[34]. Now the task is to rate the solution regarding its potential to give insights into the
energy gap. Since the vector h(t,) contains only factors h; indicating the portion of basis
operators A; in A(t,) to a given time ¢,, as shown in equation (2.20), there is at first no
clear connection to the energy gap. Therefore, it is not really possible to make a statement
concerning the energy gap of the system unless it is possible to find an observable which
is directly connected to the energy gap. Thus, this approach to the solution might not be
the way to determine the energy gap. At first, we drop this approach, and we turn to an
analytical one.

14



2.4 Addressing the solution of the iEoM approach under consideration of the energy gap
of the Mott insulator

Analytical solution

On the other hand it is also possible to analytically solve the differential equation system
in equation (2.25) by a linear transformation into the eigensystem of the Liouville matrix
M. Consider that the Liouville matrix M € C"*" is a diagonalizable matrix so that a
linear transformation Q € C™*" exists which fulfills

Q 'MQ=D (2.28)

where the matrix D = Diag (A1, ..., \,) is a diagonal matrix with the eigenvalues A\; € C
of M. Furthermore, each eigenvalue \; can be associated with an eigenvector v; € C"
which satisfies the eigenvalue equation

M’UZ‘ = )\ivi . (2.29)

In order to determine the eigenvalues of M it is necessary to compute the zeros of the
characteristic polynomial

p(A) =det(M — AI) =0 (2.30)

with the identity I having the same dimension n x n as M. The zeros of the characteristic
polynomial p(\) are the eigenvalues \; of M with the algebraic multiplicity p which count
the number of occurrence as a root of p(A). If the algebraic multiplicity u > 1 for some
eigenvalues of M we say matrix M has degenerate eigenvalues and p corresponding eigen-
vectors span the subspace of those degenerate eigenvalues. Furthermore, the eigenvectors
are assumed to be normalized i.e. ||v;||a = 1. If we now apply these considerations to
the differential equation system of equation (2.25), we can analytically solve the first
order differential equation system and in the end we obtain a fundamental set of solutions

{y1(t), ..., yn(t)} with
yi(t) = iy, . (2.31)

Together with the initial condition in equation (2.27) the solution for h(t) is a superposition
of the fundamental set

h(t) = aiyi(t) = Y e, (2.32)
i=1 i=1

where the coefficient set «; ensures that the initial conditions are met.

For this approach, the possibility of gaining insights into the energy gap of the system is
also being examined. In contrast to a numerical solution the analytical solution holds more
information concerning the system studied. In addition to the vector h(t) the analytical
solution delivers a set of eigenvalues {\;} and eigenvectors {v;} which can be interpreted
in terms of their physical meaning for the system. Here, the eigenvalues are examined
first. If they are made out of complex values, it leads to an exponentially diverging
contribution in the time evolution of A(¢) which is regarded as an unphysical behavior |18,
19|. Therefore, to ensure only oscillatory contributions in A(t), preventing the occurrence
of complex eigenvalues A\; of M is mandatory. Thus, the Liouville matrix M should be
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either Hermitian with M = M or symmetric with M7 = M , since these matrices
only have real eigenvalues. Furthermore, considering lequation (2.22) the elements in the
Liouville matrix M have the unit of an energy due to the fact that these coefficients
occur by computing £(A). Consequently, the eigenvalues \; have the same unit. So the
eigenvalues of the Liouville matrix for an operator A(t) sort of unravel the energy areas
in which the operator A(t) seem to act on. In addition, the corresponding eigenvectors v;
hold information about the portion of operators included in the operator basis that are
connected to the oscillation with the frequency \;.

Now basically the idea is to find a suitable operator A(t) so that the eigenvalues of the
related Liouville matrix break down the energy areas connected with the band gap of
the system. Before this topic can be addressed, it is necessary to discuss a method for
building an appropriated operator basis and thus ensuring a Hermitian Liouville matrix
for the iEoM approach. In the next section conditions for obtaining a Hermitian Liouville
matrix are considered. Then the consequences for the operator basis are also discussed.

2.5 Obtaining a Hermitian Liouville matrix

As mentioned in section 2.3|it is essential for the iterated equation of motion approach
that the Liouville matrix is a Hermitian or symmetric matrix and thus has real eigenvalues.
So first we need an expression for a matrix element M;;. A convenient approach is to
choose the operator basis O as an orthonormal operator basis with respect to a given
scalar product. So the scalar product for two operators A;, A; € O yields

(AilAj) = bi;. (2.33)

Due to this orthonormal relation and equation (2.22) it is possible to calculate the matrix
element M;; as the scalar product of an operator A; with the Liouville operator L£(.) of
an operator A;

Mij = (Ail£(4;)) .- (2.34)

Now the task is to specify the scalar product. For finite local Hilbert spaces the scalar
product should be the Frobenius scalar product (A|B), which was already proposed in
Ref. [18] and applied in Ref. [19} |20]. The Frobenius scalar product can be interpreted as
the high-temperature limit T'— oo of the thermal expectation value

(A|B) (A'B) = lim Tr (pATB) (2.35)

= lim
T—o0

in the canonical ensemble. The density matrix operator

o BH
p= Tr (P (2.36)

with the Hamiltonian H changes for a vanishing inverse temperature 3 to
lim p = N1 (2.37)

£—0
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2.5 Obtaining a Hermitian Liouville matrix

where N takes care of normalization by

1 1
N = Tr(l) d

(2.38)

with the dimension d. So we are looking at a maximally disordered system where each
state is equally likely with the probability of 1/d. Thus, we obtain the Frobenius scalar
product which reads

(A|B) = N Tr (ATB> . (2.39)

The next step is to show that with this definition of the scalar product it is possible to
create a Hermitian or symmetric Liouville matrix ensuring

M;j = M;; . (2.40)

Starting with the equation (2.34)|for the Matrix element the proof is as follows

Mij; =(Ai|£(A;)) = N Tr (Ajz(Aj)) = NTr (Aj A, Aj]) (2.41a)
=N (Al (HA; — 4;H)) £ N Tx (45 (AlH - HA])) (2.41D)
=N Tr (Aj (HA; — A;H) ) = N Tr (AjET(Ai)) (2.41c)
=(L(A)]4)) = (A51L£(A)*) = Mj; . (2.41d)

The steps, denoted with =, mark where the cyclic property of the trace is used. So
with the equation (2.41) we can prove that the Liouville matrix is self-adjoint M = M
Moreover with the underlined steps of equation (2.41) and the definition

(£1 (40 145) == (AL (49)) = (£(A0)|4y) (242)
it follows that the Liouville operator
L=CL" (2.43)

itself is self-adjoint. Hence, it is possible to construct a Hermitian Liouville Matrix with
real eigenvalues assuming an operator basis which is orthonormal with respect to the
Frobenius scalar product. The next step is to build such an orthonormal operator basis.
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2.6 Approaches to determine the operator basis

Now that we are aware of the demands on an operator basis discussed in section 2.5 which
leads to a Hermitian Liouville Matrix with real eigenvalues, we take a closer look how to
build an orthonormal operator basis meeting this demands. Therefore, we visit different
approaches to determine an operator basis {A4;} done by former studies concerning an
iterated equation of motion approach.

Starting which the so called m-loop approach used in e.g. [35-37]. Basically the idea
is to use the Liouville superoperator £(.) to generate new operators which then are
added to the operator basis. The operator basis after each loop m will be denoted with
Op,. As a starting point to determine the operator basis O,, for A(t) the operator A
is used corresponding to the operator A(t) in the Schrédinger picture. The operator
Ap is inevitably a part of the operator basis, because without it the initial condition
A(t =0) = ho(t = 0)Ap mentioned in the section 2.3 cannot be fulfilled. So we start the
calculation with the operator basis Op only containing {Ap}. By calculating the Liouville
superoperator for all operators in the operator basis k;,, > 0 new operators rise. Therefore,
the operator expansion reads

k1
L9 Ay =3 i) A; (2.44)
=0

after the first loop. In the m-loop approach it is necessary to effectively apply the Liouville
superoperator m + 1 times to the operator basis. But operators rising in the last loop for
the first time are neglected and only the projection of each onto the operators already
contained in the operator basis is kept to achieve a closed differential equation system
for the prefactors h;(t). In general the number of operators in the basis for a m-loop is
f=1+>",Fk; and so the final operator expansion for A(t) results in

At) =) hi(t)A; (2.45)

with the operator basis O,, = {Ao, ..., As_1}. To obtain the solution for the time depen-
dent coefficient vector h(t) = (ho(t), hi(t), ... hf_l(t))T in this approach it is necessary
to determine the matrix elements M;; via a coefficient comparison.

In contrast to the previous considerations about the Frobenius scalar product, the Liouville
matrix here is not necessarily a Hermitian matrix. One problem lies in the assignment
of new operators after an application of £ (.). This happens since second quantization
operators can be written in various forms. Therefore, to emphasize the problem that arise
with the m-loop approach, let us consider that e.g. the operator dT creating a doubly
occupied site at the position ¢ in second quantization 1s already part of O,,,. Furthermore,
with the anticommutator for Fermions the operator di’ | can be written as

0¢ _f if Tf 1= f fosz;rT (2.46)
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2.6 Approaches to determine the operator basis

So let the right-hand side of lequation (2.46) appear after an application of £ (.) in the
m + 1-loop the assignment to two new operators would be incorrect, because the operator
on the left-hand side is already contained in the operator basis. So this assignment would
result in a non-Hermitian Liouville matrix. Of course in this example it is not so difficult to
distinguish between old and new operators, but for operators containing more monomials
this can become a nontrivial task. Furthermore, it is assumed that an arbitrary operator
A; of the operator basis have a form of

A; =[] Fa (2.47)
Ai = aiA,- (2'48)

with Fy,; € { f(ij, fa;} denoting creator or annihilator for a Fermion with a full set of
quantum numbers «;. Altogether an operator A; consists of a product of n Fermionic
operators and a prefactor where the choice of the prefactor a; is not defined by the m-loop
approach. But this choice has a major influence on the appearance of the Liouville matrix
e.g. whether the matrix is Hermitian [38]. Basically the m-loop approach without any
modification is in general not convenient to determine the operator basis suited for our
purpose.

Another idea is to build an orthonormal operator basis beforehand with respect to the
Frobenius scalar product described in section 2.5. There, the operators can have a slightly
different form as in lequation (2.48), where the factors F,; are now not only creators or
annihilators, but instead Fy; are a superposition of them. For example an operator A;
can have the following form

~ 1
A = a;d; = a; <fljfaj - 2) (f;[k v fak) L (2.49)
Now the prefactors a; are determined by requiring orthonormality so that

is orthonormal. This approach ensures a Hermitian Liouville matrix as shown in lequas
tion (2.41). With this approach it is possible to select operators by means of their
importance for the time evolution for different parameter regimes. This approach is used
e.g. in Ref. [19] by dividing the Liouville operator £ of the Hubbard model into a hopping
Lo(.) = [Hy, A] and an interaction part Ling(.) = [Hint, A]. For a dominating interaction
part new operators are determined through Liy(.) and vice versa for the kinetic hopping
part with Ly(.). To ensure the operators’ orthonormality a Gram-Schmidt processes is
used before adding them to the operator basis. During the Gram-Schmidt processes,
many scalar products are calculated with operators in the form as in lequation (2.49).
To calculate a scalar product of two arbitrary operators A, B composed of Fermionic
operators { f(ij, Ja;} by the means of

(A|B) = N Tr (ATB) (2.51)
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many traces of a product of Fermionic operators must be calculated. For beforehand
constructed general operators this can be a non-trivial task and is discussed in detail in
Ref. [38].

Here, we try to combine these to approaches. So the operator basis is not constructed
beforehand, but instead build with a m-loop approach. Since all operators should be
orthonormal concerning the Frobenius norm, we thus avoid the problem of ambiguity of
the operators. Of course a Gram-Schmidt processes can be used to ensure orthonormality
of the new operators to all former operators in the operator basis. But this involves
calculations of many elaborate traces especially for high loops. Therefore, this is not a
feasible option. To avoid this problem new operator rising in the m-loop approach need
to be orthonormal by construction. The aim of the following paragraphs is now to define
an operator form to solve this issue.

We start again with scalar product of two operators A and B, but now we presume that
they act on separable Hilbert spaces H4 and Hp. Therefore, the trace over the complete
Hilbert space H = H 4 ® Hp in the Frobenius norm can be split up according to

(A|B) = Ny Try (ATB> = Ny, Ty, (AT) Ni,, Tra,, (B ) (2.52)

where Try, (.) refers to the trace over H, with the related inverse dimension Ny;,. As a
result of dealing with operators consisting of Fermionic operators acting only on a certain
site, each operator has a finite and well separable Hilbert space. Hence, it is possible to
split the trace into calculations of a scalar product as in equation (2.52) every time. This
allows us to make a statement about the required shape of the operators in the operator
basis to fulfill the orthonormal condition in equation (2.33).

First we assume that it is possible to find local operators o, consisting of a linear

combination of Fermionic operators { fotj, Ja; } which act all on the same local Hilbert
space ’Hg for a single site j with the dimension d and satisfy the relations

(04 105) = 5 Try ((60)103,) = b (2.53)
(Lj16),) = 0. (2.54)

Here 1; marks the identity for the local Hilbert space HC’% of the site j. Hence, the set of

these local operators {1;, 6{ y...,0p } builds an orthonormal operator basis for the site j
we can combine these type of operators for all different sites which yield advantageous
operators of the form

A; = Hfzﬁ“i (2.55)

where 7@;4’ e {1,, 6{ ;A } denotes an orthonormal operators for a site j and with
the product going over all sites n of the system. So looking one more time on a scalar

20



2.6 Approaches to determine the operator basis

product of two operators A and B which possessing now the form of equation (2.55).
Therefore, the scalar product reads

(A|B) = A Try HRA [I7" <2£2>H;TTHL<(7@;4)*7@§> (2.56)

: 1 if RY =RE vi
@ 53){ if R; i i (2.57)

0 otherwise

where in the first step the trace is divided into the product of all traces over the local
Hilbert spaces of each site according to (2.52) and finally the orthonormalily relation
between two local operators of (2.53) is used. Apparently the scalar product of two
operators which are constructed as in equation (2.55) results in either one if all their
factors of one site operators 7A22X are identical thus the operators itself are exact the same
or zero if already two factors on a site ¢ differ from each other. So the advantage of these
operators is that they fulfill the orthonormal relation in lequation (2.33) by construction.
Henceforth, only factors 72;4 in the product of equation (2.55) which are different from
the identity 1 on a site are written down. Basically an operator acting on three different
sites 7, 7 and k would be noted as

A =R] R R, (2.58)

Referring back to the m-loop approach we now have a well-defined operator form and
therefore avoid the possible mistakes in the assigning of the operators after a loop since
resulting operators have a form like in equation (2.58). Furthermore, by calculating the
Liouville superoperator for each operator in the set {6{ yees ,6% } the Liouville operator
of an arbitrary operator in the form of equation (2.58) can be calculated easily like the
following example shows with the operator of equation (2.58)

L(A;) = [o &l ok H} - [o H} o ok 4o [ag; H} ok 16t ol [a’g H] (2.59)

m-n “o m? o)

-y (ajn) ol oF 4ol (agl ) ok +6i 6l L (a’; ) . (2.60)

So the Liouville superoperator breaks down by applying a commutator identity into
many Liouville superoperators of local operators. Although the procedure is fairly
straightforward, an annotation must be made. In the case that a Liouville superoperator
L(.) yields local operators on other sites which are already present in the whole operator,

they need to be simplified. For example let £ (éin) has a part with an operator acting on
the site k&

L (ajn) = ad' oF + ... (2.61)

with an arbitrary prefactor a. Consequently, the underlined term of lequation (2.60) has
two operators acting on the same site k

L(éﬁn)éﬁlé’j = adt 6k 61 Gk + ... . (2.62)
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Since these operators, when acting on different sites and thus acting on different subspace
of the Hilbert space, (anti-)commute with each other pending on whether their properties
are Fermionic or Bosonic. As a result, the operator of equation (2.62)| can be written so
that the two local operators acting on the same site are side by side, possibly resulting in
a change in the overall sign of the operator

adl, oF 61 o = (=)aol &) oF oF (2.63)
Furthermore, products of two local operators acting on the same site can be written as a

. . . . Ak N

superposition of the orthonormal operator basis for a single site {1,067 ,...,0n }

oF oF = boly + Z by6 (2.64)

with arbitrary prefactor b,. So after inserting equation (2.64) into equation (2.63) only
the sum of operators in form of equation (2.55) remains which all fulfill the relation of
equation (2.57). Therefore, the Liouville superoperator £ (.) of the operator A; possesses
the following form

L(A) = abo J o+ ook +- =) ajA; . 2.65
(Ai) = (—)abo L Z . zj: iAj (2.65)
Qj @y j

where all factor which occur during all steps (2.62)-(2.64]) are merged into one prefactor
a; for the new operator A;. Referring back to lequation (2.34), it is obvious that the
prefactors a; corresponds to the matrix elements

Mj; = (45|L(4)) = a; (2.66)

of the Liouville matrix. Another important aspect in order to ensure the correct sign
of the matrix elements is to order all local operators of an entire operator A; towards a
certain rule e.g. in one dimension in ascending order corresponding to the sites.

In summary, to calculate the Liouville superoperator £ (.) of an operator A; these steps
are followed. First, insert for each local operator 6?1 in A; the corresponding precalculated
L (6;) as shown in equation (2.62). Then sort in the new operators all local operators
towards the predefined rule, bearing in mind that those commutations can lead to a change
in the sign. After that, if two local operators act on the same site, they are simplified
with the predefined rules as in equation (2.64). The result is a sum of operator A; with
prefactors «;. In the m-loop approach the operators then are added to the operator basis
if they occur the first time. Now that we have discussed all the steps to determine an
orthonormal operator basis for the iterated equation of motion approach in this thesis,
figure 2.9 shows concludingly a scheme of the m-loop approach with unambiguous and
orthonormal operators A; to calculate a Hermitian Liouville matrix M" of the m-th
loop.
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2.6 Approaches to determine the operator basis

A; with  known L (A;):

A; with unknown £ (4;): M™ (Ay)
initial operator: 1
1 1-loop O; m-loop O,,
3 2

2 {4 {an, 11}

1 ) calculate £ (.) for initial operator /! in OB set new operators with £ (.)
2 ) calcuate for each in OB £ (.) and so generate new operators

3 ) Add new operators to in OB if A; ¢ OB and add to

4 ) calcuate for each in OB £ (.) and build Liouville matrix with all «;

Figure 2.9: Scheme of the operator basis expansion as it is done in the m-loop approach
with the unambiguous and orthonormal operators A;. It is possible to determine the
operator basis O,, together with the corresponding Liouville matrix M™ in the m-th
loop for the iEoM approach by following the simple steps 1-4. Whereby steps 2-3 are
repeated until the desired number of loops m is reached.
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3 Methods

With this chapter all tools will be provided to use the m-loop approach displayed in
figure 2.9 to determine an orthonormal operator basis O, for the iEoM approach and
build the corresponding Liouville matrix M™ for an operator A(t) and finally determine
the energy gap for single charge excitation of the given Hamiltonian in equation (2.14).
By combining all aspects of the former chapter, the first aspect we have to address is the
choice of the operator A(t) providing insides in the energy gap for single charge excitation
of the system at half-filling. Then we have to tackle the choice of the local operators
on, so that they form an orthonormal set on a local i relative to the Frobenius scalar
product. Furthermore, two different implementations of the Frobenius scalar product
are discussed which lead to two different sets of local operators and some restrictions
regarding the Liouville operator. Moreover, one of the implementations has an advantage
so that the algorithm discussed at the end of section [2.6/ used to determine new operators
can be adjusted. Then another representation, the momentum space representation,
for the operators A; is introduced which yields certain advantages over the real space
representation used so far. At that point the Lanczos algorithm is presented as a method to
study extreme eigenvalues of large matrices. Since large Liouville matrices are unavoidable
for whichever operator representation in higher loops, this method is very valuable for this
thesis. Closing this chapter, a detailed procedure for calculating the energy gap is given
and a specific form is defined in which the results are presented in the next chapter.

3.1 Considerations for the initial operator

So we are looking for an operator that can be assigned to resolve a specified energy area
of the given system. For the considered system at half-filling as described in section 2.1
the energy gap A for single charge excitation is the desirable parameter to be determined.
Hence, we are interested in the distance between LHB and UHB as shown in [figure 2.2,
With the iEoM approach providing a method to resolve the energy range of an operator
A(t) if a Hermitian Liouville matrix is used, it appears convenient to consider the time
evolution of an operator inducing a single charge excitation for this purpose. Here at
first only an excitation as a result of removing one electron from the half-filled case is
treated. The operator for such a process is for example h;-rg = f,,(1 —n,.) which creates
a single charge excitation in the form of a hole by removing an electron with spin ¢ on
a single occupied site 7. This process correspond to an excitation in the lower Hubbard
band. Of course, an operator dZTU = f;ﬁi& creating a doubly occupied site by adding an
electron with spin ¢ on a single occupied site ¢ can be chosen instead of creator of a hole.
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3.1 Considerations for the initial operator

This process describes an excitation in the upper Hubbard band. Due to particle-hole
symmetry it is sufficient to treat only one type of single charge excitation.

The spin ¢ has no influence, because the system does not prefer certain spin orientations.
Thus, for h;rg(t) the spectrum of eigenvalues A(A\;) = {Amin, - - -  Amax } for the corresponding
Liouville matrix lie in the range of the energy spectrum of the LHB, so the idea. Therefore,
the energy gap A in this picture is A = Apin(LHB) + Apin (UHB) = 20 (LHB) due to
the particle-hole symmetry.

A distinction regarding the size of the used operator basis O in the iEoM approach must
be made. Since in iEoM approach, the Liouville matrix for hZTU(t) is only determined for
an operator basis O,, which is built with the m-loops approach, the result is only an
approximation for hj»g(t) and higher m leads to an improved accuracy. As a result, the
lowest eigenvalue A7 also depends on m and so only yields an estimation for the energy
gap A™ of the system. Due to the fact that the spectrum of the eigenvalues A(A") lays
always inside the band and the lowest eigenvalues A only approaches the real bound of
the band with each loop m, 2\ serves as an upper bound for the true energy gap A
and we expect a behavior as shown in figure 3.1| for increasing m.

p(E)

A/Z
-

A(N")

— M At Ao

Figure 3.1: Scheme of the behavior of the spectrum of the eigenvalues A(A") for the
Liouville matrix in an iEoM m-loop approach. Where the initial operator hga induces
a single charge excitation in the lower Hubbard Band LHB in form of a hole. The
calculated energy gap for charge excitation A" approaches for increasing m the true
energy gap A as an upper bound. In the language of one-particle green’s function as
shown in ffigure 2.2/ processes in the LHB are of course mirrored along the vertical axe [39].
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3.2 The local basis choices for iterated equation of motion
approach

So now that the initial operator in form of a creator of a hole hja is selected we can turn
to the issue of choosing a local orthonormal operator basis. Thereby the choice of the
local Hilbert spaces 7—[5 with the dimension d has an impact on the local operator basis
so its choice is crucial. One option is to choose a four-dimensional local Hilbert space Hf
without any restrictions to the spin configurations so that all four states for a single site
|), 1), [4) and |[1]) are allowed as done in previous works where a fermionic systems is
examined with the iEoM approach [19]. Here it should be noted that with this choice
of the local Hilbert space, it is not possible to incorporate the half-filling state of the
whole system into the iEoM approach. The proof for a Hermitian Liouville matrix of
equation (2.41)is not possible if states are weighted according to a density matrix p. As a
result, all four states are equally weighted in the local Hilbert space, which is an argument
against this specific choice. Nevertheless, the HI case is considered here. Another option
is a two-dimensional local Hilbert space ’H% with respect to the strict half filling. Then the
only allowed spin configurations are |1) and ||) in the H% case. In the following the two
possible choices are examined towards their influence on the local orthonormal operator
basis starting with the four-dimensional local Hilbert space H1I.

Four-dimensional local Hilbert space #*
Since the local Hilbert space consists of four different stats with the spin configurations
Y, 1), 1), 1) we need sixteen local operators 6y, to describe all possible changes of the
local states. The table table |3.1| contains the first ansatz for the operator basis. Since the
operator are neither orthogonal nor normalized, they are referred as 6¢, and chosen such
that the transition element is (.| 5 |.) = 1.

Table 3.1: All local operators 6!, which have an transition element (.| &' |.) = 1 are listed.
For the HE case these operators form an operators basis for a single site i. Whereas the
orthonormality of the operators 6!, with respect to the Frobenius scalar product is not
guaranteed at first. Operators that violate the required orthogonality are marked in red.

1) T 1) 1)
(| 1 fis fiy fisfiq
(|l i of =flih dy =TSy
( LT¢ o, = fj,‘Lfi,T ﬁm dm = fi,LfiT,Tfi,T
U e dl =g dl = sl g Py ;4

Some local operators in table 3.1 marked in red not meet the orthogonality conditions of
equation (2.53)| for the local orthonormal operator basis. Furthermore, all operators of
table |3.1 except 1 are not normalized and most important the initial operator hZTU is not
yet part of the local operator basis, but this happens naturally in the process by satisfying
the demands on a local orthonormal operator basis. Here are two examples for operators
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3.2 The local basis choices for iterated equation of motion approach

of table 3.1| violate both orthogonality and normality. This is corrected in the following
leaving only local operators 6;, that are completely orthonormal.

1 1
operator: 7, orthogonality: (1[n, ;) = 1 Tryz (ﬁm> =3 #0 (3.1a)
. 1
. R 1, 1 1
normality: (7, — 5’”” — 5) =1 #1 (3.1c)
, 1

=0, =2 (ﬁm — 2) (3.1d)

operator: fiTT orthogonality: (f .TT\dT) @0 (alJr + hTT\d (3.2a)
L=l - dm =h, (3.2b)

normality: (hiT|hiT) = Z #1 (3.2¢)

= 0}, = 2h!, (3.2d)

After checking, the orthonormality for all operators of table [3.1] the local orthonormal
operator basis reads as in table|3.2. To improve readability, the operators are used here
in the non-normalized form! Of course, the normalization factor N of a non-normalized
local operator 6, can be simply determined by means of

(3.3)

1 d
N:\/ RPN A\
(Gnlon)  \| Trye ((%) 5n)

Table 3.2: All local operators 6, which in the H% case form an orthonormal operators
basis with respect to the Frobenius scalar product for a single site i. For readability
reasons, the operators 6!, are presented without their normalization factor and is
determined by lequation (3.3).

1 = (”m - %) <”m - %) U;r = fz'T,Tfi,,L fi,J,fi,T
iy = (”m - %> ﬁm = (”m - %) o = Il fis flifiw
dzT,i - f;ifiT,Tfi,T =/ TszTJ A hiy = fi,ifmfjm =/ ,waf ot
diy = Ji Sl i dis = Jin i i hoy = F LBy | iy = £ 800 0L

Now we only need to calculate the Liouville operator for all local operators 6, in table 3.2
and determine the result of the product if two local operators of table |3.2| act on the same
site. Only an example for operator h$ will be shown here and the other results are listed
in the appendix |Al Furthermore in the example the Hamiltonian for the Liouville operator
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consists only of the simple DO NN-hopping Ty (2.7b) on a one-dimensional chain and the
interaction part Hiy (2.3c). Again the normalization factor N is omitted.

Liouville operator: L (hzT,T> = [To, h;r’T] + [Hint, h;}]

(3.4a)
U
[Hia, hly) = Sl (3.4b)
_ - 1
[To, h;r,¢] =to <_fi,¢fmdj'il,¢ -G hl‘L:I:l,T + ”i,ﬁzﬂ:m - 2hzim> (3.4c)

simplification rules:

P L 1 1 N 1,
hm%r—w_2<W¢_2>_2<W¢_2 g higdiy=—tiufip (3.52)

1 1 1
T _ T T _ T
P Loy T _pt
hi,T”i,i = fihm hm(f;r = hz}i (3.5¢)

Combining all these aspects we are able to calculate the Liouville matrix with the m-loop
approach described in section 2.6/ and furthermore determine its eigenvalues. Now that
we are capable of building the Liouville matrix for the local operator basis in the Hf case
we turn towards the local orthonormal operator basis for the H1 case.

Two-dimensional local Hilbert space #%

To identify the operators which are part of the orthonormal operator basis for the two-
dimensional local Hilbert space 7—[% , we resort to the already orthonormal local operators
6% of the HE case from table 3.2, Therefore the local operators of table 3.2 are categorized
in different groups Q;y where x and y denote the number of DOs after and before
application of the operator on a site 7. There are four different groups since on a local
site there can be ether one or zero DOs. In table 3.3 the operators are listed in their
respective group, though some operators appear due to their ambiguity in more than
one group simultaneously. It is necessary for each local operator in the two-dimensional
Hilbert space that a clear classification in these different group exists. This is because
only operators belonging to the groups Qf, and Q% have an effect on half-filling whereas
operators in Q%,l and in,l vanish for half-filling. Of course, the identity is an exception

regarding this classification. So the operators nf, i, o n; 1 have a part in Q%O as well as
in Q%;. We are only interested in the Q) part. For n¥ it is quite obvious that

v %ﬁ?fﬁe%l (3.6)
—z1 if n" e 9
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3.2 The local basis choices for iterated equation of motion approach

Table 3.3: The local operators 6!, from the HI case, sorted into four different groups
&y, where z indicates the number of DOs after and y before application. Due to
ambiguity, some operators appear in more than one group.

60: 3: n; fzw ﬁ?¢ o; o;
i | diy iy dig Dy
Qov: | diy iy hyy iy

u ~

i ~ il
| 1 g My Ty fi¢fi,T fz‘¢fi’r

since this is the operator in the interaction part of the Hamiltonian in equation (2.3). For
the other two operator 7, 4 and n, | We express them as a linear combination of two new
operators

n; =mn;,+n; - 1 o; = np =1y (3.7)

where 7, measures the deviation towards half-filling and o7 measures the spin orientation
regarding the axis of quantization. With these operators the old operators read

- 1/ . 1/_

Ry =5 (nl + af) iy =5 (nl + af) . (3.8)
The new operators have the advantage that they can be uniquely assigned to a group.
The operator f; only gives a non-zero result when applied to a site ¢ with a DO and is
therefore a part of Qf,. For the operator ¢* the opposite is true and so 0% € Qp,. As a
result the operator basis for the two-dimensional local Hilbert space is listed in table |3.4
where the normalization factor N is left out to increase the readability. The normalization
factor can be calculated again via lequation (3.3). Whereby the Frobenius norm is for the
two dimension Hilbert space. For example in equation (3.9b) the normalization factor
of h ! changes compared to the previously for the H¥ case in equation (3.2d)| calculated
factor.

operator: hzT,T normality: (hI|hI) = % #1 (3.9a)

= fi = V2h| (3.9b)

Furthermore, the two-dimensional local Hilbert space has also some restrictions regarding
Table 3.4: All local operators 6¢, which in the H% case form an orthonormal operators

basis with respect to the Frobenius scalar product for a single site i. Normalization is
omitted here.

1 |6%|07 |0

i T I T
ali hi dT hT

the Liouville operators and simplification rules of operators in the new orthonormal
operator basis. Operators in the operator base for the iEoM approach which partly consist
of local operators in the groups Q%; or Qf; have a Frobenius norm with itself equals zero
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and therefore for those operators every matrix element is M;; = 0. For example let us
consider an operator A = h;.r Ta;-rﬁk. When the Frobenius norm with itself is calculated

(A|A) = N Tr <<h;-r7Ta;_nk)T d;fﬁajnk> =NTr (fzkaj_hmh;rﬁa;ﬁk) (3.10)
€3 éTrH% (Pishls) Tewg (o707 ) Tragg () =0 (3.11)

the result is zero. The reason is the underlined trace with the operator 71, € QY; since 7,
applied on a half-filled state is always zero as examined before. Consequently, operators
in Q%; and Q}; cannot be a part of the operator basis for the iEoM approach. So far in
the used m-loop approach only the Liouville operator is responsible for new operators.
But now with condition above, parts of the Liouville operators of some local operators

need to be neglected. For example £ (dz i) in lequation (3.4c)| the underlined operator

fi, i fi,T is part of Q’Ll and therefore the new operators fi7 B fmhz 41t have no effect when
using the two-dimensional local Hilbert space. Furthermore, all Liouville operators in
appendix |A| produce for operators that are not part of the group Qli,o new operators terms
with partly local operators belonging to prohibited groups. Of course, these new operators
also cannot be a part of the operator basis. In contrast, make the same statement about
operators that rise from these neglected operators in the next loop is not possible without
further consideration. Since in the first place, with all simplification rules in mind, it is not
clear why a Liouville operator for a forbidden operator cannot produce allowed operator
terms. Therefore, we start the considerations with an operator () partly consisting of local
operators which are part of Q}; or Q). Furthermore, we introduce the state of half-filling
|HF) where each site in the system is only occupied with one electron in the state spin up
or spin down. Applying the operator @ on |[HF) in the Schrodinger picture the result

QHF) =0 (3.12)
is trivial. The next step is to apply the Liouville operator to the state of half-filling
£(Q)[HF) = [H, Q)] [HF) = HQ — QH |HF) = 0 (3.13)

where equation (3.12)|and the fact that the Hamiltonian only contributions, if at least
one DO is in the system, are used to show that also the Liouville operator is equal to zero
when applied to |HF). Consequently, all operators partly consisting of local operators
that occur during a loop can be taken form the operator basis for an iEoM approach that
uses a Frobenius norm assuming a two-dimensional local Hilbert space. This fact allows
some modifications to the calculation of new operators for the operator basis as well as
the representation of those operators.
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3.3 Modifications to operator representation for the
two-dimensional local Hilbert space

Here we propose a new representation of the operators and show how that simplifies the
process of a loop to determine new basis operators compared to the four-dimensional
local Hilbert space in the iEoM approach. As already indicated, the operators for the
two-dimensional local Hilbert space consist only of local operators from the introduced
groups Qi and Qf,. The group Q) consists of all operators creating a DO on a site di,

d%, hI and h; and for the group ng these are spin operators on a site 0%, 0, o* and
the unitary 1.

The Liouville operators applied to operators from the group Qj, do not have a contribution
since they produce only operators partly consisting of local operators from the prohibited
groups QY or Q) therefore it follows that

£ (o) =0. (3.14)

With this observation we can completely neglect terms where the Liouville operator is

applied to a local operator £ <éﬁl with 62 € an when calculating the Liouville operator

as described in section |2.6. Here, a short example for an operator A = Qlio Q%OQSO is
given

£(4) = £ (Q1y2ho Qo) (3.15)
2 £ () Qoo + QoL (Oho) Qb + QloQhot () (316)
(@.19) £(Ql) ngngo ‘ (3.17)

So only Liouville operators which belong to the local operators of the group ino are of
importance. All those Liouville operators shown explicit in appendix |A| have a certain
pattern, which is that an in operator hops to another site leaving an operator Qf)o on
initial site and depending on the Hamiltonian also on the sites on a path connecting initial
and final site. So a Liouville operators of Q’io can have the following form

L(Qlp) = Q1! Qo + Q157 Qb Qo - - - - (3.18)

After a loop two operators can be still acting on the same site. In contrast to the case in
which we consider a four-dimensional local Hilbert space it is not necessary to keep track
of the sign if these two operators are commutated in such a way that they stand side by
side as in lequation (2.63). This results from the fact that all operators of the group Q%O
at different sites commute with each other due to their bosonic properties and there is
only one operator of the group Q}, which has fermionic properties. So the only necessary
commutation rules are

g i
[9607 %0} =

2 [T = (3.19)
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Furthermore for two operators acting on the same site the idea for simplification rules is
the same as in |equation (2.64). The simplification rules vary between the different local
Hilbert spaces. Again for the two-dimensional local Hilbert space simplification rules only
between operators of Qéo and Qio are of interest. In general simplifying an operator of Qlio
with operator of Q%)o results in either an operator Qlio or the term vanishing completely.
While the result between two operators Qf, acting on the same site is either again part of
Qf)o or vanishes.

Combining all these results both for the Liouville operator and the simplification rules
in the two-dimensional local Hilbert space we can record that the operators in the iEoM
approach consist of one operator from Qf, and a series of Qé,o operators. Provided, of
course, that the starting operator is from the group Q’io. So an arbitrary operator A for
the two-dimensional local Hilbert space looks like

A= [ | K#i (3.20)
=0

where the number of ng operators n has an upper limit in the amount of loops done.
Since all operators commute with each other we place the Q) operator up front so it
becomes the head operator of the queue of 9, operators.

Now a loop in this new setting consists only of applying the Liouville operator on the
head operator and then simplify all operators acting on the same site instead of doing this
for all local operators in the entire operator. This decreases the amount of new operators
rising in a new loop significantly and therefore also the dimension of the Liouville matrix
to be diagonalized for the system. All necessary Liouville operators and simplification
rules are listed in appendix Bl In the next section another approach is presented to reduce
the amount of operators independent of the local Hilbert space used.

3.4 Momentum space representation of the operators

In this section we present another representation for the operators used in the iEoM
approach. In the previous chapters every operator is in its real space representation where
operators used are a cluster of local operators located relative to the vector I on the
lattice to which to the initial operator, the creator of a DO, is applied. Now due to the
translation invariance of the system, the operators can be modified with the aid of the
Fourier transform so that they act in the momentum space and have the following form

1 .
A = —= At (3.21)
UF 2

where k is a momentum vector in the first Brillouin zone and N is the number of unit
cells in the crystal and the lattice constant set to unity. First, it is necessary to show that
this representation does not change the consideration concerning the operator basis for
the iEoM approach in section [2.6. Therefore, each operator in the operator basis has to
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be orthonormal with respect to either one of the two Frobenius norms by construction.
So a general Frobenius norm between two operators Ay and By in the momentum space
representation yields

(Aw|Bi) = (\/1N 3 Aleikl|\/1ﬁ S Bue) (3.22)
l 14

1 Kkl
:NZ(AI\Bl/)e klokl” (3.23)
L

From equation (2.57) it is known that only A = B and I = I’ to yiel a non-zero result.
In the case A = B the Frobenius norm (A;|By) = 0 and equation (3.23)|is further
simplified to

1 TARY
l
In the last step the orthogonality relation
> e Bl = NG (3.25)
l

is used to receive the final result

1 fA=B A k=K
(Ag|Byr) = { . (3.26)

0 otherwise

Hence, operators of the form of lequation (3.21) fulfill the orthogonality relations under
the Frobenius norm and therefore the use of the momentum space representation for the
operators in the operator basis is also possible for the iEoM approach. The next steps
show how the Liouville operator is calculated and further how a matrix element can be
determined for this operator representation. Because of the bilinearity of the Liouville
operator, the Liouville operator is calculated for an operator Ag in this representation
with the same effort as for an operator in its real space representation A;. So the Liouville
operator for Ay reads

£(Ay) = \/% S (A ek, (3.27)
l

For a better understanding regarding the benefits of this representation, let the Liouville
operator L (A;) have the partial result

L (Al) = CMA[+5 + BA; ... . (3.28)
which the prefactors a and § and the shift § acting on all local operators in the cluster
of A;. In the real space representation the operator A;i s is part of the operators

that are added to the operator basis O,, in the m-loop approach. In contrast, in the
momentum space representation when the Liouville operator of equation (3.28) is inserted
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in lequation (3.27)

L(A T Z (Ayps + BA) e + . (3.29)
\ﬁzz: aAp e+ 8 —— ZAle (3.30)
A
VLo \;Noz ST Ape V=0 4 g Ay 4. (3.31)
l,
= qelk? \/1N > Ape 4BAL + .. (3.32)
zA’c
- (aei’“s + B) A+ ... (3.33)

the result is not a new operator but rather the same operator with a prefactor depending
on the shift § which occur in the Liouville operator of the real space representation in
equation (3.28). The advantages are obvious, although we take along all operator on the
lattice in form of A; in the sum of lequation (3.21), the operator basis of the momentum
space representation not grow as much as in the real space representation, because known
shifted operator are not added to the operator basis. Thus, the diagonal matrix element
M,; for the operator Ag in the Liouville matrix in the momentum space representation
yields with equations (3.23) and (3.29)

While in the real space representation the diagonal element is only 5 and the factor « is
only in non-diagonal entries in the submatrix between all shifted A; operators used in the
operator basis O,,. This submatrix is reduced in the momentum space representation only
to the factor ae'®® depending on the momentum vector k. As a result the Liouville matrix
in its momentum representation is significant smaller for higher loops and moreover its
information content is higher. Since all possible shifts of an operator A; are represented
in the Liouville matrix due to the representation in equation (3.21). In summary, the
momentum representation of the operators fulfills all claims for being used in the iEoM
approach and furthermore possesses some advantages towards the real space representation.
Nevertheless, in the end it is necessary to calculate for every Liouville matrix, despite its
representation, the lowest eigenvalue to determine to energy gap. The next section presents
a method how this is still possible for a Liouville matrix with increasing dimensions which
occur at higher loops in the iEoM approach.
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3.5 Matrix diagonalization via Lanczos algorithm

Regardless the used dimension of the local Hilbert space and the different representation
for the operators in the operator basis, with each iteration step the amount of operators
in the operator basis will increase continuously. Of course, this depends on the number
of operators created by the Liouville operator. Some representations damp this effect
but ultimately the amount of operators is too large and thus a full diagonalization of the
Liouville matrix will be not feasible for higher iteration steps. Additionally, this effect is
enhanced for large Liouville operator in terms of the numbers of new operators generated.
Fortunately, only the lowest eigenvalue is of interest to determine the energy gap. Hence,
the Liouville matrix is constructed to be a Hermitian matrix the Lanczos algorithm [40] is
well suited to determine the lowest eigenvalue of the Liouville matrix.

The Lanczos algorithm is an effective method for large sparse matrices to determine
extremal eigenvalues and their associated eigenvectors of a given matrix. Thereby the
given matrix M with the dimension n x n is reduced to tridiagonal matrix T with the
dimension m x m [41].

T € C™™ with m <n (3.35)

Since m is much smaller than n and 7T has a tridiagonal shape, not much effort is required
to transform T into its eigensystem. The resulting extremal eigenvalues of T give an
estimation of M’s extremal eigenvalues, where the estimation becomes progressively more
accurate with higher m [41]. At the beginning of he Lanczos algorithm, a start vector s
must be selected, for which the m-dimensional Krylov subspace

K™ (s) = span (s, Ms,...,M" 1) (3.36)

is formed. Although we are not interested in the time evolution of the start operator in
the iEoM, it is appropriated to use the initial condition of |equation (2.27) as a start vector
for the Lanczos algorithm

s:=h(t=0) (3.37)

to ensure that the initial conditions (2.27) could be realized if needed. During the Lanczos
algorithm an orthonormal basis for the Krylov subspace is build starting with the first
basis vector

s

q1 = (338&)

]|
of ™. After that the algorithm generates further basis vectors by using the following
steps

o = q;qu (3.38D)

r; = Mq; — a;q; — Bj—1gj-1 (3-38¢)
[[rsl] ifj>1

- 3.38d

fi { 0 otherwise ( )
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Furthermore, a normalization is performed
.
J

I, (3.38¢)
[I751

qj+1 =

So at the end the all basis vectors q;,j € {1,...,m} created by the Lanczos algorithm
(3.38) are all orthonormal

qjqj = (Sij (3.39)

and span the Krylov subspace K. It is possible to transformation matrix M with the
unitary transformation determine by the matrix

Q=(q1 - qr) (3.40)

where its columns are the vectors q; calculated by the algorithm, into a tridiagonal matrix
with the dimension m x m

a1 B 0 .. 0
/81 (6%) /82 :
QmMg-T-|0 F o : (3.41)
*. *. c. *. O
Om—1 Bmfl

U 0 Bm-1 o

The final step is to find the eigensystem for the matrix T with the eigenvalue S\j and
eigenvectors w. As mentioned above the extremal eigenvalues of S\j are equal to the
extremal eigenvalues A of the input matrix M with an accuracy depending on the dimension
of the used Krylov subspace. To obtain the eigenvector v; to the extremal eigenvalue \;
of M the m-dimensional eigenvector w; needs to be transformed into n-dimensional one
with the transformation

vV = Q'wj . (342)

Of course, depending on the chosen dimension m of the Krylov subspace finding the
eigensystem for T can take some time but still it is significant faster than a full diagonal-
ization of M. In addition, a relative small dimension of the Krylov subspace is sufficient
to achieve reasonable accuracy for the most extreme eigenvalue of M. Considering that
we only need to calculate the lowest eigenvalue of the Liouville matrix when we calculate
the energy gap, thus the Lanczos algorithm is capable of completing this task within a
reasonable time compared to a full diagonalization.
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3.6 Addressing calculation of the energy gap and presentation
of the results

In this section address the presentations of the results which will be mostly used for all
following results in the chapter |4 In general all Hamiltonians which are used in this thesis
are of the following form

H=> T+ Hu (3.43)

)

consisting of various hopping terms 7; and finally the interaction part Hiyt. The issue which
initial operator Ag resolves the energy spectrum of the energy gap for charge excitation
is already solved in section |3.1. Therefore, the following paragraphs are addressing
Liouville matrices M where the initial operator Ag is a local operator creating a charge
excitation Ay € {dl}, d;r’ 1 h;T, h; i} on a site 7 in the real space representation. Of course,
in the momentum space representation Ay is an operator creating a charge excitation
Ag € {dLT, dL’ T hL,T’ hL’ 1} with momentum k. With this restriction regarding the initial
operator, it is possible to make a statement about the Liouville matrix by analyzing
the calculations done of the Liouville operator for each local operator in appendix |A
respectively in appendix |B. Whether 7T; it is just simple NN-hopping Ty or more complex
spin dependent NNN-hopping 77, the Liouville operator [T}, . ] of a local operator includes
not itself. Consequently, since diagonal entries

M = (Ai| £ (As)) (3.44)

are only non-zero if the Liouville operator of an operator yields the same operator with any
prefactor. Therefore, the Liouville operator [T}, . ] is responsible for off-diagonal elements.
Exceptional cases are possible for operators in the momentum space representation, but
they are initially left out in these considerations. In contrast to this the commutator of
[Hint, . ] with a local operator Ay € {Q%,, Qi } creating or annihilating DOs generates
only the same local operator with a prefactor, where the prefactors are for an operator Qlio
equal to U/2 and for an operator Qél equal to —U/2 as shown in appendix |Al Furthermore
[Hiyi, . ] = 0 for any local operator 65, € {Qi, Qi,} which not change the numbers of
DO. Apparently the part of the Liouville operator with [Hiy, . | take a huge part for the
diagonal entries of the Liouville matrix. Since for any operator A; applies [Hing, 4;] = a;A;.
For the approach where a two-dimensional local Hilbert space is considered, the prefactors
a; for every operator are equal to U/2 since as discussed in section 3.3/ the operators A;
consist only of one Q}, operator and a queue of non-contributing 9}, operators regarding
[Hint, - |. As well, all prefactors a; for four-dimensional local Hilbert space are also equal
to U/2. This is proven via the following brief considerations. New operators rise with the
commutator [T, . | but since every T; conserves the number of DOs in the system, the
effective number of DO created by any new operator is the same as the initial operator
ergo one. Therefore, the commutator [Hiy, . | with every operator in the operator basis
yields U/2 and thus the same as the initial operator. As a consequent, regardless of the
local Hilbert used, Liouville matrices for an initial operator Ay € Qim can be represented
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3 Methods

in a certain form, which is examined below. Henceforth, a Liouville matrix for an initial
operator Ag and a Hamiltonian H in the m-th loop will be denoted as M%(Ap). To
simplify things here the operator h:.LT is used as the initial operator Ag. It follows with the

previous considerations that for the operator hIT the Liouville matrix can be written as

m m m U
M (hl ) = ME (bl )+ My (b)) = ME (b)) + 1 (3.45)

Consequently, it is possible to calculate only the eigendecomposition for the matrix
7 (hIT) and determine the eigenvalues A" of Mg(h%) with the corresponding eigen-

values A" of M, (h 4) via

A;”:X;n—% = 5\;":/\?”‘+%. (3.46)
Here, the corresponding eigenvectors v; and v are identical for both matrices. Assuming
that every hopping amplitude ¢; of the terms T; can be reduced to a linear ratio with an
initial hopping amplitude ¢ there is only a linear ¢t dependence in the matrix M"i Ti(h;T)'
Therefore the eigenvalues A" are calculated in units of ¢, which can be direct translated into
units of the bandwidth of the interaction-free Hubbard model W = 2zt to allow comparison
between different dimensions later on. Then, to calculate 5\;” via equation (3.46), a ratio
between W and U needs to be defined. So the energy gap for single charge excitation A
in which we are interested in is derived from the lowest eigenvalue A, = of M’ﬁ(h;rT) for
which applies

A<A™ =2\ —U4+2\"  with A <0. (3.47)
As mentioned in section 3.1 it is only possible to calculate an upper bound A™ for the
energy gap A with the eigenvalue A But it is possible to estimate the true value of A,
because with each loop the upper bound A™ approaches the true value of A continuously

since AT is a monotonically decreasing sequence for which

Am > A (3.48)

holds. Furthermore, the difference between two sequence elements is

N — Ml < AT

min

—Am (3.49)

min min

therefore the sequence is bounded form below with the lower bound

lim A% = Amin - (3.50)

m—0o0
It follows that for m — oo the calculated energy gap A™ becomes equal to the real energy

gap A

lim A™ = lim (U + 2\

min
m—0o0 m—0o0

)=U+ 2 nin = A . (3.51)
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3.6 Addressing calculation of the energy gap and presentation of the results

Consequently, by determine the lower bound Apin the energy gap A can be calculated via
equation (3.51) for different interaction strength U. Of course, bearing in mind that a
higher m is correlated to an exponential increase in the size of the Liouville matrix. In
the m-loop approach after a considerable m the computational effort to determine both
the Liouville matrix Mfj(.) and the eigenvalue A7, as well as the storage of the Liouville
matrix become a problem. Therefore, one possibility is to extrapolate the value of the
lower bound Apin with values of Ay for computable m. Whereby the function for the
extrapolation still has to be examined first. If it is possible to determine Ayin, a critical
interaction strength U, at which the energy gap A is expected to open can be calculated
by setting the energy gap A in lequation (3.51) to zero. Thus, the critical interaction

strength U, is determined by
Ue = —2\min - (3.52)

Now all details for the use of the iEoM approach in the ¢-J model are clarified. In the
following chapter the progress is presented which is made in this thesis for determining
the critical interaction strength U, for single charge excitation with the iEoM approach in
the different local Hilbert space cases and different models.
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4 Results

In the following chapter first calculations with the iterated equation of motion approach
are presented. At the beginning calculation are done for a simple hopping of a hole on
a one-dimensional chain for both local Hilbert spaces. With this we first get insights
into how the approach works and test whether the assumption of section (3.1] holds that
it is possible to calculate the band gap A with a Liouville matrix built for a creation
operator of a hole. Also in one dimension comparing analytic solutions and the solutions
given by the iEoM approach is possible, so that a statement about the performance of
the iEoM can be made. Further optimizations concerning the operator basis will be
discussed. Furthermore, the simple hopping is extended to two dimensions and applied
two a two-dimensional square lattice. At the end all the knowledge that we achieved
within this thesis towards the iEoM approach is applied to calculate the critical interaction
strength U, for the energy gap for single charge excitation in a t-J model at half-filling
and in the limit of 0 < J < T" < A via the iEoM approach for both on a one-dimensional
chain and on a two-dimensional square lattice. All following values for A7 ~are calculated
with the Lanczos algorithm of section 3.5/ unless otherwise specified.

4.1 Simple one-dimensional approach

At first, we start with simple Hamiltonian in one dimension and use the operator h;rT in
the real space representation as the initial operator to build the operator basis and the
corresponding Liouville matrix. The Hamiltonian defining the Liouville operator is

Hip =To + Hing (4.1)

where T is the nearest neighbor hopping of a DO on a one-dimensional chain and Hjy
is the interaction term. Other terms of the complete Hamiltonian of equation (2.14) are
not of interest at first since this serves only as a testbed for the method and moreover
the other terms of lequation (2.14)| apply only partially for the one-dimensional chain
and need further evaluation. As discussed in section [3.6], it is only necessary to build
the Liouville matrix M%”b(h%) and use the Lanczos algorithm of section 3.5/ to calculate
the lowest eigenvalue A7, ~for differences loops m, since this will resolve the energy
gap as described in section |3.1. The value )\”m"”iflo is trivial and equals zero in the real
space representation for each local Hilbert space choices, since the Liouville operator of
hjﬁ does not reproduce itself. Therefore, m = 0 is left out in the results for the real
space representation. In section (3.2 the two different choices of local Hilbert spaces were
presented, a four-dimensional H} and a two-dimensional H1 local Hilbert space both
having an orthonormal local operator basis with respect to the Frobenius scalar product.
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4.1 Simple one-dimensional approach

Even though the final aim is to describe a system at the vicinity of half-filling, the HJ case
should not be dropped, despite the fact that in the 'Hff case all four local spin configuration
are equally likely. It rather serves as example what happens if half-filling is not considered
properly. So results for the simple model of equation (4.1)|in the ’Hf case are presented
along with the results for the 7—[2L case in the following and are compared to each other to
a limited extent. Concluding, results generated with the ’Hf case are finally discussed in
more detail in section 4.3 After that, the H% case is dropped. We start with the results
for the simple model if the iEoM approach uses the Hf case.

Local four-dimensional Hilbert space H
The figure 4.1/ shows the lowest eigenvalue of the Liouville matrix M7 (hZTT) related

to the initial operator hzTT acting on the local four-dimensional Hilbert space ’Hf for
different amounts of loops m. In addition, the corresponding number of operators used

to build the matrix M7} (th) are also shown in figure 4.1, If the eigenvalues A% in
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Figure 4.1: Results for the Hamiltonian of (4.1) on a one-dimensional chain with H%.
Lowest eigenvalues A\, of the Liouville matrix MTT’L(h;r +) and the size of the correspond-
ing operator basis O,,, for the m-loop are shown.

M. to a Amin cannot be observed

figure 4.1 are considered, the predicted convergence of A,

up to the highest possible loop for the H% case. It rather seems that the values of A\,
increases nearly linearly in the observed range of figure 4.1. Since we are limited in the
computational power higher loop result were a convergence of A\, could take place are
not feasible. The problem becomes apparent when the amount of operators for each loop
in [figure 4.1| are studied. The exponential increase with each loop is clearly shown in
figure 4.1 and already for m = 7 the numbers of operator which have to be calculated is

expected to be around 107 operators. This leads us to the limits of the computational
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4 Results

power and storage used here. Therefore, the next loop step is already not feasible and at
first it is not possible to make a statement for higher loops regarding A7, . As mentioned
before the ’Hff represents not the corrected local Hilbert space for the actual problem.
The observation of a non-convergence behavior is likely due to this reason. But what
exactly causes this behavior cannot be deduced from the results shown in [figure 4.1| alone.
In the next step the iEoM approach is now applied with the initial operator acting on the
two dimension local Hilbert space HZ so a first comparison of the two local basis choices

is possible.

Local two-dimensional Hilbert space #%

Here, the iEoM approach is applied to the Hamiltonian of lequation (4.1) with respect to
the two-dimensional Hilbert space H&. The Liouville matrix M%(hIT) is calculated for
with different numbers of loops m and the numbers of operators rise during this process

are recorded and displayed together with the lowest eigenvalues A% in [figure 4.2, In

7
20 x X %X X 186
1.9 x

x i 5
1.8 104
F1T 10
| 1.6 10°
1.5 1023k
i x x A [10]
1.4 bor [10°
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Figure 4.2: Results for the Hamiltonian of (4.1) on a one-dimensional chain with HZ.

Lowest eigenvalues A7, of the Liouville matrix Mz, (hI’T) and the size of the correspond-

ing operator basis O, for the m-loop are shown.
contrast to case of a four-dimensional local Hilbert space H%, the lowest eigenvalues \™.
show convergence behavior in the case for a two-dimensional local Hilbert space H% as
described in section |3.1. Furthermore, the feasible loops are higher since with each loop
numbers of operators in [figure 4.2 not rise as quickly as in [figure 4.1 Therefore, in the
case of H¥ it is possible to build Liouville matrices up to 11-loops but then the numbers
of operators reach also the critical area where the numbers of operators exceed the 107
threshold. This is easy to comprehend, since for the % case the Liouville operator of the
head operator only can generate new operators as discussed in section |3.3|in contrast to
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4.1 Simple one-dimensional approach

the ”Hf case where every local operator can produce new operators. Now that this has
been clarified, we turn to the determination of the lower bound Ayin and further receive
via lequation (3.52) a value for the critical interaction strength U.. Here the objective is to
find an asymptotic function which has a sufficient predictive power to estimate values of
A for loops m which are not feasible to calculate with the available calculation power.
Once such a function is found the position of the horizontal asymptote of function give a
solid estimation for the value of A\yi,. Here, different empirical asymptotic functions X
with three degrees of freedom were tested. The measure of the predictive power is based
on the absolute differences

5x = 2X — X . (4.2)

min

The value \-X. thereby is determined by using only the values of A7 ~within the first

min
three loops m to determine the function f. Where in the calculation of )\mm only the
values of A\ within the last three possible loops m are used to determine the function
X. In following illustration or tables the corresponding functions are label with f and
f. The absolute difference |)\ml][1 m1n| not only gives a measurement for the predictive
power but also an estimation for the uncertainty with respect to )\mm if the parameters of
the function f are determined with a least squares method taking the values of A7 in all
calculated loops m into account. The uncertainty for the values Xﬁin which is determined

with the function X is estimated to be around two times the value of the difference §x

ANK

min — =20x = 2‘)‘ /_\nX_lin‘ : (43)

min

Of course, this estimation of the uncertainty only makes sense if more than three values

of A", are available. Empirical attempts showed that a general rational function in the

form of

fmyzaf%ﬁ+c (4.4)

provides a lower value of dx with calculated values of A7, than e.g. exponential or other

rational functions. In table |4.1 and table |4.2] also the results of the functions

g(z) = ae " 4 ¢ h(z) =

4.
e (4.5)

are given as a reference for this matter. Whereby for all functions the parameter c
in lequation (4.4)| gives the position of the horizontal asymptote, therefore the value
of ¢ corresponds to the required value )\ﬁm which can be used to determine U, via
equation (3.52). In |figure 4.3 calculated values of Afin are shown together with the LS fit
f for all values. Furthermore, the functions f and f to estimate the uncertainty are also

shown.
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Figure 4.3: Results for the Hamiltonian of (4.1) on a one-dimensional chain with HZ".
Lowest eigenvalues A, =~ of the Liouville matrix M%(hT ) for the m-loop are shown.
Also, three LS fits are displayed where f uses all values of A%, and f and f use the

results of the first respectively the last three loops.

The parameters calculated for the corresponding fit of [figure 4.3 and the parameters of

the other in figure 4.3/ not shown functions of equation (4.5)| are listed in table 4.1. The
X together with the values for estimating their uncertainty and the

resulting values of A\,
corresponding critical interaction strengths U, calculated with equation (3.52)| are listed

in table 4.2
Table 4.1: Parameters associated with the different functions X of equations (4.4)
m._. Where f

to |(4.5)| determined with a least squares method using the values of AT, .
corresponds to the functions displayed in ffigure 4.3l The errors of the parameters are

determined by the least squares method.
Function X ‘ a/t b </t
f —2.557 +0.007 —1.0881 +0.0030 2.00061 4+ 0.000 14
g —1.18 £0.05 0.76 £0.04 1.971 £ 0.005
h —0.58 £ 0.03 0.09 £ 0.04 2.042 £ 0.005

When the results in table 4.2 are compared it is noticeable that the function f gives
the best estimation as mentioned previously. The uncertainties in the results with f
are significantly smaller than for the other functions tested. So the function f provides
the most reliable results among the studied functions. This still holds true in further
calculations but here is not explicitly re-examined in this way afterwards. Therefore, f
is the only function used for further results. Furthermore, it shows, already with only
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4.1 Simple one-dimensional approach

Table 4.2: The values of \X. associated with the different function of equations (4.4)
0|(4.5). Where f corresponds to the functions displayed in ffigure 4.3/ and the values of
Ue/w are calculated via equation (3.52) with W = 4t in one dimension. The values Xﬁin
and \X.  are determined using only the results of the first respectively the last three

min —
loops. With lequation (4.3) the uncertainty for AX; is determined.

Function X ‘ _Xiin/t _S\I}Ein/t _S\ﬁin/t Ue/w
f 2.003  2.000 2.001 £0.005 1.0003 + 0.0024
g 1.914 1.993 1.97+0.16 0.98 £ 0.08
h 2.096 2.007 2.04 £0.18 1.02 4 0.09

the bare necessary loops like used in the function f the calculated value of —\pin only

changes for higher used loops only in the order of 1- 1073 This effect also can be observed

qualitatively in figure 4.3 because all shown functions show a strong overlap, even if

they only use the first three loops like f. The result from this analysis is that the value

for the critical interaction strength U, for the H% case with the simple Hamiltonian of

equation (4.1) can be determined with a LS fit of the function f to calculated values of
m. . The result for U, is already listed in table 4.2| and reads

min*

U
WC =1.0003 = 0.0024 . (4.6)

This result is in perfect agreement with results for the half-filled chain in the limit of
strong interaction [25] where the energy gap in zeroth order noted as

AUt - 00)=U -4t =U/w =1. (4.7)

To study the energy gap in higher orders the simple model of lequation (4.1) will be
extended in section 4.6 but for now the results with the simple model in the H1 case are
sufficient.

The results obtained with the 7% case are in line with the expectations while the observed
non-convergence behavior for the Hf case is only answered with a not suitable Hilbert
space. However, this has not been discussed in detail here. The exacted issue leading
to this observation is addressed later on in the section section 4.3, While in the next
section deals with the iEoM in its momentum space representation when it is applied to
the simple Hamiltonian of equation (4.1)
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4 Results

4.2 Momentum space representation for the simple
one-dimensional approach

Here, the results are presented for both the H% and HI' case when the momentum space
representation for the creator of a hole hL 4 1s used as an initial operator for the iEoM

approach as described in section 3.4. This time starting with the HI case, since a non-
converging behavior for the HZ case is expected as in the real space representation. Again
as in section [4.1| the Hamiltonian of lequation (4.1)|is used, so this section serves as a test
for the iEoM method in its momentum representation.

Local two-dimensional Hilbert space %
In this representation the operators are dependent on a momentum vector k so the
operator that is used as an initial operator is hL 4 This of course leads to a Liouville

matrix M?O(hLT) dependent on k and consequently the lowest eigenvalue A (k) also has
this dependence. We are interested in the lowest possible A (k), therefore the dispersion
relation of A% (k) has to be examined first. The lowest value of A% (k) is to be expected
on a critical point in the one-dimensional Brillouin zone these are in center or at the
edges of the Brillouin zone. The [figure 4.4| displays two cases of the dispersion relation
for different loops for k in the first Brillouin zone. Since with the momentum space
representation the calculation of )\anfiflo is not as trivial as in the real space representation
A=0(E) is also examined in [figure 4.4L In the first case figure 4.4al as before the initial
operator is a creator of a hole hL,T and in the second case [figure 4.4b| a creator of a
doubly occupied site dL,T to check the particle hole symmetry of the system. A distinction
between spin orientation is not relevant, since no spin type is preferred by the Hamiltonian

of lequation (4.1).

(a) Initial operator: hL,T (b) Initial operator: dL,T
20 s ppnnaypagananagrynnnnny 20 vy
. 1.0 XXX X o o LOfxx, XX
£ 0.5 ool 0] e
" 00 . TR L Y] .
—05] - —05]:m a s
—1.0] =" —1.04 > =
—1.0 —-0.5 0.0 0.5 1.0 —1.0 —=0.5 0.0 0.5 1.0

o K
Figure 4.4: Dispersion relation of the lowest eigenvalue A% (k) is displayed in the first
Brillouin zone for different loops and initial operators. The Hamiltonian (4.1) is used
and the local operators act on HL. In ffigure 4.4a| the initial operator is a creator of a
hole h;fc)T and in [figure 4.4b the creator of a double occupation d,Tm.
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4.2 Momentum space representation for the simple one-dimensional approach

The first observation is that for the creator of a hole the lowest value of A\, (k) is located
in the center of the Brillouin zone at k = 0. Whereas the lowest value for the creator of a
doubly occupied site is located at the edges of the Brillouin at k = +7. While the lowest
values of A7, (k) in each dispersion have the same value and the dispersion relation of
a doubly occupied site is shifted by a value of m compared to the one of a hole. Hence,
the particle hole symmetry can also be observed in the results. Furthermore, regardless
of the value of the momentum vector k a convergence of A7 (k) for increasing m is
already apparent in [figure 4.4 but is investigated later on in detail. Another observation
is that the dispersion relation flattens with each higher loop m. As a result differences in

m. (k) for different momentum direction k start to vanish for higher values of m and
therefore no orientation of k stands out in higher loops. The next step is to determine
j\ﬁlin for the momentum representation. Though for higher values of A\ (k) the value
of k seems to have no influence, here the k is chosen to be the value where the lowest
value of the dispersion is located for low values of m. In figure 4.5 values of A\ (k)
are shown for different loops m together with the fit for f and the two functions f and
f which estimate the uncertainty for j‘f;in- As the initial operator servers the creator
of a hole h;rw. Consequently, the value of k is chosen to be k = 0. Since the value of

m. (k= 0) for the loop m = 0 is relatively far away from the other values, it is not be
taken into account to determine A, as in the real space representation. Furthermore, to
simplify the comparison between momentum and real space representation the results of
the real space calculation displayed in [figure 4.3|are also a part of figure 4.5, In ffigure 4.5

the logarithmic scale for the numbers of operator is omitted in favor for a more visible
comparison between the two approaches.

2 1__ B real space rep. X 106
20 k-space rep. I 10
1.91 x,/x” 0
g 1 8" ,’, 8
- ¥ <
= L7 0.5
1.6/ S
1.5{/ 7 . i
14 T
. ,’J 7
- 0.0

L s T s 67 s 01011
m

Figure 4.5: Results for the Hamiltonian of (4.1)) on a one-dimensional chain with HZ,
one in real space and the other in momentum space(k-space). Lowest eigenvalues A%,
of the Liouville matrices M%}(h%) and M7, (hL:O,T) and the size of the corresponding
operator basis O, for the m-loop are shown. Also, three LS fits for each representation
are displayed where f uses all values of A7}, and f and f use the results of the first
respectively the last three loops.
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4 Results

Starting with the comparison of the numbers of operators in each representation. As
expected, the amount of operators in the momentum space representation is significant
reduced compared to the real space representation. The operator basis in the real space is
almost twice the size and therefore the Liouville matrix in real space representation is nearly
four times the size than in the momentum space representation. As expected, the lowest
eigenvalues A, show the already in figure 4.4  indicated convergence behavior. Despite
the smaller operator basis and Liouville matrix in the momentum space representation
the corresponding lowest eigenvalues A", converges more rapidly than in its real space
representation since A\l (k= 0) < A7, holds in every loop m. Assuming that both Al
converge toward an equal Ayiy. In the following this assumption is check by using again
as in section 4.1 a LS fit with the function f of equation (4.4) to determine j\f;in. Also

for the estimation of the uncertainty of ;\fnm in the momentum space representation the
functions f and f are considered as previously discussed. The results received with each
fit in [figure 4.5| are listed in the table 4.3 The parameters for the real space representation
are the same as in 4.2l

Table 4.3: With a least squares method calculated values for S\f;in associated with
the function of equation (4.4). The values corresponds to the functions displayed in
figure 4.5/ and the values of Ue/w are calculated via lequation (3.52) with W = 4¢ in one

dimension. The values Xﬁlin and ;\r{nn are determined by a LH fit using only the results

of the first respectively the last three loops. With equation (4.3) the uncertainty for
A

min

is determined.

representation ‘ _5‘{;){11/15 _xrf;in/t N/t Ue/w
real space 2.003  2.000 2.00140.005 1.0003 =+ 0.0024
k-space 1.9992 2.000 1.998+£0.016 0.999 £ 0.008

The first noticeable observation is that both calculated critical interaction strengths
U. of in each representation in table 4.3| are close to equal. The absolute difference
between the two resulting critical interaction strength is only AUe/w = 14 -10~* with
is smaller than the uncertainty in both values. Therefore, the result obtained with
the momentum space representation is in perfect agreement with the result of the real
space representation. Consequently, the momentum space representation is better suited
than the real space representation since it requires fewer operators for the same result.
Another observation concerning the uncertainties in the different results. Compared to
the real space representation, the value of the uncertainty of U, in the momentum space
is more than three times as big. Furthermore, already in figure 4.5 slight deviations of
the determined functions f and f from the calculated values of ™. can be noticed in
the momentum space representation. This suggests that the used empirical function of
equation (4.4) is not as fitting for the momentum space representation as for the real
space representation. Despite this, the function f is still the most fitting function among
the other function used and the increase in the uncertainty is not so high that this become
a problem. Hence, the empirical function in lequation (4.4)is still sufficient to determine
U, in the momentum space representation.
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4.2 Momentum space representation for the simple one-dimensional approach

Local four-dimensional Hilbert space H}

Now turning to the more so far problematic ’Hf case. As in the first case, the dispersion
min

operator. Again the spin orientation is not relevant, and we expected the lowest value of

M. (k) at critical point in the Brillouin zone. The first noticeable point concerning the

for \™. (k) is displayed in figure 4.6, when hL,T respectively dL,T is used as an initial

L pt L ot
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Figure 4.6: Dispersion relation of the lowest eigenvalue A (k) is displayed in the first
Brillouin zone for different loops and initial operators. The Hamiltonian used is from
(4.1) and the local operators act on HZ%. In figure 4.4a the initial operator is a creator of

a hole h;T and in figure 4.4b| a creator of a double occupation site dL’T. Uptom=3
also results of an exact diagonalization ED are displayed.

two dispersion relations in [figure 4.6|is that again no convergence can be observed. While
the observation that the dependence of A (k) on the momentum vector k decreases
with each loop, for both the H1 and the HI case applies. Also, the shift of 7 between
the two different dispersion relations and therefore the particle-hole symmetry like in the
HE can be observed. Whereas the associated value of k for the lowest value of AT (k) is
not constant with each loop like in the ’HQL case, even though the position is still either
k =0 or k = w. This observation is due to the fact that in the operator basis for both
h;c,T and dL’T there are also operators from the respective other. Where in the ’H% case
these operators are strictly separated form each other. Therefore, for further examinations
in the momentum space for the H% we use the results of the HI case where the lowest
value for h;rw is located at 0 and for d;fc,T at m. Furthermore, [figure 4.6| also shows results
where the eigenvalue X\’ . (k) are calculated with an exact diagonalization ED of the
Liouville matrix, since the values A™=2(k) calculated with the Lanczos algorithm show
an unusual behavior for the loop m = 2 which is the formation of local extrema in the
areas between the characterisitic points of the Brillouin zone. Compared to the solution
with ED the Lanczos algorithm is not able to calculate the correct lowest eigenvalue with
the initial vector of equation (3.37). That suggests again that this problem rises due to
the operator basis contains both types of operators h;c,T and d};,T' The (figure 4.7 displays
the difference between the momentum and real space representations for the creator of

a hole, showing in each case the size of the operator basis as well as the corresponding
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Figure 4.7: Results for the Hamiltonian of (4.1) on a one-dimensional chain with HZ,
one real space and the other in momentum space(k-space). Lowest eigenvalues AT
of the Liouville matrices M%(h%) and M?g(h;rcz(m) and the size of the corresponding
operator basis O,, for the m-loop are shown.

lowest eigenvalues A% in each loop m. The [figure 4.7 illustrates once again the lack of
convergence in A\™,  for the HI case. Nevertheless, \™. (k = 0) is always higher than

™. in the real space representation which also observed for the H1 case indicates that
the momentum representation holds more information regarding the energy gap. One
exception is the loop m = 2 where A% (k = 0) > A . This is the result of the fact
that the lowest A\l (k) is not at k = 0, but at k = 7, as shown in figure 4.6a, which was
already discussed above. For other loops, a different k position of the lowest value also
applies, but since the k dependence is reduced for higher loops, this is only observed at
m = 2. Another observation regards the size of the operator basis. The size of operator
basis in the momentum representation is still lower than in its real space representation.
But where for the ’H% case the difference was a factor that was approximately equal to 2
between the two representations for the loops observed, the factor for the ”Hf case is only

approximately 1.5.

So for the H} case the advantages of the momentum representation regarding the size of
the operator basis is not high as in the HZ case. After all, the results obtained by the
approach with Hf in the two representations still contradict both the results of the H%
case and the predicted behavior of A", described in section 3.1. This discrepancy demands

further detailed investigation of the HJ results which is part of the next section.
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4.3 More detailed treatment of the results for the
four-dimensional local Hilbert space

In this section we seek for a better understanding of the observation obtained for the
HE case. In contrast to the HZ case the HI case did not show any of the predicted
convergence behavior for the lowest eigenvalue AT~ of the Liouville matrix in real space

as well as in momentum representation for the simple Hamiltonian in lequation (4.1)

First we look at the conceptual differences between the H% and HE cases. If we recall
section [3.2, there is one major difference between the two different case in the operators
used which results from the choice of the local Hilbert space. While in the HI case
operators all local operators are allowed due to the fact that all possible states are taken
into account, local Operators of the groups Qjp and Qj; are neglected in the H% case
due to the only two possible states in the half-filled system. So in the Hf case operators
occur describing processes which are not possible in the half-filled case. This process are
in the following labeled as virtual processes. The results of these virtual process are still
the same as the initial operator of example for hZT,T effectively inserting a DO in the form
of a hole in the system. But they require already DOs in the system to yield a non-zero
result, which is not the case for half-filling. As a result the operators in the Hf case
can be further categorized based on the number u how many DOs they required. Of
interest is now the share of operators with different u in the operator basis for various

amount of loops m. The |figure 4.8 shows this relation for the results of [figure 4.8 for
both representations. With it becomes apparent that already after the second

u=0 u=2 u=4 [ real space rep.
u=1 u=3 u=5 [T k-space rep.

1.0 = = —

0.8] [ B

206 U
< |
) 0.4 — |
0.2 i

0.0

Figure 4.8: Ratio between the number of operators with a certain u and the size of
the operator basis O,, for different loops m. The operators correspond to those used in
figure 4.7

o1



4 Results

loop operators describing virtual processes (u > 0) are dominant in the operator basis for
the ”Hf case in both representations. Whereby in the momentum space representation
the share of operators with higher u value are slightly higher than in the real space
representation. With these results the missing convergence in the ’Hf can be interpreted
in such a way that with each loop new energy areas connected to the process of inserting
an DO in a System where already u DOs are presented. Since with each further loop
new operator occur connected to the next higher energy area it is not possible that A%,
convergences. It was not possible to find a subspace in the Liouville matrix where only
operators with u = 0 contribute. Instead, a convergence behavior for A\7% = in the HE case
could be achieved by dropping simply all operators with u > 0 of the operator basis. This
is approach only serves as a confirmation that those virtual operators take responsibility
for the missing observation of the convergence behavior of A™. ~ in the H% case and should
not be considered here to determine an U,. Since the Frobenius scalar product for the H%
cases takes not the strict half-filled disordered system into account. So for this purpose
the HI case should be used instead. Now the issue of whether to use the HI or the HL
case is resolved, but for now the H} case is not closed yet. Instead, another analysis
possible with the iEoM approach is presented with the results of the Hf case.

So far only the eigenvalues of the Liouville matrix are used but it is also possible to take
the eigenvectors v; to all corresponding eigenvalues \; of the Liouville matrix into account.
As a consequence, an exact diagonalization ED of the Liouville matrix is necessary, which
limits the amount of possible loops m since ED is not as feasible for large matrices
as the Lanczos algorithm. When looking at lequation (2.20)| and lequation (2.32), the
eigenvectors v; together with the coefficient a; contain information about the amplitude
of each oscillation with corresponding eigenvalue \; for each operator in the operator basis.
Therefore, it is possible to assign an eigenvalue \; to certain operators in the operator basis
according to the corresponding eigenvector. Thereby the absolute square of an element ¢
of an eigenvector v; serves as a measure of the share of the operator A;. Furthermore,
the coefficients o; can be determined with the eigenvector v; and the initial condition in
equation (2.27) for the iEoM approach The square of «; can be interpreted as a weight of
an eigenvalue \; towards the time evolution of the operator A(t). If the coefficient «; is
zero, the corresponding eigenvalue \; has a vanishing contribution for the time evolution
of the operators A(t). Where «; is calculated via

a; = h(t = O) * Vg . (48)

In the following ffigure 4.9/ is shown for all \; for different amount of loops m and in the
two representations with a creator of a hole thT being the initial operator. Because some
eigenvalues are degenerated or tend to be real close together, a histogram is used for better
illustration with the width of the bins being 0.1¢. For the momentum representations
the initial operator is hLZO’T, since for the band gap in the % case, the best result is by
k = 0. The results in the real space representation in figures 4.9a-4.9d| are all symmetric
around zero and show the following behavior. The weights accumulate for values of A; in
the area around —2t respectively 2t for increasing number of loops. For even-numbers of
the loop m also a peak is found at A\; = 0. Where in higher loops all other eigenvalues
|\i] > 2t have a nearly vanishing weight. So the weight a? of the eigenvalues which result
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Figure 4.9: The coefficients for the initial condition of the iEoM approach «? for all
eigenvalues \; of the Liouville matrix for different loops m for the HE case together with

a histograms accumulating the weights o2 of \; within a bin size of 0.1t are illustrated.

The figures 4.9aH4.9d show \; of My, (hIT) for the real space representation and figures
4.9eH4.9h show \; of M?{)(h};:m) for the momentum space representation.

53



4 Results

in the non-convergence behavior in the Hf case tend to drop in the higher loops. For
the results in the momentum space representation in figures 4.9e44.9h| an almost similar
observation can be made. With the difference that here the results are not symmetric
around zero which applies for the weights a? as well as the eigenvalues \;. Furthermore,
the distribution of the a? weights is shifted so that the eigenvalues \; < 0 have higher
weights. Where the dispersion relation in ffigure 4.6a] demands for m = 2 a shift in k to
achieve the lowest A7 . In [figure 4.9 a shift to k = m would only results in a shift of
the weighs towards higher \;. However, since the lowest weighted )\; is of interest, the
observation endorses the assumption already made that the observation in [figure 4.6a, is
due of both operators of holes and operators of doubly occupied sites being both part
of the operator basis and k = 0 is the correct value for the creator of a hole. Despite
this, the significant weighted eigenvalues A; for higher loops are again located in the area
of —2t and for all |\;| > 2t the weights nearly vanish. These observations indicate that
the eigenvalues significantly weighted with a? shows a so far not detected convergence
behavior. Though, to investigate this behavior in higher loops, the problem is that the
Liouville matrix must be solved with ED, with is simply not feasible for higher loops due
to the size of the Liouville matrix. Therefore, it is not clear if these observations still
hold for higher loops. Assuming this is the case, the convergence behavior should not be
evaluated as a possibility to determine the energy gap for single charge excitation in the
half-filled case. Since the H% case simply does not correctly match the physics for the
half-filled case. Rather, the presented result should demonstrate other possibilities which
can be used to in the iEoM approach to analyze the properties of the studied system.

In conclusion, the Hf case is not applicable to examine the problem. But a new concept
concerning the eigenvalues \; of the Liouville matrix was explored with the HI case where
the eigenvalues \; were weighted with the factor «; which are connected to the initial
condition and the corresponding eigenvector v;. Henceforth, only the HI case is used
to calculate the energy gap and the HJ case is no longer treated. But since this section
showed the necessity to look at the values of a;, the next section deals with them in the
HE case.

4.4 Considering initial conditions for the results in the
two-dimensional Hilbert space

In the previous section dealt with the impact of the initial conditions in the HZ% case
towards the eigenvalues’ contribution to the time evolution. Here the same examination
is done for the H% case. The ffigure 4.10 shows the calculated o via equation (4.8)| in
dependence on the corresponding eigenvalue \; and also a histogram accumulating the
weights of a within a bin size of 0.1¢. Again the initial operator is a creator of a hole
hJf and in the momentum representation the operator hk 04 18 chosen accordingly to
the results of the dispersion relation in ffigure 4.4al. The most important observation in
figure 4.10)is that in both representations the weights a of A", is for every calculated
loop m non-zero in contrast to the 7—[4 case. Therefore, the procedure for determining
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Figure 4.10: The coefficients for the initial condition of the iEoM approach o? for all
eigenvalues \; of the Liouville matrix for different loops m for the HZ case together with
a histogram accumulating the weights a? of \; within a bin size of 0.1t are illustrated.
The figure 4.10a shows \; of M7, (hIT) for the real space representation and ffigure 4.10b

shows A; of M%(h;zoﬁ) for the momentum space representation.

the energy gap, which is described in section 3.6, needs no modification in the HI case
assuming that this behavior carries on for higher loops m > 5. For the real space
representation in [figure 4.10a) the distribution of the weighs and eigenvalues is again
symmetric around zero and for each even loop m a peak shows at zero. But furthermore
in each loop m all accumulated non-zero weights in the histogram are equal. Where with
each loop m the total weight is only distributed between m + 1 values of \;. This also
holds for the momentum space representation although the symmetries for the eigenvalues
as well as in the accumulated non-zero weights are broken. Where the weights are shifted
in favor of the lowest eigenvalue A7, . Thus, in the momentum space representation, the
lowest eigenvalues is therefore also the most weighted eigenvalue.

All in all the results indicates that the method in section |3.6|is the path to follow for
further energy gap calculations in the H& case. Since the Lanczos algorithm is capable of
determine the eigenvector for the lowest eigenvalue A", , a calculation of the corresponding
? can serve as a short check whether the lowest eigenvalue still has a non-zero weight in
further calculations.

«
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4.5 Extension of the simple model to a two-dimensional square
lattice

In the previous section all calculations take place in one dimension and now in this section
the iEoM approach is again applied to a Hamiltonian

Hop =Ty + Hint (4.9)
which has the same form as in lequation (4.1), but now the simple NN DOs hopping Tj
takes place on a two-dimensional square lattice. As indicated in the previous section for
higher dimension the H} case is no longer part of the calculated cases. Here only the
HE case serves as a tool to determine an energy gap. The fact that a higher dimension
Hamiltonian is used has no direct influence on the approach to determine the energy gap.
Only the higher dimension most likely increases the size of the used operator basis in
each loop. Therefore, the procedure is the same as in the one-dimensional case and thus
figure 4.11| displays already both the results in the real space and the momentum space
representation. Hence, ffigure 4.11 shows the lowest eigenvalue AT of My (hjﬁ) and the
size of the operator basis for both representations. Again the trivial case for m = 0 is not
taken into consideration. Of course, for the momentum space representation a value for

k needs to be chosen so that A, (k) is minimal there. Calculation showed that in the
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Figure 4.11: Results for the Hamiltonian of (4.9) on a two-dimensional square lattice
with H% one in real space and the other in momentum space(k-space). Lowest eigen-
values A of the Liouville matrices M}’;(hh) and M%(h};zoﬁ) and the size of the
corresponding operator basis O,, for the m-loop are shown. Also, three LS fits for each
representation are displayed where f uses all values of A7, and f and f use the results
of the first respectively the last three loops.
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4.5 Extension of the simple model to a two-dimensional square lattice

two-dimensional case for hL 4 the minimum is located at the center of the Brillouin zone

k = (0,0)” and that the dispersion relation is rotationally symmetric around the center of
the Brillouin zone. The lowest point of A" (k) for the operator creating a doubly occupied
side dL,T is located at the corner points of the Brillouin zone for example k = (m, 7)7. Also,
as in the one dimension case three function are fitted to the calculated values of —A". (k)
in the form of lequation (4.4)|in which the parameters are determined by the least squares
method. The functions determined by the LS method are also displayed in [figure 4.11.
As in one dimension, the uncertainty for —Amin is again determined with the functions f
and f. All necessary values of f, f and f shown in ffigure 4.11/ to determine U, and the

corresponding uncertainty are listed in table 4.4/ for the two different representation.

Table 4.4: With a least squares method calculated values for S\f;in associated with
the function of equation (4.4). The values corresponds to the functions displayed in
figure 4.11]and the values of Ue/w are calculated via lequation (3.52) with W = 8t in two

dimension. The values X;in and ;\iin are determined by a LH fit using only the results
of the first respectively the last three loops. With lequation (4.3)| the uncertainty for
Xf;in is determined.

representation ‘ —;\rf;in/t —;\rf;in/t M/t Ue/w
real space 3.56 3.64 3.584+0.17 0.90+0.04

k-space 3.58 3.66 3.60%=0.23 0.90=%0.06

Apparently, the iEoM approach for the simple model on a two-dimensional square lattice
for the can only reach 7 loops after that the operator basis size reaches already the critical
size. As a consequence, the difference between the last calculate value of AT, and the
estimated lower bound Ay, is significantly higher than before in one dimension. Therefore,
the influence of the chosen empirical function to Apin is higher than in one-dimension. To

assess the quality of the empirical function, we look again at the difference between the
and \/

results for Xﬁﬁn “in i both representations. The difference for both representations
is around an order of 7-1072. This is noticeably higher than before in one dimension.
This indicates that the empirical function which already used in one dimension is not as
suitable in two dimension. However, the uncertainty in two dimension is small enough that
the function f is still sufficient to give an estimation for Api,. When comparing the results
for the critical interaction strength in the different representation, the absolute difference
between them is below the uncertainty for both values. Therefore, the two representations
in two dimension as before in one dimension yield identical results. But same as in one
dimension the function f tends to yield smaller uncertainties for the results with the
real space representation. Despite the slight higher uncertainty, the advantages of the
momentum space representation are clearly seen in [figure 4.11. With fewer operators in
the operator basis, the lowest eigenvalues A7, in the momentum space representation are
always nearer to the estimate value of Amin in each loop m. Whereby the size difference of
the operator bases is again approximately a factor of two between the two representations.

Hence, the calculated value for the critical interaction strength the simple model on a
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two-dimensional square lattice according to the momentum space representation is

Ue
— =0.90£0.06 . 4.10
o (410)

The representation of the results as the ratio between the critical interaction strength
U, and the bandwidth W make a comparison between the dimensions possible. Where
for the simple model in one dimension the interaction strength is equal the bandwidth
W = 4t, it might be assumed that this also apply to the simple model in two dimension
with the bandwidth W = 8t.But apparently, with the results obtained in section 4.5| this
not applies for the simple model on a two-dimensional square lattice. Instead, the band
gap starts to open already for U. = 0.90 4+ 0.06WW for the simple model in two dimension.
The next step is to extend the simple model both in one and two dimension with the spin
dependent hopping described in detail in section 2.2, This is part of the next following
sections.

4.6 Spin dependent hopping on a one-dimensional chain

As we applied already the iEoM approach to a simple model both in one and in two
dimension and determined a critical interaction strength U, for both dimension, the next
step is to expand the simple model by adding terms, which describe simple and spin
dependent next nearest neighbor hopping of a DO which are discussed in section 2.2}, to
the simple Hamiltonian. In this section this is done for the one-dimensional chain. As in
section 2.2 already mentioned, not all terms of the complete Hamiltonian of equation (2.14)
are present in the one dimension. This includes the terms Tj and T 5 which describe the
diagonal NNN hopping. Therefore, the Hamiltonian for spin dependent DO hopping reads
as

Het =To+ Ty +T4g + Hint - (4.11)

in one dimension. The amplitudes of the different hopping terms can be expressed in
terms of the simple hopping ty. Where the exact value for ¢’ as well as t/ is extracted
form Ref. [21] in the area of W/u = 1 with ¢ = —0.05¢¢ and ¢! = 0.1¢y,. Therefore, to
determine the critical interaction strength U, for the spin dependent system with the
iEoM using operators in the momentum space representation, the approach is the same as
for the simple model, described in section |4.2 with one difference. Due to equation (4.11),
more terms are presented in the Liouville operator of each local operator in the H1 case.
As a consequence, the operator base is expected to grow faster in each loop than in the
simple case. Since new terms are presented, it seems appropriated to investigate the
dispersion relation of the lowest eigenvalue A% (k) of M Ti(thﬂ,T)' The figure 4.12| shows
m

the dispersion relation of A% (k) for different loop m and different initial operators hL,T

and dL 4+ Comparing both dispersion relation of figure 4.12 the particle hole symmetry is
also presented within the result with the spin dependent Hamiltonian of lequation (4.11)L
However, the dispersion relation of the zeroth loop m = 0 takes up a large part in both
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Figure 4.12: Dispersion relation of the lowest eigenvalue A%, (k) is displayed in the
first Brillouin zone for different loops and initial operators. The Hamiltonian (4.1)) is
used and the local operators act on H%. In ffigure 4.12af the initial operator is a creator

of a hole h};,T and in [figure 4.12b|a creator of a double occupation dLT.

figures leaving the behavior of the dispersion relation for higher loops rather hidden.
Therefore, in ffigure 4.13 the dispersion relation of A\ (k) for hL + is shown for m > 0.

min

With [figure 4.13]it is possible to see that in contrast to the simple case the value of k
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the lowest eigenvalue A% (k) for

1.71 . . . . . h;rc 4 and m > 0 is displayed in the

—1.0 =0.5 0.0 0.5 1.0  first Brillouin zone. The Hamilto-

k /7T nian (4.1) is used and the local oper-

ators act on HY.
where A7 (k) is minimal tends to move for higher loops. Where for m =0 and m =1

the minimal A% (k) is located at k = 0, the minimal splits up into two separate ones at

m = 2, which move for higher m towards k = —0.5 respectively k = 0.5. In addition, the
effect that for higher loops the dispersion relation flatters is still present. As a consequence,
it is still fine to use A™, (k) at k = 0 to determine A, but the value of N™-2(k = 0) is not
considered in the LS method since the effect which flatters the dispersion relation in higher
loops is not strong enough for m = 2. The figure 4.14 show the values of A\, (k = 0) and

min
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the size of the operator basis for the iEoM approach using the spin dependent Hamiltonian
up to a loop of m = 6. For a comparison the previous results for the simple Hamiltonian
in one-dimension are also displayed in figure 4.14. The values to determine an estimation
for the critical interaction strength U, are listed in table |4.5| for both sets of parameters
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Figure 4.14: Results for the Hamiltonians of (4.11) and (4.1) on a one-dimensional
chain with #Z, both in moment space(k-space). Lowest eigenvalues A™, = of the Liouville
matrix Mg Ti(hlttzo,'r) with T; from the Hamiltonian (4.11) and M7y (h,c 0.) and the
size of the corresponding operator basis O,, for the m-loop are shown ~Als.o three LS
fits for each result are displayed where f uses all values of A% and f and f use the

min
results of the first respectively the last three loops.

used in figure 4.14.

Apparently, when the two estimates of U, listed in table |4.5 are compared to each other,
taking the terms T} and TV ' causes an increase in the critical interaction strength Ue/w
of around 13 % compared that of the simple model with only Tj. Although, the increase
in the uncertainty again indicates that the empirical function f does not fit as well
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Table 4.5: Values of 5\f ., associated with the function of lequation (4.4). The values
corresponds to the functlons displayed in [figure 4.14/and the values of U. / w are calculated

via lequation (3.52) with W = 8¢ in two dimension. The values )\I];m and )\fmm are

determined by a LH fit using only the results of the first respectively the last three loops.
With lequation (4.3)| the uncertainty for A/ is determined.

Z E ‘ _)\{nm/t mm/t mm/t UC/W
Th 1.996  2.000 1.998 +£0.008 0.999 £ 0.004
T+ T§ + Ts/fo 2.25 2.27 2.27£0.04 1.13 £0.02




4.7 Spin dependent hopping on a two-dimensional square lattice

as in the simple case. But the function is retained since the uncertainty is still small.
Furthermore, the consequences for more than one hopping term in the Hamiltonian is
visible in ffigure 4.12| regarding the size of the operator basis. The number of operators
rises significantly faster so that for m = 6 the critical size is already reached. For the
one-dimension chain an exact result is available in Ref. [25] which is

U. V3

W 0.866 . (4.12)
When the two results are compared, there is a significant relative deviation of 31 % between
our and the exact result. Now the question is how to interpret this deviation. Although
in Ref. [25] the movement of a hole in a disordered spin background is also considered the
main difference is that in the present work correlations between spins of the order t*/u are
completely neglected and only hopping process of a hole are used where the next nearest
neighbor hopping is also in the order of #*/u. This indicates that these spin correlations
also have a not negligible impact on the critical interaction strength. Therefore, the terms
in the ¢t-J model describing spin correlations should also be considered up to the order
t?/u. This would have a non negligible impact on the approach discussed in section 3.3/ for
the HQL case since the Liouville operator of a local operator Qg with non spin correlations
neglected has now a non-vanishing contribution. Solving this issue is not part of this thesis
and therefore open for further investigations. The question if this observation also holds
for the results of the two-dimensional squared lattice is discussed in the next section.

4.7 Spin dependent hopping on a two-dimensional square lattice

In this section the simple and spin dependent next nearest neighbor hopping is taken
into consideration in the case of a two-dimensional square lattice as its done before for
the one-dimension chain. Now in comparison to the one-dimension chain all terms of
the Hamiltonian in equation (2.14) are used the case of the square lattice. Again the
parameters for each hopping amplitude is taken from Ref. [21] in the area of W/u=1. The
parameter for the various hopping terms read as

to = —0.1 ty = —0.05 t;o =0.1 t/s/,O =0.1. (4.13)
Since in one dimension the dispersion relation of A\, (k) for the spin dependent hopping
showed an unexpected behavior the dispersion relation is also investigated here. In
figure 4.15| the dispersion relation is illustrated up to the loop m = 2 where the initial
operator for the iEoM approach is both h;fc,T and dL,T' As before, particle hole symmetry
is still present in the spin dependent Hamiltonian on a squared lattice. In contrast to the
results in one dimension the minima of A7". ~ not moves and stay in the same position as in
the non spin dependent case, which is for hL,T in the center of the Brillouin zone k = (0,0)7

and for dL 4 in the corner points of the Brillouin zone for example k = (7, 7)?. Therefore,
no adjustments are needed and A, is determined as before in section 4.7. In [figure 4.16
the different Ay, of Ms+ Ti(h};zo +) with T; from the spin-dependent Hamiltonian in

min
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4 Results

(a) h;f’T m=0 (b) h;T m=1 (c) h:.r’T m =
~1.0 - ~1.0 355
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Figure 4.15: Dispersion relation of the lowest eigenvalue A%, (k) is displayed in the
first Brillouin zone for different loops and initial operators. The Hamiltonian used is
from (2.14) and the local operators act on H%. In figures the initial operator
is a creator of a hole and in figures |4.15d the creator of a double occupied site is
used.

equation (2.14) are shown as well as the results for the simple model of section for
comparison. For the spin dependent hopping in two dimension on a square lattice the
highest possible loop here achieved is m = 3. Therefore, the approach to estimate the
uncertainty for U, used before fails. Instead, the uncertainty for U, is estimated with the
determined uncertainty of the simple two dimension model. In table 4.6 the estimation for
the critical interaction strength for both results displayed in is listed together
with the values to estimate the corresponding uncertainty if possible.

Table 4.6: With a least squares method calculated values for Xﬁlin associated with

the function of equation (4.4). The values corresponds to the functions displayed in
figure 4.16/ and the values of Ue/w are calculated via equation (3.52) with W = 8t in two

dimension. The values X . and A/ are determined by a LH fit using only the results

min min
of the first respectively the last three loops. With [equation (4.3)| the uncertainty for
M is determined.

min

Z j—zl ‘ _X{;Ain t _X{:]in/t _S‘Ifnin/t UC/W
To 3.58 3.69 3.61 +£0.23 0.90 4 0.06
/ /
To +310 + %—‘s,() - - 3.83+0.23 0.96 £ 0.06
+1y + 15,
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2.8

4.7 Spin dependent hopping on a two-dimensional square lattice
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Figure 4.16: Results for the Hamiltonians of (2.14) and (4.1) on a two-dimensional
square lattice with %, both in moment space(k-space). Lowest eigenvalues A™.  of the

Liouville matrices M Ti(hlttzo,'r) with T; from the Hamiltonian (2.14) and M?g(h;rc:(m)
and the size of the operator basis O,, for the m-loop are shown. Also three LS fits for
the simple Hamiltonian(4.1)). Where f uses all values of A\, .. Whereas f and f use the

min*
results of the first respectively the last three loops.

When the two results for the critical interaction strength in table 4.6/ are compared, the
expansion of the simple model with simple and spin dependent NNN hopping terms results
in an increase of U, which was also observed in one dimension. The next step is to compare
the obtained result of U, for the Hamiltonian of lequation (2.14) on a squared lattice with
values of the literature. In Ref. [21] the ratio W/u. ~ 0.9 is determined for the critical
interaction strength U., which translate to

Ue
— ~1.11.
w

(4.14)
The result was obtained for a generalized ¢-J model on a two-dimensional square lattice
with the Lanczos approach. Although the Hamiltonian of lequation (2.14) and the
corresponding parameter are taken from the Ref. [21], the relative deviation of 14 %
raise the question of why the deviation is so high. The difference is that the complete
Hamiltonian of Ref. [21] contains spin correlations which are neglected here, since the
Hamiltonian of equation (2.14)| describes only movements of DOs. This observation
confirms the assumption of section 4.6, that the spin correlation should not be neglected.
Whether it is possible to reproduce the value of Ref. [21] with the iEoM approach, if also
the spin correlations are taken into account cannot be answered here. But this serves as a
good test if the approach is extended to consider also spin correlations. This final result
concludes the presentation of the results made in this thesis and the next chapter provides
a summary of all results as well as an outlook.
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5 Summary and outlook

In the course of this thesis the energy gap for single charge excitation in the Fermi-Hubbard
model is investigated in a parameter regime where charge fluctuations are suppressed so
that a mapping to an effective model namely the t-J model is possible.

As a tool for this purpose the iterated equations of motion approach was introduced. It was
discussed how to dissolve the corresponding energy spectrum for a given initial operator by
solving the iterated equations of motion. As a result, a necessity for a Hermitian Liouville
matrix was identified which was attained with a scalar product preserving unitarity on
operator level. In this context a reworked approach of the so called m-loop approach was
discussed where operators occurring within a loop are all orthonormal by construction.
This was achieved by introducing an orthonormal local operator basis with respect to the
Frobenius scalar product.

The solution of the iterated equations of motion for an operator creating a hole respectively
a doubly occupied site was established as a possibility to assess the energy gap for single
charge excitation in the ¢-J model. Moreover, two different choices of the local Hilbert
space, a four- respectively two-dimensional local Hilbert space, were presented, and
different restrictions and advantages for the orthonormal local operator basis regarding
the both choices were discussed. The two-dimensional local Hilbert space directly affected
the technique discussed for the m-loop approach which resulted in a simplification of the
approach. The momentum space representation of the operators used was introduced
effectively reducing the size of the operator basis for the iEoM approach around a factor
of two without remarkable shortcomings. To cope with the hugely increasing number of
operators in the operator basis in higher loops the Lanczos algorithm was introduced.
This algorithm was used as a useful tool to evade a full diagonalization, which was not
feasible due to the huge size of the Liouville matrices in higher loops, and yet accessing
the important features for the estimation of the energy gap even in higher loops.

First results for the two different local Hilbert space choices were obtained for a simple
model in one dimension, which only considered simple nearest neighbor hopping of a
hole respectively a double occupation. It was not possible to produce converging results
towards an energy gap for single charge excitation in the four-dimensional Hilbert space,
which was traceable in a detailed analysis of the operators in the operator basis to the
missing consideration of half-filling in the four-dimensional space. In contrast, for the
two-dimension space this convergence was observed. The estimated values determined with
an empirical function for the critical interaction strength were identical in both momentum
space and real space representation. Moreover, the results were also in agreement with the
zeroth order perturbation theory result in one dimension [25]. Also, results for the simple
model applied to a two-dimensional square lattice were calculated but the obtained result

64



were smaller than the zeroth order result in two dimension. Lastly, next nearest neighbor
hopping both simple and spin dependent hopping of a hole and were added to the simple
model. Again, the critical interaction strength was examined in both dimensions for the
extended model. In one dimension only, an unordinary behavior in the dispersion for
the lowest eigenvalue of the Liouville matrix was observed where the minimum of the
dispersion was split into two parts which drifted apart from each other. Due to the effect
that the dispersion flatted in higher loops and the limited number of possible loops, the
drifting of the minima was not examined further here. Compared to the obtained solution
for the simple model the adding of the simple and spin dependent next nearest neighbor
hopping terms resulted in an increase of the ratio Ue/w between the critical interaction
strength U, and the bare bandwidth W in both dimension. This observation in one
dimension is in contradiction to analytical results of Ref. [25] where the ratio is lower than
the zeroth order. From this it was concluded that spin correlations have a non-negligible
contribution to the critical interaction strength U, since they were not considered in this
approach. In principle this also applies to the two-dimensional model since the difference
to the comparable investigation [21] are also the lack of spin correlations. The difference
is that the result of [21] determined a higher ration Ue/w than the zeroth order in two
dimension. But the estimated ratio is below the zeroth order. Therefore, the consideration
of spin correlations is expected to lower the ratio in one dimension where in two dimension
it should have an increasing effect on the ratio. To confirm this interpretation, further
calculations considering spin correlations in both one and two dimension are therefore
mandatory. This in turn is linked to the need to improve the iEoM approach so that
more loops are possible. Concepts must be found to limit the size of the operator basis
while still allowing the determination of the energy gap. One approach could be to filter
operators depending on their weight in the eigenvector of the lowest eigenvalue of the
Liouville matrix or to characterize types of operators which have a great weight in the
eigenvector of the lowest eigenvalue in each possible loop and look for a pattern which can
be used to construct an oeprator basis which only consists of those operators important
for the energy gap.

The strategies to enhance the iEoM approach in this field of application are therefore
numerous. However, before these are pursued further, additional studies that consider
the spin correlations in the ¢-J model should be the focus for further development of the
iEoM approach in this area.
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A Operators of the four-dimensional local Hilbert
space

Here all local operators of the four-dimensional local Hilbert space H} are listed together
with corresponding Liouville operators and simplification rules. The normalization factor
N for each operator has to taken separately into consideration for each prefactor o and is
not part of the shown operators. As a consequent, the real prefactors & in the case of the
Liouville operators in the form

L (ag) = 0] o . (A1)
reads as
N,
N = — A2
a aNch (A.2)

where NN, is the corresponding normalization factor of the operator 6; . For the simplifica-
tion rules in the form

oL 6p = adl . (A.3)
the factor is
. NN,
= . A4
o=« N, (A.4)

dl,: with N=2

Liouville operator: L (d%) = [To, d;T] + [Hint, dI’T]

(B, dl ] = 5 (A.5a)
[To, d;r,T] = fz'T,¢fz'T,¢hzTi1,¢ - U;rdjiu + ﬁi,idzil,T + %djim (A.5b)
simplification rules:
dld, =n+ %nT - %n Lt % dl b, =—f1 fl (A.6a)
df i, . = —%d;T dl i, | = %d% (A.6b)
dl oy =—dl dl i = —id% (A.6c)
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A Operators of the four-dimensional local Hilbert space

dI\L: with N=2

Liouville operator: L (dh) = [To, dh] + [Hint, dh]
U

U
[Hine, d; )] = Sdj
P ettt — . Lo
[To,d; \J = —f; | fishix11 — 07 digy 4 T 14 diy | + Qdiiu
simplification rules:
P 1. 1. i _ gt gt
diydi =0+ SR+ 5 + 7 di iy = i tia
to Lo to L1
diymiy = 5, dii, = =54,
1
dl o = —d}; dl it = =14,
di,T: with N=2
Liouville operator: L (di T) = [To,d, 1] + [Hint, d; 4]
U
[Hint, d; 4] = 5, 4
1

[To,d; 4] = fi | fiqligq ) + 05 digy | — 7y diy 4 — §dz’i1,¢

simplification rules:

P . . I
digdip = —ni = ghp+ 50 + 7 d; pd; | = —0;
d . flfl.=—n d i, = d
infinfia = =hiy it"il = 5%
) 1 1
digfiiy = 5y ding = 3dig
di,i: with N=2

Liouville operator: L (di,i) = [Tv,d; || + [Hint, d; ||

U

[Hinm dm,] = Ed

(s
N ) 1
[To,d; || = —f;  fishigip H 07 diy 3 — Ty pdipy | — §dii1,¢
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(A.7a)

(A.7b)

(A.9a)

(A.9b)

(A.10a)
(A.10b)

(A.10c)

(A.11a)

(A.11b)



simplification rules:

- 1. 1. 1 L
diyidivi =-n; + §”m - §ni,¢ + 4 di,¢dz’,¢ = —0;
d flfo=n d i, = ~d
intintia =hiy id"ir T 5%
N 1 1
di iy = 5y diynit = 74,
i _
hi,T' with N=2
Liouville operator: L (h;r’T> = [To, h;T] + [Hint, h}}]
U
(Hine, b 3] = bl 4
R f —pt _—_ L
[To, hm] = _fi,¢fz‘,Tdi:|:1,¢ —0; hiiu + ni,ihi:tl,T - §hz‘im
simplification rules:
T + I 1. 1
higdiy = =tiytis highip =ni =gy =30 + 7
s At s At
highiy = —3his highis = ghis
b+t tou_ Lyt
ot =hl, higni = —hiy

hi,: with N=2

Liouville operator: L (hj i) = [To, h;-r )+ [Hing, hg U
U
(Hiw, b)) = 2]

1
T T +2 7 ~ T 1
(To, hy || = f; ) firdizy + — 05 Py 4 70 1y | — §hii1,¢

simplification rules:

__— —_— 1. 1. 1
hiydip = fi fir hiyhiy =mni—gi = 5ni + 5
1 1
t s Lt fa Lyt
hiyiiy =30y hiyip = —3hi,
o — pf tou_ Ly
hiyoi = hig hiynit = —7hi,

(A.12a)
(A.12b)

(A.12¢)

(A.13a)

(A.13D)

(A.14a)
(A.14Db)

(A.14c)

(A.15a)

(A.15b)

(A.16a)
(A.16Db)

(A.16¢)

69



A Operators of the four-dimensional local Hilbert space

h, .+ with N=2

/[:7T.

Liouville operator: L (hi,T> = [T0, h; 4] + [Hing, by 4]

U
[Hinm hm] - 9 hm

_ gt + 1
[To, hypl = —fi | firdipy | + 0 Ry | — 7y Py 4+ §hii1,¢

simplification rules:

T 1. 1. 1 Tt
hithiy = —ni + 30— gy + highiy = o;
_ 1
hisfinfig = —diy Py, = —5hig
- 1 1
highip = =3 his higni = Thiy
h; : with N=2

Liouville operator: L (hi,i) = [To, h; || + [Hine, by ||

U
[Hing, by || = §hz‘,¢

1
_ T ot -
[To,hy ) ) = fi firdigrp + 07 Py — Ry 1y + Pty

simplification rules:

. . 11 1
hi,ihi,T =0; hl»lthwL = —n;‘ — inZ,T + inw + Z
) 1
hiyJinFig = diy hiyniy = =3y
) 1 L1
hiyftig = =30y hinit = ghiy

Il with N=2

Liouville operator: L ( fi . f;}) = [To, fit . fiT,T] + [Hint, fi . fiT,T]

to et U gt
[Hinta i,ifi,T] - Efi,¢fi,T

bt i i i
[To, fiy fixl = =dighizyy = higdizay +ds Py + Ry digy 4
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(A.17a)

(A.17b)

(A.18a)
(A.18Db)

(A.18¢)

(A.19a)

(A.19D)

(A.20a)
(A.20b)

(A.20c¢)

(A.21a)
(A.21b)



simplification rules:

ot gt Ft T gt
Pt _ 1. 1. 1 I T
Lihipfiship = =i —gfigp =gy =3 fafishy = —5fi 0y

oot = Loy t gt g Lot
Findigie = =5 listis Ffindiami = gFistia

fwfm’ with N=2

Liouville operator: £ (fz‘,¢fz‘,T> = [T, f; | Jix] + Hine, [5 ] 1)
U
[Hinhfi’ifLT] = §fi,¢fi,T

[To, f; figl = diphly + By —d; Bl =B diy s

simplification rules:

ot to_ i
b ot w, 1o _ .1
Fiphiglinfiqg = —ni + 5hap + 505 — 4 Fiptighiy = 5fi fis
1 1
Finfighig = 5hisfis Figdigni = 1Fi Fig

o; . with N=2

)

Liouville operator: £ (07 ) = [T, 0; | + [Hint, 0; ]

. U _
[Hing, 07 ] = 9 i
1 i f i f
[To, 07 ] = —hy Pisy g = gl —dy iy g —dipdiyg
simplification rules:
o dyy = —dis i hig =iy
. 1 _ . 1 _
0y Ny = _501' 0y Ny = 505
_ 1. 1. 1 _ 1 _
o o =—n} inm+§ W+Z o; n:f‘——40Z

(A.22a)
(A.22Db)

(A.22¢)

(A.23a)
(A.23b)

(A.24a)

(A.24D)

(A.24c)

(A.25a)
(A.25Db)

(A.26a)

(A.26b)

(A.26¢)

71



A Operators of the four-dimensional local Hilbert space

a;r: with N=2

Liouville operator: L (0;") = [Ty, 0} ] + [Hint, 0;']

(2

U
[Hing, 077] = EU;F
+1 T T T T
[To, 0, | = _hz‘,Th’i:I:l,J, - hz,ﬂ%ﬂ,T - di,Tdi:I:l,J, - di,¢dz‘i1,¢
simplification rules:
+ o + _
o, diy=—d; | o by =hiy
1 1
+s ot 4 +x +
on, | = 50; T Mg = 75%
1 1 1 1
- _ - - +ou _ +
0j 0y = =i = Shyy oy g o nit = — 10

ﬁm: with N=2

Liouville operator: L (f% T) = [T, 7, 4] + [Hint, 70, 4]
_ U .
[Hine, 71y 4] = 5754

- : i i i
[To, 705 4] = =hy shigr 1 = highisr s = dipdicy g — digdis 4

simplification rules:

sogt L sogt L st oLy
Mipdiy = 5ig Mgl = 5 iphig = =3l
— 1 ) 1 i 1
Riphiy =~y Miqdig = ~5 %4 gy = 5%,
; 1 . 1 I
Rithie = 5hig Piphiy = —5hiy  Tapligfis = 5hiutis
1 1 1
~ _ = - - = 4+t
Tigfisfir = =5 finfin Mg = 30 g% = 50
R 1 _ u I e
Mgy T it = T it = 3y

ﬁm: with N=2

Liouville operator: L (f% i) = [To, 7, || + [Hine, 70, ]
_ U .
[Hine, 7y )] = 575

o i t i t
[To, ”m] = _hi,¢hz’¢1,¢ - hi,¢h¢i1,¢ - dz’,¢dii1,¢ - dz’,¢dii1,¢
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(A.27a)
(A.27h)

(A.28a)
(A.28Db)

(A.28¢)

(A.29a)
(A.29Db)

(A.30a)
(A.30D)
(A.30¢)
(A.30d)

(A.30e)

(A.31a)
(A.31b)



simplification rules:

ﬁm@ﬁzéﬂﬁ ﬁmﬂ¢:%£¢ ﬁmﬂﬁ:—%ﬂﬁ
ﬁmh%;:—%@# ﬁmdm;:%@ﬁ m¢@¢::—%@¢
i iy = _%hm i fiy = %hm iy Sl Fl = %f&f h
ﬁi,¢fi,¢fz',¢ = _%fi,J,fi,T ﬁi,ﬂz‘_ = %Ji_ ﬁz’,ﬁj = _%Uj
Ay |y | = i Ay |7y =1 iy nl = iﬁu R

ni': with N=4
Liouville operator: L (n}') = [To, n}] + [Hint, n}']
[Fne, ] = !
[To, ng] = %hi,¢h1i1,¢ + %hl,¢hiil,¢ + %hiﬁhjil,? + %hZ,Thiil,T

- %dh i1, %di,idgﬂ:l,i - %d%diim - %dz‘,?d;r:tlﬁ
simplification rules:
nN%zi@T nwh:i@¢ n%%:%@T
wﬁ@¢=i@4 7ﬁ@¢:—%@¢ nid; 1@¢
nihy = _%hm nihy = _%hm il = %f&f&
ngfi,J,fi,T = if¢,¢fi,¢ n;o; = _%O—i_ n?ai = _ia;r
nif = iﬁm ni T = ifm ning = é

(A.32a)
(A.32D)
(A.32¢)
(A.32d)

(A.32€)

(A.33a)

(A.33b)

(A.34a)
(A.34b)
(A.34c)
(A.34d)

(A.34e)
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B Operators of the two-dimensional local Hilbert
space

Here, all local operators of the two-dimensional local Hilbert space 7—[% are listed together
with corresponding Liouville Operators and simplification rules. All Liouville operator
and simplification rules the normalization N is not part of the operator and therefore the
prefactor need to be corrected according to lequation (A.2)| respectively equation (A.4).

df,: with N=v/2
Liouville operator:

£ (dzTﬁ) = [Hing, d} 1] + [To, d] ] + (T3, df ]

[T gy dl )+ (15 d] 4] + [T, d] (B.1a)
U
[Hintv d}L,T] EdZT (B.lb)
[To,di ] =to > (—di of - deTau deT> (B.1c)
31(8.5)
1
roagt 1 T+ T 57 1
[T, di )=t > (dﬂai +5dj407 = Qdﬂ) (B.1d)
31{(E.5))a
1
A | T+ Tz i
[T, dl ) =t" > <dj,¢az- + 55407 = 2djT> (B.1e)
@)
[ So,dT | = Z ( dUJ,j—fdua,j dTTcrk,
Jk|<i,k,j>
4d;rT i 4djTaka + dTiakaJr) (B.1f)
1
"o gt ¢ i t oto U ot
[Ts,07di,T] - ts Z <2dj,¢ d ¢Uk d 9
j7k|<i)k’j>l
1 Tz 1 Tz 2
+Zdj,¢‘7k - Zdj’TUkO'Z- + d iUka (B.1g)
simplification rules:
dlof =—df, dl o7 =—df | (B.2a)
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hIT: with N=+/2

Liouville operator:
£ (l+) = [Hine, Bl + [To, b ]+ T3, 1] ]

[ sO?h]L ] [jﬂ(l)/ahJr ] [ 507hj’r] (B3a)
U
[Hint. h%] = Shis (B.3D)
Tz T
[To, bl J=to > <—hN o; Qhﬁ : th> (B.3c)
Jl4i.5)
/oot T T o7 = T
[Ty, hi ] =t Z (—hmoi th : 2th> (B.3d)
31{(@5))a
1
Ty T T
[Ty Wl =" ) (—hma- hﬂa 2hm> (B.3¢)
I
1, 1 ;
[ SO,hT W= Z <_2h;,¢gk Qh}Liak —h; TU,_:
JJfI(iJw')
hTTalj hTTakJ + h J1OkO; ) (B.3f)
_ 1 _ ¥ _
[ SO,hT | =t/ Z <—2hh oy — §h;¢ak o; —hj7TU,:_O'Z
35kl ik
Zth 7 4h;rTa,§af+ ~ht i 1OkO; ) (B.3g)
simplification rules:
hi,of =hl, hi.o7 =hl, (B.4a)
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B Operators of the two-dimensional local Hilbert space

dz Ik with N=+/2
Liouville operator:
£ (dl,) = (M, d ) + [To,d] ]+ [T5,d]

+ [Ty o, dzu] + [Ty, d;r,ﬁ + [T, dj’,ﬂ

U
Hiwe,d] ) = Sd]|
1 o Lgt gz Lt
(To.d} ) =to > =djsor +5d;,07 + 34},
JI(E.5)
_ 1 1
(T3 di =t > <d}, or =507 - th)
(50 a
_ 1 1
(13 df J =" > <d},¢(’i — 5} 107 - 2‘%)
JIGET) )
1 1
oy i i (P
Teodi) =t > <2dm"k +5d400 07 — dj,0,0;
.77k|<7’7k7]>d
1 1 1 _
_gd;,ﬂi B gd},ﬂzaf B §d},ral§”i )
R L P g ot
T dl )=t > <2dﬁak + 54510 07 — dj 10, 0;
]7k|<l7k7])l
1 1 1 _
_Zdj}iaz — Zd;uoiaf - §d;,¢‘71§0¢ >
simplification rules:
dlof =dl, dl o =—dl;
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(B.5a)

(B.5b)

(B.5¢)

(B.5d)

(B.5e)

(B.5¢)

(B.6a)



hh: with N=+/2

Liouville operator:

c <h; ¢)

= [Hintv h;‘r,ﬂ + [T07 hT } + [T67 hjl,]

[ 507h]L ] [T(/)/ﬂhJr ] [ 507h1¢]
U
(Hine, B ] = S|
gty g Ly
[To, b ) =t0 Y < hl o+ Qth th7¢>
JI@.9)
oty i Ly
(T5hy )=t ) (‘hﬂ"z + hw’ th¢>
FIEIN)
1
T )=t Y (_h}ﬁgf + ha L zhh)
JkI((E,5))
[Tl bl )=t hTTa,jJr hTTa,j —hlopof
J7k|<i:k7j>
1
+- hUok hTial’fja 2h;r-TU,§cri+
f i -
Tlohiy )=t > <_2hﬁglj+ Sl or = b oo

simplification rules:

b jof

3kl k7)1

1 1
4h;¢ A Zh;riaka —pt UZU+>

— _pt
B _hl}i

(B.7a)

(B.7b)

(B.7¢c)

(B.7d)

(B.7e)

(B.7f)

(B.8a)

7



B Operators of the two-dimensional local Hilbert space

o?: with N=1

)

Liouville operator:

L(c7)=0 (B.9a)
simplification rules:
oio; =1—o0} ofol =0 oio; =0, (B.10a)
U;r: with N=+/2
Liouville operator:
L(o)=0 (B.11a)
simplification rules:
1 1
oo} =—0" ofo; = iaf + 3 (B.12a)
o, : with N=+/2
Liouville operator:
L(o;7)=0 (B.13a)
simplification rules:
1 1
o, 0] =0 oy o) = —§af + 3 (B.14a)
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